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INTRODUCTION

There is a possibility to develop carbon-nanotube-based
electronics where truly nanoelectronic architecture can be
realized. Namely nanotubes can be applied both as de-
vices and interconnects as well.l:? Three-terminal junc-
tions for example are envisaged as units for rectifying
elements or transistor components.3~12 There are several
theoretical propositions for various carbon nanotube
junctions,?'113-20 but most of them are applied for non
chiral ones. We have recently presented an algorithm for
constructing junctions between single wall nanotubes of
any chirality and diameter?'?2 This method is suitable
only for junctions where the new nanotube branches are
attached to already developed ones, and thus there is no
possibility in this algorithm to join three various kind of
tubes at a junction.

In Ref. 8 a coordinate system was given for describ-
ing nanotube junctions and it was applied for connecting
two arbitrary nanotubes as for example the two terminal
elbow junction.®23 In the present paper we shall extend
this method for three and more terminal nanotube junc-
tions using the terminology of discrete manifolds.

Diophantic equations are developed for constructing junctions between single wall nanotubes
of any chirality and diameter. The solution of these equations makes it possible to find the
Descartes coordinates of the carbon atoms in the structures. An example is given for a three

NANOTUBE JUNCTION AS DISCRETE
MANIFOLD

From Euler’s theorem follows the following relation for
a connected nanotube network with e open ends:??

Z(é—i)ni=l2(1—g)—6e (1)

Here g is the genus of the corresponding nanotube
network with closed ends and #; is the number of faces
with i vertices. On the corresponding nanotube network
with closed ends we mean the original nanotube network
plus the half spheres for closing the open ends, where
we suppose that each half sphere has six pentagons. For
developing Eq. (1) these 6e pentagons are removed for
opening the tubes. Thus for a three terminal nanotube
junction (e = 3 and g = 0) we obtain from Eq. (1):

3}’[3 + 21’14 + ns —ny — 2]’18 — 3”9 — 4}’[10 — 51’111 —
6”12 - 77’!13 —..=-06 (2)

Allowing only one kind of non-hexagonal polygons
we obtain that n; = 6 and n; = 0 for the other non-hexago-
nal polygons.

* Dedicated to Haruo Hosoya on the occasion of his 70™ birthday.
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Figure 1. The coordinate system on a graphene sheet. The posi-
tions of the hexagons are given with the help of unit vectors ay
and @». The chiral vector €, = ma; + na, describes the nano-
tube.

A single wall nanotube is a hexagonal network of
carbon atoms that has been rolled up to make a cylinder.
On a hexagonal graphene sheet G the position of the
hexagons are given with the aid of two unit vectors a;
and a, (Figure 1). These unit vectors join the center of a
hexagon with the center of the neighboring hexagons.
They are also used for giving the chiral vector C),

C) = ma, + na, 3)

where m and n are integers. The chiral vector makes equi-
valence between the hexagons during rolling up the gra-
phene sheet. From this construction follows, that the co-
ordinate system of the sheet can be transferred to the tube
as well. Let us suppose that we want to construct a junc-
tion between three tubes of parameters

m! m? m3
I ME

Each tube has its own coordinate system defined on
the corresponding graphene sheets. When these tubes are
joined together in a junction we must describe the chang-
ing of the local coordinate systems of the neighboring
tubes during going from one to the other. This will be
given with the help of a discrete manifold.

Manifold of a Junction

The manifold is a space that, like the surface of the Earth,
can be covered by a family of local coordinate systems.
In our case the local coordinate system will be the co-
ordinate system of the hexagonal lattice. Thus we shall
use the following definition of manifold:

Let M be the set of polygons on the surface of a na-
notube junction constructed from three nanotubes 1, 2 and
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3 having covering sets in order U;, U, and U; with the
relation M = U; U U, U Us;, where each subset U is in
1: 1 correspondence @y : U — G with a subset ®y(U)
of the graphene sheet G. We require that each @y (U; N
Uj) be a subset of G. Each pair U, @y, defines a coordi-

m
nate patch on M; to p € U € M we assign the (np] co-
p

ordinates of the point @(p) in G. For this reason we call
@y a coordinate map.

ST T
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Figure 2. Construction of polygons in set U; n U;. Examples are
given for heptagon (a), pentagon (b) and hexagon (c). The cut
bonds are marked by thick bonds. In each cases the cut bonds
are put in U; for the upper hexagon and in U; for the lower one.

For each polygon p in set U; N U; we suppose that it
is constructed from two hexagons h; = ®y(p) and h; =
<I)Uj(p) belonging in order to tubes i and j (Figure 2). That
is the polygons in set U; N U; have the coordinates of
their hexagons in the corresponding coordinate map. Thus
the construction of the nanotube junction is equivalent
with the determination of those ®y (p) = h; and d)Uj(p) =
h; hexagons that will be used for the construction of the
corresponding non-hexagonal polygon p. This will be
given by the coordinates of hexagons h; and h; on the ®y
coordinate maps. The coordinates of hexagons h; and h;
for polygon p will be the same on the two maps because
of the gluing condition of the two neighboring tubes.
The kind of polygon p will be given by the positions of
the cut bonds. We shall use the convention that one of
the cut bonds will be in the direction —a;, and the other
one will be in the direction a'y, starting from the center
of the corresponding polygon. The unit vector a; is used
in the coordinate system for giving the position of the
hexagon under study and the new unit vector a'; belongs
to the coordinate system of the next hexagon under
study (Figure 3). Thus the local coordinate system might
be rotated at each hexagon depending on the position of
the cut bonds in polygon p € U ¢ M.
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Figure 3. The position of the cut bonds. The unit vector a; is used
in the coordinate system for giving the position of the hexagon un-
der study and the new unit vector @'; belongs to the coordinate
system of the next hexagon under study.

tube 1

ribbon 1

N

tube 3

ribbon 2

tube 2
ribbon 3

Figure 4. The three ribbons of junction (U; n Ug) U (U n Uz) U
(U3 n U;) between nanotubes 1, 2 and 3. The two hexagons A
and B e Uy n Uy m Uz are marked in order by colors yellow and
blue. The heptagons are red in the figure.

The (U; N U,) U (U, N Uz) U (Uz N Uy) set of the
junction can be described by three ribbons of polygons
joined by two hexagons A and B € U; n U, N Uj; (Fig-
ure 4). Ribbons 1, 2 and 3 belong in order to the sets (Us
N Uy), (U; N U,) and (U, N Uy). The relative positions
of these ribbons will be given by the relative direction
angles o,, 3 and a3, on hexagon A and with the rela-
tive direction angles f3;,, B3 and B3, on hexagon B. We
suppose that a;; > 0, fj; < 0 and the unit of angle on the

o
graphene sheet is o

We call @y, the first and @y, the second coordinate
map if the corresponding ribbon belongs to the set (U; N

Uj). The coordinates of the i-th polygons on the first and
k

m; . L
second map of ribbon k are [ M ) . Thus ribbon £ is given

by the parameters:

mi I (m \ I (om0 ) T o
i )T ny )T\ s )15 T e ) T
where the relative changing of the direction of the unit

vector a; is in order Ti_k and T:-“k on the first and on the
mf

second map. The coordinates| , |of the first non-hexa-
n

gonal polygon of the junction is given by the coordinate

k
m
system of hexagon A and the ( ,Ijk] coordinates corres-
Y3
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pond to a hexagon which is neighboring to hexagon B.
Thus there are Nk — 1 non-hexagonal polygons in ribbon
k. From the construction follows that

T--T"=n-6 6)

for a polygon of n sides. If a ribbon contains only the
non-hexagonal polygons and one hexagon which is neigh-
boring to hexagon B, we call it restricted ribbon. If it con-
tains all its polygons we call it unrestricted ribbon.

Diophantic Equations for Nanotube Junctions

Let

_2 fr 2 ,
s(r)—\/gsm 3r+3 (7
be a function of the integer variable 7. The range of s(7)

contains only the integers —1, 0 and 1. Then if the trans-

formation O rotates the coordinate system by the angle
k

m; .
7 then the coordinates [ X ] of a polygon will be chang-
n .

L

ed according to the relation

O{m{] =[ mf‘s(r)+nf‘s(7:+1) J 8)

n; m,ks(r—2)+nfs(r—l)

It is convenient to introduce new variables as

Gﬁ = TS =0, )

ol =0t + Ti (10)
and

tha =i + T (11)

The variables crff and rf-‘ are rotation angles of the local
coordinate systems relative to the local coordinate system
of hexagon A on the ribbon k.

In tube 1 the coordinates of hexagon B can be given
by vector v; on ribbon 1 and by vector v, on ribbon 2 in
the following way.

N1 1 1
v = 2,00 (ml’}ow'u [o] (12)
i=1 n;

N2 m2 1
= Lita ¢ ol ta
v, = ZOT‘_I o R o L [O] (13)
i=1

i
1

m
As tube 1 has the parameters ( |
n

] it is true that

m!
Vi =V = o nl (14)
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where the original coordinate system for the coordinates
in Eq. (3) is rotated by the angle ¢, in constructing the
vectors v and v,.

The parameters f31,, 8,3 and 33; must fulfill the fol-
lowing joining conditions at hexagon B:

1 1
OcrA‘rﬁﬁlz[O]: orﬁzmlz[o]_ (15)

o + BT —ap=0 mod(®). (16)

That is

The same relations can be obtained for the other tubes
too. Applying in Egs. (12-14) the relation of Eq. (8) for
each tubes we obtain the following diophantic equations:

N1
D mlsl)+nlsel +D)+so )~
i=1

N2
2,2 2,2
2 (mis(Tisyagp)+ni s +oyp +1)—

i=1

STy +an)=mls@) ) +n's@ +1); (17)

N1
D mlsol ~2)+nlsol ~D)+s0hy —2)-
i=1

N2
2 2 2 2

2 (misTiiy+op—=2)+n; st +ap—1)-

i1

SThy +a, =2)=m's(@, —2)+n's@ ~-1); (18)

N2
D mis i) +nis@ i + D) +s030)-
i=1

N3
3,3 3.3

2 (mj's(riiy +on3)+nis@ii +a+1) -

=1

S(Trvs+003) =m2s@,) +n2s@, +1) ; (19)
N2

D mlsl —2)+nlscl ~)+s0 3 -2)-
i=1

N3
2 (m}s(x) ) +03=2)+ (s +ap—1)—

i=1

ST+ a3 =2)=m2s(@y —2)+n2s(@y ~1);  (20)
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N3
D miscl ) Hnis@ i + ) +s0 ) -
=1
N1
2 (m}s(t_y +ozy)+nl sl +az +1)—
i=1
sy +op)=m3s@y)+n3s@3+1) ; 1)

N3
D mis 2 +niscl, —D)+so s —2)-
i=1

N1
D omlstly +as —2)+nls@l +os —1)-

i=1
sty +as —2)=m3s(@s—2)+n3s3 -1  (22)

and from Eq. (16) the joining conditions are:

o P —Tha— =0 mod(6); (23)

oM +Bn Tz~ a3 =0 mod(6) ; (24)

o3 t+Bai—Thi —az =0 mod(6) . (25)
EXAMPLE

We shall construct the junction between the following
three chiral nanotubes:

m! 9) (m? 8 q m3 10 »

N N Pl U el B R R R
Now we have to solve the Eqgs. (17-22) with the joining
conditions Egs. (23-25) for the restricted ribbons.
Depending on the needs of the special problem one can
construct various junction between three nanotubes. If
we want to make a junction with the minimal number of
non-hexagonal polygons, from Eq. (2) follows that it

will have n; = 6 heptagons. We put 2 heptagons on each
ribbon having symmetrical relative positions, that is:

Nl =N2=N3=3 27)
and

ap =0y =0a3 =—Pipn=Pu=-Py=2. (28)

From Eq. (6) follows that 7- — T* = 1 for heptagons and
T- — T+ = 0 for the hexagons. That is the t¥ values can
be calculated from the Gf ones. As there are only 6 dio-
phantic equations for the 24 polygon coordinates and the
Gf parameters, there is a great liberty for the positions
of the non-hexagonal polygons. Let us choose the fol-
lowing coordinates (Eq. (5)) for ribbons 1 and 2 in the
tube 1:
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19021724%)° icted ribbon 1) (2
al1l<lololo (restricted ribbon 1) (29)
3\—-1(1o(1)0 cted ribbon 2 30
ololilTlolo (restricted ribbon 2) .  (30)

In Figure 5 we can see ribbons 1 and 2 on tube 1 of

_ m! 9
coordinates al = 6l

Figure 5. Ribbons 1 and 2 for tube 1. They are seen from azimu-
thal angles @ = 0 (a), ¢ = 60 (b), ¢ = 120 (), for ribbon 1 and
@ = -60 (d), ¢ = =120 (e), ¢ = —180 (f) for ribbon 2. The two
hexagons A and B € U; n U, m U3 are marked in order by colors
yellow and blue. The heptagons are red and the ribbon hexagons
are white in the figure. Only the heptagons and the neighboring
ribbon hexagons to hexagon B belong to the restricted ribbon.

We put hexagon B in antipodal position to hexagon
A on the tube surface.

The positions of the heptagons of ribbon 1 are cho-
sen somewhere on the intersection line between tubes 1
and 3. In the same way are chosen the heptagons on rib-
bon 2 using the intersection line between the tubes 2 and
1. We suppose that the 7+(7T") parameters generate unit
vectors a'; pointing to the next polygon for ribbons of
Egs. (29,30).

According to relations of Egs. (23-25) we could chose
the parameters as well. Substituting in Eqs. (17-22) the
known data of Eqs. (29-30) for ribbons 1 and 2, the ob-
tained diophantic equations give the missing parameters
of ribbon 3. In this way we have found the following pa-
rameters for ribbon 3:

2\-1(3)0(2)0 <cted 1ib |
olololTlolo (restricted ribbon 3). (31)
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Now the missing hexagons can be place easily and
thus we obtain the full description of ribbons 1, 2 and 3
in the following way:

HE NG E O

(ribbon 1) (32)
no(no(no(1)-1(1yo(1\0
ojolojolo]1{o]-1{0/1(0]0

(ribbon 2) (33)

191;11919191919
ojolojolojolo]jolo]j1{0/0l0]O

(ribbon 3) (34)

In Figure (5) we presented ribbons 1 and 2 of Eqgs.
(32, 33) on the tube 1. In the same way we can draw rib-
bons 2 and 3 on tube 2, and ribbons 3 and 1 on the tube
3 using Egs. (32-34). After cutting the thick bonds on
the tubes they were joined together and after conjugate
gradient relaxation with Brenner potential>* we obtained
the junction of Figure (6).

Figure 6. Junction between three chiral nanotubes of parameters

TR~ BT

CONCLUSIONS

We have developed diophantic equations for construct-
ing three terminal nanotube junctions. Similar equations
can be written down for other junctions as well and
usually there are several solutions for these equations
and one junction can be described with different parame-
ters too. There are also algebraic solutions which do not
fulfill the geometric conditions. It is possible for example
that an algebraic solution describes self intersecting rib-
bons. The number and distribution of various kind of non

Croat. Chem. Acta 81 (2) 267-272 (2008)
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SAZETAK

Konstruiranje spojeva izmedu ugljikovih nanocijevcica

Istvan Laszlo

U radu su izvedene diofantske jednadzbe za konstrukciju spojeva izmedu jednostrukih nanocijevcica pro-
izvoljne kiralnosti i promjera. Rjesenje ovih jednadzbi omoguéava odredivanje prikladnih trodimenzionalnih
koordinata ugljikovih atoma u takvim strukturama. Prikazan je primjer sa spojem triju nanocijevcica.
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