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Original scientific paper

In this paper we have derived an exact analytical expression for exchange energy
of quarks corresponding to the potential V (r, T) ~ — - e~ 2mp(Dr with n =1

and 2 in the limit when chemical potential #, < 0 and u, > 7. We have also com-
puted numerically the same both in the non-relativistic and relativistic regions.

1. Imtroduction

One of the interesting problems in high temperature plasma phase of QCD
is that of heavy quark potential. It is argued!-2-3 that static colour charges are
screened in high temperature in chiral symmetric phase of QCD. This argument
is based on perturbative result which shows that the potential is of the form!

Vi, T)~— _};-.e‘—zmp(ﬂr’ - (1)

with » = 2 and m, being Debye screening mass (one of the characteristic of hot
QCD plasma). Further the analysis of the functional form of the potential in the
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pure gauge sector?~7) suggests that it would be appropriate to allow arbitrary
value of integer n. For temperature close to critical temperature n approaches to
1 and for T » T. n approaches 21:%:%,

Numerical analysis also shows that slightly beyond the perturbative horizon
the potential becomes screened?:3’. One may recall that one of the salient features
of QCD is the asymptotic freedom which means at short distance (or high momenta)
the interaction is arbitraryly weak implying that the coupling may be expected
to converge at high temperature and (or) high density. On this basis Quark-gluon
plasma (QGP) may be treated as weakly interacting gas.

Now most important physical quantity in the phase transitional investigation
of QGP is its energy density which consists of different parts viz., the free energy
of quarks, gluons etc.

Over the last few years, the energy density of QGP with massless quarks®:®’
and massive quarks'® has been calculated applying statistical thermodynamics.

The introduction of the heavy quark potential (¢f. Eq. (1)) enables one to
compute the exchange and correlation energy of quarks which should be added
to the total energy density of QGP The relevance and importance of calculation
of exchange energy (although in different context) has been dlscussed in detail
by Chint?;- . :

The purpose of this paper is to present exact analytical expression as well
as numerical computation of the exchange energy of quarks corresponding to the
potential (1) with both 72 =2 and_z =1 in the .non-relativistic limit. Also nu-
merical results of exchange energy is obtained in the relativistic limit.

The organisation of this paper is as follows. In section 2, exact analytical
formulae for exchange energy is obtained by applying second quantization method.
Section 3 deals with numerical analysis and section 4 is kept for remarks.

2. Derivation'of exchange energy

To find the formula of exchange energy corresponding to the potential (cf.
(1)) we use the following standard thermodynamical relation®?

- {08\ . oH | KR
() e ST T E @ @

where 4 is charge parameter, L2 1epresents thermodynamical potential, # describes
interaction of quarks arising due to potential ¥ and u denotes chemical potential.
To describe the quarks in the state ¥,, we construct the following operators

Y=3%,a, and ¥* =3 af 3)
Cepe 0
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a,, and a,, being annihilation and creation operators. The interaction: operator
U may now be written as

12

oSS MpP ron
(1‘1 —_ r2)2 < T(Tz) Y’(rl) d_'z;l dvz (4)

U= — 5 [ [ ) ¥ ()

With MD = 2mD.
Use of equation (3) enables one to write equation (4) as

1 , .
U= — 5 Y <P, bl Usa|pyr P20 NTH ag’;oz =W . (5)

Summation in equation (5) is extended over all momenta and spin components.
{p/p,| Ui2|p1p2) represents the matrix elements of the interaction

2
Ujs = e o =M (Byr—E5) (6)
|ry —72]?
between two quarks.
It is to be noted that the matrix elements can be calculated from purely orbi-
tal function (since the interaction is independent of spin)

v, = eio-rih, O

1
yirz

Again taking account of the fact that only those terms having two operators a, a*
with same p and ¢ (i. e. p; = py, p, = p, and ¢, = 6, = 0¢) will have non-zero
matrix elements. We have

e—MD("l -ry)
Wi I ei(p1—p2)-(r1—r2)/h

dvo,dv,, (8
V2 P1#p2 © ry — 1,2 e ®

U:

where n,, = a,.a4, is the occupation number. Now replacing summation over
momenta by integration (as in finite volume quark momenta can have continuous
values) one gets

A2V

Mp1o P20 —Mpr nilpr—pa)-r
U:W{;J‘jf_ﬁ;%e Mpr eitp1—22)1% do dp? dp?. 9)

Now writting the volume element d» in terms of polar coordinates and perfor-
ming integration over @, ¢ we get after few steps of straightforward calculations

e~ Mpr oilp1—p2) r/k 4nh K
f 2 V=% tan~™?! M, (10)

with K = p1 — Pa.
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Again for ideal gas one can write (the particle in different states being inde-
pendent)
{Mpyo Mpaa) = Bpig Bpye (11)
with
po = [ + ec—nop] =4, (12)

where p, is the chemical potential of & component of quark.

Thus, use of equations (1), (10) and (11) enables one to write the thermo-
dynamical potential £,, corresponding to exchange energy as

A2gau Ny, 7, _, K
Q.. = (;;'ﬁ)s J 72t an=t Lo 40 4, (13)

where g,, is the number of quark components and is equal to 12.

Now we consider the limiting case, g <0 and |y, > T and in this case
from (12) we have

— 2 - 2
My, Tpy = € LS (p}+p2 DB 2m (14)

Writting p;, p, in terms of new variables we get the exchange part of thermo-
dynamical potential density £,

_ Agu 26
~Cex (2nh)'§'e[ I (15)
where
oo ©o _(452+ql)ﬂ
I=[ fe # g tran-t 1 d3%d3s (16)
06 EMp.

with g = p, — p; and S = ?l,;iﬁi.

Evaluating the integrals in (16) we have!?

5/2
U= 73475 (%) efh*Mii4m erfc (8[4m)''2 AM . (17)
Finally Q,, reads
- A%g..
Dex = g (mlB)* eXnaWhom) exfe (Bl4m)V/2 KMy). (19)

Again we have from standard thermodynamical relation, the exchange energy
density

'Qex 0O
Eex = —Ha o d s ﬂ aﬁ 'Q (19)
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R. H. S. of (19) can be evaluated easily and is given by

3 s/2 2 Af3 p K2M3P
E., = _A8au_ (ﬂ) e2/3ub [(_ % oMb B =2 ) %

8isw32 \ B dm
1/2
« erfc ((Bl4m)'? EMp) — EM (a;‘f;) ] (20)

where we have used the fact that each quark has baryon number 1/3.

As already mentioned!-?’, in the proximity of critical temperature, n is close
to 1. The exchange energy density E,. with n = 1 in equation (1) can be calculated
in a similar manner. However since the potential in this case (n = 1) obeys the
following relationship with that of n = 2

— e~Mpr dv“

The exchange energy density with » = 1 may be obtained from the relation
Q. =

d .-
- a_‘M; (Qex)- (22)

Thus one gets immediately the thermodynamical potential density £2,, and hence
the exchange energy density E., and are given by

2 5/2 M2
Q= gaud (ﬁ) o2/ 388 oh? 2L %

BRI "
% (fi (B4am) /2 — E%‘_’E) exfc ((Bldm)"'? EMp) (23)
and
2 5/2 242 2
+ ﬁszAi‘jﬂ (Bl4m) /2 ) a2 exfe ((BlAm) 2 ﬁMD)] . (24)

3. Numerical analysis

To find the numerical values of exchange energy for different temperatures
in the limiting case u < 0 and |u,] > T we have used equations (20) and (24),
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respectively, for » = 2 and n = 1. For computation we have taken g,, = 12, # =1
and 4% = 1. Exchange energies have been computed for M, = 3T (reasons for
choice of this value of M, is explained in Ref. 1) and for each set we have taken
quark mass m = 100 MeV and |x| = 300 MeV. Results presented in Tables |
and 2 do not include the variation of m and (or) u since it is observed that exchange
energies in gll cases change insignificantly for small variation of either m or u.

TABLE 1.
E..(MeV) T E.eret (MeV)
e (Mev) ex re
—2.06 x 10-5 20
—8.254 x 10-1 80
—2.205 120
—12.749 160
—18.8107 180
—26.2306 200
—57.1915 240
—85.3402 300 —32.318
—~119.05 340 —76.215
—160.31 380 —159.42
—182.55 400 —222.50
440 —409.03

Numerical values or E., and (E,x).; for different temperature; m = 100 MeV, |u| = 300 MeV,
Mp = 3T.

TABLE 2.
4 T ’
ECS (Mev) (Mcv) EEX rel (Mev)
1.05 x 10~ 20
—4.80 x 10! 80
—17.36 120
—24.566 160
—43.635 180
—71.779 200
—164.62 240
—434.74 300 —286.42
~736.22 340 —595.87
—1165.00 380 - 1115.00
—1435.84 400 —1478.88
440 —2470.38

Numerical values E/. and (E.,),.; for different temperatures: m = 100 MeV, |u| = 300 MeV
and Mp = 37T.

As already mentioned, the formulae (cf (20), (24)) are derived in the limit
o > T. It means the result is valid only in the nonrelativistic region. In the rela-
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tivistic region (|u,] < T) the equation (20) (for n = 2) and the equation (24) (for
n = 1) may be expressed as follows:

) 2 2 —_
(Eex)rﬂ == % -[ -f Kl K2 tan-l (Kl KZ)

1 (er—pg)B]—1 %
P ¢ & — K M, L et

X [1+ eersab] =1 - [1 — &, [1 + e~Cer-mp] =t —

— &, B[l + e~C2-86]~1] dK, dK,, (25)

6 (= K2 K?

E’ ey = 1 (e1—pg)B]1—1
Bedw =230 . By TR —Rp T

X [1 + et2—#ad] =1 [1 — g, B [1 + e—(r—up]~1 —
— &5 B[l 4 e—(2—u)]~ 1] dK dK,. (26)
(Eex)res and (E.,);, have been evaluated with the help of Gaussian quadrature

method for computation of multidimensional integrals.

The analysis shows exchange energies (both in relativistic and nonrelativistic
cases) increase steadily with temperature.

4. Discusston and conclusion

In this note we have computed the exchange energy of quarks corresponding
. 1 .
to the potential V (r, T) ~ — = e~ 2mp(Tr (for n = 1 and 2) both in the nonrela-
tivistic and relativistic regions.

In view of the increased attention drawn by heavy quark potential, it would
be interesting to find also the analytical expression of correlation energy and to
investigate in detail whether these (exchange and correlation energies) have sen-
sible consequences on the phase transitional aspects. Further quantitative under-
standing of the screening is very important?:-7 and to search whether the phy-
sical mechanism is responsible for colour confinement phase transiticn® 7.
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Originalni znanstveni rad
Dobiven je tocan analiticki izraz za energiju izmjene kvarkova koji odgovara po-
. 1 . ] .
tencjalu V (r, T) ~ — pC exp(—2mp(T)r)zan =1 in = 2ulimesu kada je ke-

mijski potencijal s, << 01 p, > T. Iste veliCine izracunate su numericki i u ne-
relativistickom i relativistickom limesu.
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