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SUMMARY 

A new theory of contact-induced standing waves in rotating tyres is presented. The tyre is run by a 

rotating drum with a fixed shaft distance as in experiments. The tyre belt is modelled as a rotating 

ring whereas its sidewalls are modelled via radial stiffness of an elastic foundation supporting the 

ring. The differential equation of vibrations is reduced to the radial deflection of the ring. Critical 

rotation speed depends on the inflation pressure and the ring bending stiffness. Different tyre 

response functions are defined in the rotation speed domain with respect to the critical speed. The 

contact region between the tyre and the drum is defined considering the increase of the tyre radius 

due to the centrifugal load. Appropriate boundary conditions are specified in order to ensure a 

continuity of the ring deformation. Bearing reaction forces, as a result of drum penetration into 

the tyre, are defined. 

KEY WORDS: Tyre-drum system; ring model; boundary conditions; standing waves; analytical 

solution. 

1. INTRODUCTION 

The standing waves phenomenon is observed in rolling tyres when the tyre rotation speed 
exceeds a certain critical value. Standing waves are stationary for an observer from a fixed 
ground point. However, a tyre particle rides on standing waves while the tyre actually vibrates 
in the moving coordinate system. The large deformation of the tyre surface due to the generation 
of standing waves induces a large amount of energy into the tyre material. This may cause a 
quick overheating of the tyre and its corresponding failure. Hence, the critical tyre rotation 
speed represents a significant performance limitation for high-speed vehicles. 

The standing waves phenomenon has been investigated since the 1950s for traffic security 
reasons. A review of early theoretical and experimental studies until 1970 is presented in [1]. 
There have been many attempts for mathematical modelling of the standing waves 
phenomenon. Tyre models are commonly simplified starting from ring [2]-[10] to toroidal 
membrane approximation [11], thin cylindrical shell [12] and thin toroidal shell simplification 
[13]. Recently, the analogy of the ring model to the model considering a beam on elastic support 
has been used for the investigation of tyre standing waves, [14]. 
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The development of standing waves has been interpreted in terms of a shock at the leading 
contact edge, in terms of resonance with natural vibrations, as well as a loss of dynamic stability. 
These interpretations are discussed in [7]. Experimental investigations have been performed on 
a test bed where the tyre has been driven by a rotating drum [7]. Insightful results were obtained 
and this reference is often cited in the literature. 

Even relatively simple analytical models help to understand the fundamentals of the occurrence 
of tyre standing waves. However, their accuracy and applicability are not satisfactory due to the 
complex tyre geometry, composite tyre materials and inherent geometrical and material 
nonlinearity. Therefore, an evident advantage of the finite element method (FEM) has been 
commonly exploited for tyre design purposes [15]-[22]. The reliability of the FEM analyses is 
evaluated via experiments [23]. 

In order to better understand the physical mechanisms responsible for the generation of tyre 
standing waves and the influence of different tyre parameters, in this paper a new mathematical 
model is presented by utilizing the ring vibration theory. The tyre belt is modelled as a ring, 
whereas the influence of sidewalls is simulated by an elastic foundation modelled as a 
distributed radial stiffness. Only the radial displacement, resulting from the centrifugal load, is 
taken into account since it is dominant when compared to the circumferential displacement. The 
problem is analysed in the fixed coordinate system. A general solution of the differential 
equation of motion is given. Different tyre responses are obtained depending on the ratio of the 
rotation speed and the critical speed, as well as the inflation pressure. The problem of tyre run 
by a rotating drum is analysed. The contact region is determined with appropriate boundary 
conditions to ensure the deformation continuity. In addition, reaction forces in the tyre and 
drum bearings are determined. 

The paper is structured into 8 sections. In the introductory section, a short state-of-the-art in 
the field of the standing waves phenomenon has been summarized. In the second section, a 
simplified differential equation for ring vibration is given for stationary standing wave analysis. 
Section 3 deals with the solution of the differential equation for different cases of tyre response. 
Viscous damping is incorporated in the solution in an approximate way in Section 4. Boundary 
conditions of the contact edges are specified in Section 5. In Section 6, tyre and drum bearing 
reaction forces are determined. Section 7 is concerned with an illustrative numerical example. 
Some conclusions are drawn in Section 8. 

2. DIFFERENTIAL EQUATION OF RING VIBRATIONS 

The in-plane vibrations of the ring are normally described using two displacement components, 
i.e. its radial deflection, w, and the circumferential displacement, v. In the case of standing waves, 
the ring is exposed to a radial load. Since there is no circumferential load, circumferential 
displacement v is very small in comparison to w. Hence, it can be ignored in order to simplify the 
model. 

The simplified differential equation for the ring in-plane vibrations can be deduced from a 
system of differential equations for a rotating cylindrical shell [24]. As a result, one obtains: 

  (1) 

where the particular symbols have the following meaning, Figure 1: 
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R – ring radius, 

ψ – position angle, 

D – bending stiffness, 

K – tensional stiffness, 

kr – radial stiffness of the elastic foundation, 

c – damping coefficient, 

m – distributed mass per unit length, 

Ω – ring rotation speed, 

Nψ – membrane force per unit length. 

 

Fig. 1  Particulars of ring model 

Furthermore, 

  (2) 

where E is Young’s modulus, A is the ring cross-section area, I is its moment of inertia, b is the 
ring width and h is the ring thickness, Figure 1. 

The radial load consists of two parts, i.e. of a rotation-induced centrifugal load and a load due to 
the inflation pressure p: 

 �� = ���� + 	
, (3) 

where m = ρh, and ρ is mass density. Tyres are ordinarily pressurized in order to increase their 
stiffness which is realized through geometric stiffness. The pressure load increases the ring 
radius and induces the membrane force: 

  (4) 

This pre-stressed state is used as the referent one for the vibration analysis and the pressure 
load is accordingly excluded from Eq. (1). As a result, Eq. (1) can be rewritten as: 
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  (5) 

Where: 

  (6) 

and R is the radius of a pressurized ring. 

Eq. (5) is specified in a rotating coordinate system fixed to the rotating ring. For a ground-fixed 
coordinate system, a new variable must be introduced: 

  (7) 

The following relationships exist between these two coordinate systems: 

  (8) 

Substituting Eqs. (8) into Eq. (5) yields an ordinary differential equation for the description of 
standing waves: 

  (9) 

Eq. (9) is time-independent in the ground-fixed coordinate system, which is a characteristic 
feature of standing waves. 

3. SOLUTION OF DIFFERENTIAL EQUATION 

The particular solution of Eq. (9) reads: 

  (10) 

It represents a uniform ring expansion due to the centrifugal load, i.e. an increase of the ring 
radius. 

The homogeneous solution of Eq. (9) is assumed in an exponential form wh = Cerφ. The damping 
term in Eq. (9) is ignored for the time being in order to simplify the analysis. The characteristic 
equation of the differential Eq. (9) reads: 

  (11) 

where: 

  (12) 

The solutions of the bi-quadratic Eq. (11) are: 

  (13) 

In its expanded form, Eq. (13) yields: 
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�� ���−��� ± ����� − �

��� − ��
�� �� + �
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��
 (14) 

The above roots are generally complex. They represent some characteristic values which 
depend on the ring rotation speed. The following five cases are considered: 

Case 1, Ω = Ωcr 

If the term: 

  (15) 

the critical speed is obtained: 

  (16) 

Eq. (14) takes a specific form: 

  (17) 

and the homogeneous solution of Eq. (9) reads: 

  (18) 

Expression (18) is similar to the deflection function of a beam on an elastic foundation. 

Case 2, Ω = Ω1,2 

If the term in brackets of Eq. (14) is set to zero, i.e. 

 ���−����� − ��
�� ���−���� − ���

�� = �, (19) 

the characteristic rotation speeds are obtained: 

  (20) 

The first term in Eqs. (20) is the square of the critical speed Ωcr, Eq. (16), while the second term 

represents a bifurcation due to the bending stiffness. Since  cannot be negative, one obtains 

the minimum necessary pressure to fulfil this condition: 

  (21) 

Regarding Eq. (14), only two roots remain: 

  (22) 

If Ω = Ω1 the roots are real: 

2 q
m 0,

R
− =Ω

cr

q
.

mR
=Ω

( )
4

4
1,2 ,3 ,4

R k
r 1 i λ , λ

4D
= ± ± =

( ) ( ) ( ) ( )λ λ λ λ
h 1 2 3 4w C e sin λ C e cos λ C e sin λ C e cos λ .ϕ ϕ ϕ ϕϕ ϕ ϕ ϕ− −= + + +

4 4
2 2
1 24 4

q 2D R k q 2D R k
1 1 , 1 1 .

mR D mR DmR mR

   
   = − + + = + + −
   
   

Ω Ω

2
1Ω

4

m 3

2D R k
p 1 1 .

DR b

 
 = + +
 
 

4
2

1,2 1,2

1 R q
r m .

D R2
= ± − Ω



I. Senjanović, D. Čakmak, N. Alujević, N. Vladimir, I. Ćatipović: On the Theory of Contact-induced Standing Waves in Rotating Tyres 

6 ENGINEERING MODELLING 36 (2023) 2, 1-17 

  (23) 

and the deflection function is exponential: 

  (24) 

If Ω = Ω2 the roots are imaginary: 

  (25) 

and the deflection function is harmonic: 

  (26) 

Case 3, Ω < Ω1 

In this case, the roots presented by Eq. (14) are real: 

  (27) 

and the deflection function is exponential: 

  (28) 

Case 4, Ω > Ω2 

In this case, the roots, Eq. (14), are imaginary: 

  (29) 

and the deflection function is harmonic: 

  (30) 

Case 5, Ω1 < Ω < Ω2 

In the central part of the rotation speed domain, the roots, Eq. (14), are complex: 

  (31) 

and one obtains exponential-harmonic deflection function: 

  (32) 

It can be seen that rotation speeds Ω1 and Ω2 divide the speed domain into three parts with 
exponential response, combined exponential-harmonic response and pure harmonic response. 
For standing waves analysis, speed spans of harmonic response are of interest, i.e. Ω > Ω2 (Case 
4) and Ω1 < Ω < Ω2 (Case 5). In the experimental investigation described in [7], it was observed 
that standing waves are highly damped and that there is no interaction between the contact 
edges. Hence, only the last terms in Eq. (32) are considered and one can write: 

  (33) 

However, for response function in the Ω > Ω2 range, Eq. (30), additional viscous damping has to 
be included. This is done in the next section. 
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4. INCORPORATION OF VISCOUS DAMPING 

Let us now consider a homogeneous differential equation with viscous damping, i.e. Eq. (9). By 
setting wh = Cerφ, the characteristic equation of Eq. (9) can be presented in the form: 

  (34) 

where: 

  (35) 

Solutions of Eq. (34) related to Case 4, Ω > Ω2, are complex: 

  (36) 

where β is the argument of the undamped response function and  is the complex damping ratio. 
By substituting: 

  (37) 

into Eq. (34) and omitting  terms of higher order (since | |≪ �), one obtains a linear algebraic 
equation: 

  (38) 

Taking into account , Eq. (38) is decomposed into its real and imaginary parts, i.e. 

  (39) 

The solution of Eq. (39) reads: 

  (40) 

where: 

  (41) 

Furthermore, the roots (36) can be written as: 

  (42) 

Normally � ≪ �, therefore μ can be omitted in Eq. (42). 

Generally speaking, an empirical value of the damping coefficient is ordinarily used for 
engineering structures, based on the response profile recorded in some experiments or in full 
scale measurements. Hence, if ν is given according to [7], c can be obtained from the first of Eqs. 
(40). 
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This equation can be presented in the form: 

  (43) 

where: 

  (44) 

Solution of Eq. (43) reads: 

  (45) 

Since the second term in the square root in Eq. (45) is very small compared to the first one, it 
can be neglected and one can write: 

  (46) 

Finally, setting , Eqs. (35) and (46), respectively, yields: 

  (47) 

In the speed domain Ω > Ω2, Case 4, the deflection is described by the harmonic solutions, Eq. 
(30). For each argument β1 and β2, accompanying damping ratios ν1 and ν2 are respectively 
obtained. Consequently, the deflection function is extended to: 

  (48) 

Numerical examples show that the wave number β1 < β2, and damping ratios ν1 < 0 and ν2 > 0, 
respectively. Standing waves are generated at the trailing contact edge and gradually disappear 
when approaching the leading contact edge. Hence, for standing waves analysis in the range Ω > 
Ω2, the first two terms of the deflection function from Eq. (48) are of interest. Setting ν1 = –ν and 
β1 = β yields: 

  (49) 

5. BOUNDARY CONDITIONS 

In order to simplify the determination of the boundary conditions for standing waves, a new 
variable  is introduced as shown in Figure 2. In such a case, the complete deflection 

function, consisting of homogeneous and particular solutions, , according to Eq. 

(49), reads: 

  (50) 

where w0 is specified via Eq. (10). Rotation angle of standing waves takes the form: 

  (51) 

At the trailing contact edge, the boundary conditions in Figure 2 read: 
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  (52) 

 

Fig. 2  Tyre and drum particulars, and displacements at trailing contact edge, w0 and γ0 

Satisfying boundary conditions yields: 

  (53) 

Angles φ0 and η0 in Eq. (52) depend on the ring expansion due to the rotation, w0. According to 
Figure 2, the following relationships between these two angles can be written: 

  (54) 
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6. BEARING REACTION FORCES 

Penetration of the rigid drum into the expanded tyre due to the centrifugal load causes an 
internal load within the contact region, qr = krδ, where δ is the tyre radial displacement, Figure 
2. Reaction forces F are obtained by integrating this load along the tyre arch in the contact 
region: 

  (57) 

The above integral represents the Boolean intersect of the expanded tyre and the drum. It 
consists of the tyre and drum segments. Hence, one can write: 

  (58) 

7. NUMERICAL EXAMPLE 

In order to illustrate the application of the proposed standing waves theory, the following 
parameters for the ring model of the tyre-drum system are used, according to [14], Figure 2: R 
= 0.3 m, r = 0.4 m, b = 0.2 m, h = 0.016 m, E = 3·107 N/m2, ρ = 1.2·103 kg/m3, kr = 0.97·106 N/m2, 
p = 0.2·106 N/m2. 

Based on the given data, some additional parameters are determined: 

• ring cross-section area: A = bh = 3.2·10-3 m2, 

• moment of inertia of cross-section: = 6.827·10-8 m4, 

• tensile stiffness: K = EA = 9.6·104 N, 

• bending stiffness: D = EI = 2.048 N/m2, 

• distributed mass: m = ρA = 3.84 kg/m, 

• pressure load: q = pb = 4·104 N/m, 

• combined stiffness:  = 203.66·104 N/m2. 

By employing Eqs. (16) and (20), the characteristic rotation speeds are shown in Figure 3 as 
functions of the inflation pressure. The critical membrane rotation speed Ωcr is bifurcated into 
Ω1 and Ω2 due to the influence of the bending stiffness. At the given pressure of p = 0.2·106 N/m2, 
the characteristic rotation speeds take the following values: 

Ωcr = 186.34 rad/s, Ω1 = 150.83 rad/s, Ω2 = 215.38 rad/s. 
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Fig. 3  Characteristic tyre rotation speeds as functions of inflation pressure 

The diagrams of the standing wave number β, within domain 0 < φ < 2π, and the amplitude 
exponent α, based on Eq. (14), for the given pressure are shown in Figure 4 as functions of the 
rotation speed. Parameter β is zero-valued at Ω1, and then it increases up to Ω2. Over Ω2, it is 
bifurcated into two branches. A similar diagram, mirrored at Ωcr is obtained for the amplitude 
exponent α. At Ωcr, α = β = λ. Parameters α and β can be expressed in terms of polar coordinates, 

 and , where  and . It is interesting that this 

radius is constant along the span Ω1 – Ω2, taking value 9.43, Figure 4. 

 

Fig. 4  Roots of the characteristic equation of differential equation, p = 0.2·106 N/m2 
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Next, standing waves for Ω = Ωcr are determined. By employing Eqs. (10), (17), (55) and (56) one 
finds: w0 = 0.0196 m, λ = 6.70, φ0 = 0.2646 rad, η0 = 0.2111 rad, γ0 = 0.4757 rad. The standing 
waves amplitude is determined via Eq. (53), i.e. wa = Rγ0/λ = 0.0213 m. The standing waves are 
shown in Figure 5. This case is actually a linear static problem with a quasi-dynamic centrifugal 
load. Since the boundary conditions have to be satisfied at both contact edges, the standing 
waves are shown on both sides. Due to the very large amplitude decrement, α = β = λ, the 
standing waves disappear within the first period. Such a response has been observed in 
experiments and described as a ripple, [7]. 

 

Fig. 5  Tyre standing waves, Ωcr = 186.34 rad/s, V = 201 km/h 

Ω2 is another interesting rotation speed for the determination of standing waves. In this case 
one finds: w0 = 0.031 m, α = 0, β = 9.43, φ0 = 0.3221 rad, η0 = 0.2651 rad, γ0 = 0.5872 rad, wa = 
0.0187 m. Since the amplitude decrement α = 0, a damping ratio of ν = 0.7 is used. This 
corresponds to the damping coefficient determined by Eq. (47), c = 1.321·104 Ns/m2. Standing 
waves are shown in Figure 6. Ripple is also included in the figure. 

Furthermore, the standing waves are determined for Ω = 230 rad/s which belongs to the 
bifurcation domain, Figure 4. The following parameters are determined: w0 = 0.031 m, β1 = 5.64, 
β2 = 15.63, φ0 = 0.3211 rad, η0 = 0.2651 rad, γ0 = 0.5872 rad, wa = 0.0312 m. The same damping 
ratio is used as in the previous case for the lower branch, i.e. ν1 = 0.7. The damping coefficient 
obtained via Eq. (47) is c = 3.334·104 Ns/m2. By using known values of c and β2, the following 
damping ratio is obtained for the upper branch: ν2 = 3.016, which causes a spreading of the 
deflection function. Standing waves for case ν1 and β1 are shown in Figure 7. It is obvious that 
the number of waves is smaller than in the previous case, Figure 6. The standing waves profile 
is similar to those observed in the experiments, [7], [23]. They attenuate significantly before 
reaching the leading edge of the contact region. 
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Fig. 6  Tyre standing waves, Ω2 = 215.38 rad/s, V = 

233 km/h 

Fig. 7  Tyre standing waves, Ω = 230 rad/s, V = 248 

km/h 

In addition, a diagram of the bearing reaction force, F, as a function of the tyre expansion due to 
the centrifugal load is shown in Figure 8. The diagram is very similar to the experimental one, 
[23]. In Figure 9, diagrams of both the ring expansion and the bearing reaction force as functions 
of the rotation speed are shown. Also, the tyre peripheral velocity V = RΩ, is included in order to 
indicate the vehicle speed. 

In the case of a balloon tyre, the bending stiffness is negligible. The generation of standing waves 
has been investigated by measurements on a test bed and analysed via a simplified ring model, 
[7]. A sophisticated ring mathematical model based on the same experiment is presented in [25]. 
Roots of the characteristic equation of the governing differential equation of motion are shown 
in Figure 10. Comparing Figure 4 for D > 0 and Figure 10 for D = 0, it is obvious that by reducing 
the bending stiffness, the characteristic rotation speeds Ω1 and Ω2 approach Ωcr for the case D = 
0, while the roots ±α and ±β approach infinity. 
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Fig. 8  Bearing reaction force as a function of tyre expansion due to rotation 

 

Fig. 9  Bearing reaction force and tyre expansion as functions of rotation speed 

 

Fig. 10  Roots of characteristic equation via neglecting the bending stiffness, D = 0 (balloon) 
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8. CONCLUSION 

In the relevant literature, the generation of standing waves has been related to a shock at the 
leading contact edge, resonance with natural vibrations and a loss of dynamic stability. In this 
paper, it is shown that the generation of standing waves starts when the tensional force due to 
the tyre rotation overcomes the inflation pressure tensional force. The equilibrium of these 
forces defines the critical rotation speed. In the case of a membrane structure without bending 
stiffness (e.g. balloon tyre), the development of standing waves when the structure rotates at a 
speed higher than critical is very fast. In real tyres with inherent bending stiffness, the 
generation of standing waves is slow up to the common membrane and bending critical speed. 
After that, the number of standing waves is reduced and their amplitude is increased. The 
diagram of roots of the characteristic equation shown in Figure 4 may be useful to follow the 
development of standing waves. 

Due to the tyre rotation and induced centrifugal load, the tyre radius is increased. The constant 
distance between the tyre and the drum shafts defines the contact region and boundary 
conditions for standing waves. Bearing reaction forces depend on both the contact area and the 
radial stiffness. This is a linear boundary problem. Damping plays an important role in the over-
critical range and it is included in the response function in an approximate but realistic way. 

The presented theory sheds more light onto understanding the physical mechanism responsible 
for the generation of tyre standing waves and their behaviour for the different values of imposed 
tyre parameters. The theory can be adapted to the problem of the generation of standing waves 
in a tyre driven by the flat moving strap. This is actually a special case of a drum with an infinite 
radius and zero rotational speed, giving finite peripherical velocity (V = RΩ). Moreover, by 
following the 2D theory, the problem of the standing wave generation in a tyre rolling along the 
road can be mathematically modelled. This is a subject of further investigation. 
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