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Technological progress and optimal income taxation

Insook Lee

Bay Area International Business School, Beijing Normal University, Guangdong, China

ABSTRACT
Facing technological progress, how should a government reform
income taxation? To address this question, optimal capital and
labor income taxation is obtained for an economy of heteroge-
neous individuals. Technological progress raises optimal capital
income tax rate and lowers optimal average marginal labor
income tax rate if it is capital-biased by increasing relative capital
productivity. Technological progress does the opposite if it is
labor-biased by decreasing relative capital productivity. Neither
capital-biased nor labor-biased technological progress affects opti-
mal slope of labor income tax rate schedule. Technological pro-
gress does not affect optimal income taxation if it is unbiased by
preserving relative capital productivity.
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1. Introduction

In developed economies, technological advancements have considerably improved
productivity. As shown by Figure 1 from the data of OECD economies that represent
developed economies, since 1960, total factor productivity has been on upward trend
for about sixty years. On the other hand, as demonstrated by Figure 2 from their
data, relative capital productivity remained almost same between 1960 and 1978, con-
firming Kaldor’s stylized fact. It was only after 1990 when relative capital productivity
started to exhibit upward trend, which is consistent with finding of Karabarbounis
and Neiman (2014). Above all, data of both Figures 1 and 2 mean that substantial
progresses of production technology took place over the past decades. At the same
time, it should be noted that pre-tax income inequality of developed economies also
exacerbated especially more severely after 1990, as illustrated by Figure 3. In fact,
empirical findings of numerous rigorous studies (e.g., Acemoglu, 2002; Aghion et al.,
2019; Caselli, 1999; Foerster & Gyoergy T�oth, 2015; Galor & Moav, 2000) found that
technological progress results in widening the income gap between the rich and the
poor. This implies that the increases in pre-tax income Gini index (Figure 3) can be
attributable to the production technology progresses (Figures 1 and 2).1 For
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Figure 1. Total factor productivity of OECD economies.
Note: The data of total factor productivity of OECD economies are averaged and secured from the US Federal Reserve
Bank which normalizes the data to take the value of one for year 2011.

Figure 2. Relative capital productivity of OECD economies.
Note: With standard Cobb-Douglas production function, capital income share is unit-free marginal productivity of cap-
ital input (i.e., output elasticity with respect to capital input) and represents capital’s relative contribution to output;
hence, it indicates relative capital productivity. The income share data of OECD economies are averaged and secured
from the US Federal Reserve Bank.
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addressing the re-distributional concerns from technological progress, it is important
to understand whether and how a government should adjust rates of income taxes,
although it is not yet well studied in the public finance literature. This article analyses
effects of technological progress on optimal capital and labor income taxation in a
general-equilibrium model with taxpayers of unequal earning abilities.

This article is related to the literature that analyses optimal income tax policy
responses to production technology changes. The representative studies of this litera-
ture are pioneer studies by Zhu (1992), Chari et al. (1994) and Werning (2007), as they
analysed how optimal capital and labor income tax rates respond to technology shocks.
However, the technology shocks of these studies are random and adopted for represent-
ing business-cycle fluctuations of short-term. Hence, the results of these studies are not
necessarily directly applicable for understanding whether or how technological pro-
gress, which is long-run changes in production technology, affects optimal capital and
labor income taxation. Distinct from and complementary to these studies of the litera-
ture, this article makes contribution of analysing how fundamental long-run advances
in production technology affect optimal capital and labor income taxation.

This article is also related to Guerreiro et al. (2022) since both studies address
optimal tax policy response to a change in production technology. Guerreiro et al.
(2022) analysed whether linear robot tax on the firms should be introduced for
responding to technology change of automation. Guerreiro et al. (2022) defined auto-
mation as an exogenous decrease in the price of robots and assumed that robots are
only capital input available for production; thus, they took a partial-equilibrium
approach. Guerreiro et al. (2022) did not elaborate on whether or how automation
affects optimal capital and labor income taxation. Differentiating from Guerreiro
et al. (2022), this article examines whether and how technological progress affects

Figure 3. Pre-tax income inequality of OECD economies.
Note: The inequality of pre-tax income is measured by Gini index in % scale. The data of pre-tax income inequality of
OECD economies are averaged and secured from Standardized World Income Inequality Database (Solt, 2020).
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optimal capital and labor income taxation in a general-equilibrium model where
input prices are endogenously determined. Because taxes on capital and labor
incomes have been the most consequential fiscal policy instruments available, this art-
icle makes a meaningful contribution.

In addition, this article is also relatable to the Ramsey optimal income taxation lit-
erature that rationalizes taxing capital income (e.g., Aiyagari, 1995; Chamley, 2001;
Conesa, Kitao & Krueger, 2009; Mattauch et al., 2018; Park, 2014) against the zero-
capital-tax result of Chamley (1986) and Judd (1985). Although the main purpose of
this article is not for discussing whether a strictly positive rate of capital income tax
is desirable or not, in the middle of paving the way to identify effects of technological
progress on optimal income taxation, this article obtains optimal capital and labor
income tax rates before introducing a change in production technology and finds a
new rationale for taxing capital income. As such, this article also contributes to the
literature on whether to tax capital income or not.

This article is organized as follows. Section II delineates the model economy and
types of technological progress. Section III characterizes allocation of stationary com-
petitive general equilibrium. Utilizing this, Section IV obtains optimal capital and
labor income taxation, based on which Section V examines the effect of each type of
technological progress on optimal capital and labor income taxation. Section VI con-
cludes the article.

2. Economic environment

Consider an economy of individuals who are heterogeneous only in terms of earning
ability2 and are indexed by i. Individuals are born with equal amount of capital
endowment and unequal levels of earning ability. The population size stays as one.
This economy is in its steady state; so, time subscripts are not necessary. For any
given i, the lifetime utility of individual i is

u ¼ ð1�bÞ
X1
t¼1

bt�1 log ðciÞ� l
1þ1

g

i

1þ 1
g

þ vlogðGÞ
2
4

3
5 (1)

where b 2 ð0, 1Þ is time preference; ci>0 and li 2 ½0, 1� are private goods consumption
and labor supply, respectively, of individual i; g>0 is Frisch elasticity of labor supply; G
is public goods provided by the government of this economy; v>0 is preference for
public goods. For tractability, the logarithm consumption utility of (1) is chosen which
is consistent with empirical findings on labor supply (e.g., Kimball & Shapiro, 2008) as
income effect of wage rate is cancelled out with its substitution effect. In maximizing
the utility of (1), individual i meets the following inter-temporal budget constraint:

whili�TLðwhiliÞ þ ðki þ rki�TKðrkiÞÞ � ci þ k0i (2)

where w and r are given wage and interest rates that are determined by competitive
factor markets, respectively; TLðwhiliÞ and TKðrkiÞ are labor and capital income taxes,
respectively, paid by individual i; hi denotes the earning ability of individual i; and, ki
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and k0i are capital investment (i.e., savings) made by individual i in the previous
period and in the current period, respectively. Furthermore, standard transversality
conditions are met so that we can find a unique solution of the maximization prob-
lem of each individual over his lifetime. In this line, individuals of this economy can-
not play a Ponzi game.

In particular, for any given i, earning ability of individual i is

hi ¼ exp ðpi þ eiÞ (3)

where pi and ei are given at birth and stays unchanged for lifetime. pi is distributed
according to Exponetial 1

rp

� �
, and ei is distributed according to Normalð� re

2 ,reÞ:
The support of earning-ability distribution is denoted by H � R

þ: Consequently,
exp ðpiÞ follows a Pareto distribution; and, exp ðeiÞ follows a Lognormal distribution.
The specification of earning-ability distribution of (3) closely resembles actual income
distributions (e.g., Armour et al., 2016) by generating a thick upper tail in the earn-
ings distribution. Thus, (3) was also adopted by other previous studies too (e.g.,
Heathcote et al., 2017). Notice that both re>0 and rp>0 represent the degree of
inequality of individuals’ earning ability.

With their earning ability known, in each period, each individual chooses their
own labor supply and private goods consumption from maximizing their own utility
for the remaining lifetime. For any given hi 2 H, the maximization problem that
individual i solves for each period is stated, in a recursive way, as

vðki; hiÞ ¼ viðkiÞ ¼ max fð1�bÞ logðciÞ� l
1þ1

g

i

1þ 1
g

þ vlogðGÞ
2
4

3
5þ bviðk0iÞ s:t ð2Þg: (4)

In this economy, a representative firm produces output that can be used for pri-
vate goods and public goods consumption. The production function is standard
Cobb-Douglas function because it has been most widely adopted and proven to be
well fitted to long-run data (Le�on-Ledesma & Satchi, 2019).3 Thus, with 1>a>0,

Y ¼ FðK, LÞ ¼ zTðzKKÞaðzLLÞ1�a (5)

where Y is total output; K is aggregate capital; and, L is aggregate labor in efficiency
unit. In each period, the representative firm maximizes its profit solving
maxzTðzKKÞaðzLLÞ1�a �rK�wL: Some scholars (e.g., Romer, 1990) assumed that
firms can control technology innovations by treating technology as one of freely
choosable inputs for production. However, in reality, technology breakthroughs are
not easily controllable to be a choice variable, unlike labor or capital input decisions.
Therefore, we describe a change in production technology with an exogenous change
in one of the parameters of production function. That is, we define technological pro-
gress as an increase in zT , zK , zL or a of production function (5).

An increase in zT is technological progress that improves total factor productivity;
an increase in zK is capital-augmenting technological progress; and, an increase in zL
is labor-augmenting technological progress. Obviously, these three forms of
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technological progress are different from each other. For example, as 1>a>0, an
increase in zK by 1.5 yields strictly different amounts of increases in marginal factor
productivity and total output than an increase in zT or zL by 1.5 does. While they are
definitively different from each other, increases in zT , zK and zL have the following
common feature: They preserve relative factor productivity with raising unit-free mar-
ginal productivities of both capital and labor together at the same rate. As relative
capital productivity is FKðK, LÞKY

FLðK, LÞLY
¼ a

1�a and its reciprocal (1�a
a ) is relative labor product-

ivity, an increase in the value of any one of zT , zK and zL does not favour the relative
capital productivity or the relative labor productivity. Therefore, based on this com-
mon feature, the three forms of technological progress (total factor productivity
improvement, capital-augmenting technological progress and labor-augmenting
technological progress) are classified into one type of technological progress:
‘unbiased technological progress’. Moreover, the relative factor productivity does not
change whenever the relative capital productivity does not. Thus, technological pro-
gress is unbiased when it preserves relative capital productivity.

By contrast to an increase in zT , zK and zL, an increase or a decrease in the technol-
ogy parameter a does not preserve the relative factor productivity but favours the rela-
tive productivity of capital or labor. Thus, a change in the value of a represents another
type of technological progress: ‘biased technological progress’. An increase in a is cap-
ital-biased technological progress, as it raises the relative capital productivity (lowers the
relative labor productivity). A decrease in a is labor-biased technological progress, as it
raises the relative labor productivity (lowers the relative capital productivity). As shall be
shown later, it turns out that the effect of labor-biased technological progress (a decrease
in a) is simply opposite to the effect of capital-biased technological progress (an increase
in a). Hence, it is sufficient for analysing the effect of biased technological progress to
examine the effect of capital-biased technological progress based on which it is trivial to
identify the effect of labor-biased technological progress.

Obviously, like the other three technology parameters of zT , zK and zL, the value
of a does not depend on firm’s input decisions or factor markets. Nonetheless, after
factor market clearing, unlike any of zT , zK and zL, the value of the technology par-
ameter a can also indicate the capital income share (i.e., the ratio of the total capital
income to the total output) that is directly observable with aggregate income data. In
this light, unlike most of previous studies that assumed no change a in the light of
Kaldor’s stylized fact from the data of 1960s, we allow that the value of a can change
in the long run for reflecting the recently observed increases in the capital income
share4 of numerous countries (e.g., Karabarbounis & Neiman, 2014). Their empirical
findings of the increases make capital-biased technological progress more relevant
than labor-biased technological progress. Above all, the four technology parameters of
zT , zK , zL and a, whose changes represent unbiased or biased technological progress,
are not time-variant and will be later allowed to increase for identifying the effect of
each type of technological progress.

To finance public goods provision, the government of this economy levies taxes on
labor and capital incomes, meeting the following fiscal budget constraint in each
period.

6 I. LEE



ð
H

fTLðwhliðhÞÞ þ TKðrkiðhÞÞgdFh ¼ G ¼ gY (6)

where g 2 ð0, 1Þ is the portion of the total output used for public goods that the gov-
ernment decides to provide. The government chooses capital income tax rate of
sK 2 ½0, 1�;

TKðrkiÞ ¼ sKrki: (7)

At the same time, the government selects labor income tax rate schedule among
the schedules that take a form of the following function:

TLðyiÞ ¼ yi�qLðyiÞ1�lL (8)

where yi ¼ whili (pre-tax labor income). If 1�lL � 0 or qL � 0, more labor supply
entails less or no disposable income causing individuals not to work. Thus, in order
to induce individuals to supply labor and earn a positive amount of taxable income,

1�lL>0 and qL>0 (9)

Notice that marginal labor income tax rate increases with pre-tax labor income if
lL > 0 and decreases with pre-tax labor income if lL<0: If lL ¼ 0, then labor income
tax is linear, as capital income tax5 of (7). Thus, lL is the slope of labor income tax
rate schedule, indicating the labor income tax progressivity. While individuals are
endowed with equal amount of capital, they have unequal abilities to earn labor
incomes, which is consistent with equal rate of tax on capital incomes (linear capital
income tax) and unequal rates of tax on labor incomes (nonlinear labor income tax).
The government can address the earning-ability inequality by properly choosing lL:
Furthermore, corresponding to the average marginal capital income tax rate sK , the
average marginal labor income tax rate sL is defined as

sL ¼
ð
H

fTL
0ðyi, tðhÞÞðyi, tðhÞYt

ÞgdFh: (10)

With any given lL that determines the slope of labor income tax rate schedule, qL
(or equivalently sL) determines the level of labor income tax rates.

In fact, the labor income tax function of (8) has been adopted by various studies
such as Feldstein (1969), Benabou (2002), Corneo (2002), Heathcote et al. (2014,
2017), Guerreiro et al. (2022), and the like. Moreover, Heathcote et al. (2017) showed
that the tax function (8) is remarkably well fitted to the US data. Likewise, the linear
capital income tax of (7) has been most widely adopted in Ramsey taxation literature
and macroeconomics literature. Being consistent with these literatures, the linearity of
(7) is necessary for tractability of this analysis.

Without specifying the functions of utility, production and taxes, it is not feasible
to identify how technological progress affects optimal income taxation, although
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specifying the functions does not attain the highest level of generality. Nonetheless,
the analytically tractable functions of (1), (5), (7) and (8) still can yield policy-relevant
implications because these functions are corroborated by various empirical data. The
logarithm consumption utility of (1) is also shown to be consistent with empirical
findings on labor supply (e.g., Kimball & Shapiro, 2008).

Above all, the government chooses capital and labor income tax rates from maxi-
mizing the social welfare SW.

SW ¼
ð
H

uðhÞdFh: (11)

According to (6), (7), (8) and (10), once the government chooses sK , sL and lL,
the values of g and qL are automatically determined. Hence, in the social-welfare
maximization, the effective number of the government choice variables is actually
three, instead of five. Notice that the level of the social welfare is determined by pri-
vate consumption and labor supply which are actually chosen by individuals, not by
the government. For the government to implement a welfare-maximizing allocation
of consumption and labor, the firm and individuals need to voluntarily choose the
welfare-maximizing allocation with taking the government’s policies given. Thus, the
welfare-maximizing allocation should be supported as a competitive general equilib-
rium of this economy.

With the government’s tax policies given, a competitive general equilibrium of this
economy is defined as a set of allocation decision rules fciðhiÞ, liðhiÞ, kiðhiÞghi2H, pri-
ces of labor and capital (w and r) and g, which satisfies the following three condi-
tions for each period:

i. With the government’s policies and prices given, all individuals maximize their
own lifetime utility meeting their own budget constraints.

ii. The representative firm maximizes its profit with factor markets being cleared as

K ¼
ð
H

kiðhÞdFh, (12)

L ¼
ð
H

hliðhÞdFh: (13)

iii. The government’s budget constraint of (6) is satisfied.

Once the budget constraints of all individuals and the government are met with
factor markets being cleared, according to Walras’ law, the aggregate resource con-
straint of this economy is automatically met, clearing goods market as well. As this
economy is in its steady state, for any given hi 2 H, the amount of ki stays the same
over time. Thus, for any given hi 2 H, ki ¼ k0i>0 at a stationary competitive general
equilibrium of this economy.

8 I. LEE



Under the conventional approach of Ramsey optimal taxation, for a welfare-maxi-
mizing allocation of labor supply and consumption to be chosen voluntarily by indi-
viduals and the firm as a competitive general equilibrium, the government needs to
maximize the social welfare with externally meeting the conditions (i), (ii) and (iii).
Thus, optimal income tax rates, derived from this conventional primal approach,
inevitably contain Lagrange multiplier(s) on the conditions for implementing the wel-
fare-maximizing allocation via market mechanism. As a result, without imposing arbi-
trary assumptions on how the four technology parameters (zT , zK , zL and a) affect
the Lagrange multiplier(s), the conventional approach cannot identify the effect of
technological progress on optimal income taxation. For properly identifying the effect
of technological progress without such arbitrary assumptions, we need to remove the
Lagrange multiplier(s) from derivation of optimal income tax rates. To this purpose,
we modify the conventional approach by translating competitive-equilibrium alloca-
tion of individuals’ labor supply and consumption in terms of the government’s pol-
icy variables. By plugging the translated competitive-equilibrium allocation of labor
supply and consumption into the social welfare function of (11), the implementability
conditions (i), (ii) and (iii) are imbedded into the restated social welfare function.
Then, the government maximizes the restated social welfare function with no external
constraint (and thus with no Lagrange multiplier), while it still can ensure that the
consequent welfare-maximizing allocation is supported as a competitive general
equilibrium.

3. Competitive market equilibrium allocation in terms of policy variable

To find a competitive-equilibrium allocation that meets the implementability condi-
tions (i), (ii) and (iii), we begin with analysing the optimal decision rules of private
consumption, labor supply and savings of each individual. To this purpose, for any
given hi 2 H, let us denote the ratio of post-tax labor income to the sum of post-tax
capital income and change in capital investment (savings) of individual i by

siðhiÞ ¼ qLðwhiliÞ1�lL

rkið1� sKÞ þ ki � k0i
(14)

The method of using this auxiliary variable is also adopted by other studies like
Benabou (2002) as it streamlines the analysis. As the budget constraint of (2) binds at
a competitive general equilibrium, ciðhiÞ ¼ 1þ 1

si

� �
qLðwhiliÞ1�lL : By plugging this

into individual i’s value function of (4) and then taking a derivative with respect to li
and si, we can find his optimal labor supply and his optimal ratio of post-tax labor
income to the sum of post-tax capital income and change in capital investment,
which together completely define optimal private consumption of individual i. Thus,
first, for any given hi 2 H, the optimal labor supply of individual i is defined by

ð1�bÞ ð1�lLÞ
li

�ð1�bÞl
1
g

i þ b
dviðk0iÞ
dk0i

dk0i
dli

¼ 0: (15)
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Second, the optimal ratio of post-tax labor income to the sum of post-tax capital
income and change in capital investment of individual i is defined by

ð1�bÞ 1

1þ 1
si

� � ð�1Þð1
si
Þ2 þ b

dviðk0iÞ
dk0i

dk0i
dsi

¼ 0: (16)

By the same token, with (14) and the budget constraint (2) binding at a competi-
tive general equilibrium, ciðhiÞ ¼ 1þ 1

si

� �
qLðwhiliÞ1�lL ¼ ð1þ siÞðrkið1�sKÞ þ ki�k0iÞ

for any given hi 2 H: By plugging this into the value function of (4) and taking a
derivative with respect to ki and k0i, we get the following Euler equation that defines
the optimal inter-temporal allocation of individual i.

1
rkið1� sKÞ þ ki � k0i

¼ b 1þ rð1�sKÞ½ � 1
rk0ið1� sKÞ þ k0i � k00i

(17)

where k00i is capital investment made by individual i in the next period; and, at the
steady state, ki ¼ k0i ¼ k00i>0: The above three optimality conditions allow us to iden-
tify each individual’s optimal allocation at a competitive general equilibrium of this
economy in its steady state.

Lemma 1. At a stationary competitive general equilibrium, with the government’s poli-
cies and prices given, for any given hi 2 H, the optimal labor supply, private consump-
tion, and the optimal ratio of post-tax labor income to the sum of post-tax capital
income and change in capital investment of individual i are as follows:

liðhiÞ ¼ fð1�lLÞð1�bÞg g
gþ1, (18)

ciðhiÞ ¼ ðhiÞ1�lL qLðwÞ1�lLfð1�lLÞð1�bÞg g
gþ1ð1�lLÞ

1� b
, (19)

siðhiÞ ¼ 1�b
b

: (20)

For proof, see Appendix A1.
Notice that Lemma 1 characterizes the condition (i) for competitive-equilibrium

allocation. As shown by (18), steeper slope of labor income tax rate schedule reduces
individuals’ labor supply by decreasing marginal post-tax return on their labor sup-
ply.6 With the logarithmic utility of consumption, income and substitution effects on
labor supply of differences in the effective wage rate (whi) cancel out each other. As a
result, as shown in (18) and (20), the optimal labor supply and the optimal ratio of
post-tax labor income to the sum of post-tax capital income and change in capital
investment of individuals do not depend on earning ability. Moreover, (18) implies
that as lL approaches one, pre-tax labor incomes of high- and low- ability individuals
are equalized. As such, an increase in the slope of labor income tax rate schedule
reduces the extent to which the earning-ability inequality develops into the labor

10 I. LEE



income inequality. On the other hand, as appears in (19), individuals of higher earn-
ing ability enjoy more private goods consumption. In this line, (14), (18), (19) and
(20) imply that individuals of higher ability have more capital to consume more pri-
vate goods, although all individuals are born with equal amount of capital.

Aggregating individuals’ optimal allocation (Lemma 1) yields total supplies of labor
and capital, from which we obtain marginal products of labor and capital. Then, to
satisfy the implementability condition (ii), market-clearing wage and interest rates are
equated with the marginal products of labor and capital, respectively. To meet the
implementability condition (iii), the government’s budget constraint of (6) is restated
in terms of the obtained optimal allocation of individuals, market-clearing wage and
interest rates. From this, the solution of qL that meets the implementability condition
(iii) is obtained. Furthermore, because of (20) and ki ¼ k0i for any given hi 2 H at
the steady state of this economy, qL is uniquely determined once lL and sK are
decided with the government’s budget constraint binding. This enables us to define
the steady-state aggregate competitive-equilibrium allocation that meets the imple-
mentability conditions (i) (ii) and (iii) as below.

Lemma 2. At a stationary competitive general equilibrium, the total labor, capital and
output are as follows:

L ¼ 1
ð1� rpÞ fð1�lLÞð1�bÞg g

gþ1, (21)

K ¼ zT
1

ð1�aÞzK
a

ð1�aÞzLð b
1� b

Þ 1
ð1�aÞa

1
ð1�aÞð1�sKÞ

1
ð1�aÞ

1
ð1� rpÞ fð1�lLÞð1�bÞg g

gþ1, (22)

Y ¼ zT
1

ð1�aÞzK
a

ð1�aÞzLð b
1� b

Þ a
ð1�aÞa

a
ð1�aÞð1�sKÞ

a
ð1�aÞ

1
ð1� rpÞ fð1�lLÞð1�bÞg g

gþ1: (23)

At a stationary competitive general equilibrium, the portion of the total output used
for public goods provision is

g ¼ 1�a
b
ð1�sKÞ: (24)

For proof, see Appendix A2.

Because individuals supply capital input from their post-tax labor incomes, the
slope of labor income tax rate schedule affects both inputs of aggregate capital and
aggregate labor supply, as shown by (21) and (22). In fact, with the fiscal balance of
(6) and (20) of Lemma 1, the competitive-equilibrium provision of public goods also
can be equivalently stated in terms of lL or qL, which is much more complicated
and less tractable than (24) but shows that an increase in lL raises the level of g as
an increase in sK does. Thus, (23) and (24) suggest that an increase in the capital
income tax rate or the slope of labor income tax rate schedule reduces aggregate out-
put by lowering individuals’ saving or labor-supply incentives, while the increase
leads to more public goods provision.
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Incorporating the implementability conditions (i), (ii) and (iii), which are
delineated by Lemmas 1 and 2 in terms of policy variables, into (1) and (11), the
social welfare function at a stationary competitive general equilibrium is stated in
terms of the government’s decision variables as below.

SW ¼ ð1þ vÞf 1
ð1� aÞ log ðzTÞ þ

a
ð1� aÞ log ðzKÞ þ logðzLÞg þ ð1�lLÞ rp�re

2

� �

þ ð1þ vÞ g
gþ 1

log fð1�lLÞð1�bÞg� g
gþ 1

fð1�lLÞð1�bÞg

þ avþ 1
1� a

� �
logð1�sKÞ þ logð1�rpð1�lLÞ

1� rp
Þ þ relLð1�lLÞ

2

þ vlogð1�a
b
ð1�sKÞÞ þ CSW

(25)

where CSW ¼ að1þvÞ
ð1�aÞ log

b
1�b

� �
� log ðbÞ þ avþ1

1�a

� �
log ðaÞ�v log ð1�rpÞ is the non-

kernel part that does not contain the government’s decision variables. The first three
terms of (25) illustrate that unbiased technological progress (an increase in zT , zK or
zL) always raises the social welfare, which is independent of the government policies.
In contrast, whether and how much biased technological progress (an increase or a
decrease in a) raises the social welfare is not independent of the government policies.

Notably, the fourth, fifth and seventh terms of (25) show that an increase in the
capital income tax rate or in the slope of labor income tax rate schedule reduces indi-
viduals’ incentives of supplying capital or labor, to reduce the total output. The sixth
term of (25) represents the ensuing reduction in labor-supply disutility. The efficiency
loss on the total output from capital and labor income taxation is traded off for the
redistributive welfare gains that are represented by the last three terms of the kernel
part of (25). The eighth and ninth terms of (25) capture the welfare gain that an
increase in the slope of labor income tax rate schedule can bring by controlling the
extent to which earning-ability inequality evolves into consumption inequality. The
tenth term of (25) shows that an increase in the capital income tax rate also can
improve the social welfare by decreasing consumption inequality (i.e., inequality in
consumption of private goods and public goods in total) with financing public goods
provision. Notably, it is the concavity of utility function that makes a reduction in
consumption inequality be welfare improving; hence, as shown in the tenth term of
(25), the redistributive welfare gain from capital income taxation does not depend on
re or rp:

Because all the implementability conditions (i), (ii) and (iii) are embedded into the
social welfare function of (25), when the government obtains capital and labor
income tax rates that maximize (25) with no constraint, the obtained income tax rates
induce individuals and the firm to voluntarily implement the welfare-maximizing
allocation through competitive markets. The optimal capital and labor income tax
rates derived from this unconstrained maximization of the government do not con-
tain a Lagrange multiplier, which paves the way for identifying the effects of techno-
logical progress on optimal capital and labor income taxation.
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4. Optimal capital and labor income taxation

This section characterizes the optimal capital and labor income taxation. In particular,
from maximizing the social welfare function of (25), we obtain the following formulae
for the optimal capital and labor income tax rates.

Proposition 1. The optimal capital and labor income taxation (s�K , s�L, l
�
L and q�L) is

defined as follows.

s�K ¼ 1� b
a

avþ 1
vþ 1

� �
if aðvþ 1Þ>bðavþ 1Þ

0 if aðvþ 1Þ � bðavþ 1Þ:

8><
>: (26)

s�L ¼ ð1�aÞ�ð1�l�LÞ
avþ 1
vþ 1

� �
: (27)

r2
pð1�l�LÞ

1� rpð1� l�LÞ
þ reð1�l�LÞ ¼

g
gþ 1

ðvþ 1Þ
ð1� l�LÞ

� g
gþ 1

ð1�bÞ: (28)

q�L ¼ zT
l�
L

1�að Þ zKð Þ
al�

L
1�að Þ zLð Þl�L b

1� b

� �al�
L
�1þa

1�að Þ
a

1�a 1�l�
Lð Þ

1�a
1

1� a

� � 1�l�Lð Þ
1�s�K
� �1�a 1�l�

Lð Þ
1�a

� f 1�l�L
� �

1�bð Þg g
gþ1l

�
L exp

reð1�lLÞðlLÞ
2

� 	 f1�rpð1�lLÞg
ð1� rpÞ : (29)

For proof, see Appendix A3.
Fundamentally, Proposition 1 shows that the government sets capital and labor

income tax rates for improving social welfare with addressing pre-tax income inequal-
ity, even if income taxation distorts individuals’ incentive to work and save (invest).
Taxing capital income attains welfare gains not only by directly reducing post-tax
capital income inequality, but also by indirectly reducing consumption inequality
with financing public goods that are provided equally to all individuals. At a competi-
tive equilibrium of this economy, a indicates the share of aggregate pre-tax capital
income in aggregate pre-tax income; hence, a determines the contribution of pre-tax
capital income inequality to pre-tax income inequality. At the same time, capital
income taxation lowers post-tax return on individuals’ capital investment, which
dampens their incentive to save and entail a decrease in the total output. The optimal
capital income tax rate is set to take a balance between the welfare gain and the effi-
ciency loss on total output. As a result, it is straightforward from (26) that the level
of optimal capital income tax rate increases when more welfare weights are put on
the public goods consumption (an increase in v) or when pre-tax capital income
inequality plays a larger role in pre-tax income inequality (an increase in a).
Furthermore, because the concavity of utility and social welfare function by itself
causes reducing inequality to yield welfare gains and because all individuals are
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endowed with equal amount of capital in the first place, the optimal capital income
tax rate does not depend on re or rp:

Because no provision of public goods yields the lowest level of social welfare, zero
tax rate on both capital and labor incomes is not optimal for the benevolent govern-
ment, although income taxation is distortionary to incur efficiency loss. In addition,
the difference in the ability to earn labor incomes creates the pre-tax income inequal-
ity among individuals. Hence, to minimize the consequent efficiency loss for any
given amount of welfare gain, first, the government collects labor income tax even
when it does not collect capital income tax. Only when redistributive welfare gain
from taxing capital income is large enough, it collects capital income tax.

Markedly, since (26) of Proposition 1 shows that optimal capital income tax rate
can be strictly positive, this article makes a contribution for the optimal income tax-
ation literature that rationalizes taxing capital income against the zero-capital-tax
result of Chamley (1986) and Judd (1985). In fact, the existing studies in this litera-
ture showed that optimal linear capital income tax rate can be strictly positive by
introducing borrowing constraints (Aiyagari, 1995), limited enforcement of private
insurance (Park, 2014), uninsurable idiosyncratic risk on earnings (Chamley, 2001;
Conesa, Kitao & Krueger, 2009), and the like. This article differs from these studies
with regard to the key rationale. Because capital income taxation attains welfare gain
by reducing consumption inequality with more public goods provision7 as well as
from reducing capital income inequality, optimal capital income tax rate can be
strictly positive. This rationale for taxing capital income – welfare gain from indirect
redistribution through public goods provision – is newly presented by this article.8

At the same time, taxing labor income also attains welfare gains not only by dir-
ectly reducing post-tax labor income inequality, but also by indirectly reducing con-
sumption inequality with financing public goods that are provided equally to all
individuals. This redistributive welfare gain is obtained at the cost of the efficiency
loss of dampening labor-supply incentive, which shapes the optimal labor income tax-
ation. Moreover, 1�a determines the contribution of pre-tax labor income inequality
to pre-tax income inequality at a competitive equilibrium of this economy. Hence,
(27) of Proposition 1 shows that optimal average marginal labor income tax rate
depends on preference for public goods (v) and 1�a, as optimal average marginal
capital income tax rate of (26) depends on v and a:

The average marginal labor income tax rate represents the entire schedule of labor
income tax rates, which depends on lL and qL: As noted above, for any given value
of lL, with the government budget being balanced, deciding qL is equivalent to
deciding sL: As shown in Section III, labor-income gap between individuals of differ-
ent abilities is controlled by the slope of labor income tax rate schedule lL: The left-
hand side of (28) of Proposition 1 refers to the social marginal benefit that an
increase in the slope of labor income tax rate schedule brings by controlling the
extent to which earning-ability inequality develops into labor income inequality. On
the other hand, the right-hand side of (28) shows the social marginal cost from an
increase in the slope of labor income tax rate schedule. By taking a balance between
the social marginal benefit and cost, optimal slope of labor income tax rate schedule
is determined.
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Essentially, Proposition 1 shows that optimal capital and labor income taxation
tackles pre-tax income inequality, for which efficiency loss of distorting incentives for
capital investment and labor supply is traded off. Notably, Proposition 1 also demon-
strates that optimal capital and labor income tax rates depend on the four technology
parameters (zT , zK , zL and a). Above all, the closed-form formulae of optimal capital
and labor income tax rates of Proposition 1 enable us to analyse how technological
progress affects optimal capital and labor income taxation.

5. Effect of technological progress on optimal income taxation

So far, we obtain optimal capital and labor income tax rates with production technol-
ogy fixed, this section now introduces an increase in each of the four technology
parameters (zT , zK , zL and a) to analyse how technological progress affects optimal
tax rates on capital and labor incomes. To begin, one of the technology parameters
zT , zK and zL is increased respectively to entail unbiased technological progress, with-
out changing all the other parameters.

Proposition 2. Unbiased technological progress does not affect optimal capital income
tax rate or optimal average marginal labor income tax rate. Likewise, unbiased techno-
logical progress does not affect optimal slope of labor income tax rate schedule, either.

For proof, see Appendix A4.
Unbiased technological progress (an increase in zT , zK or zL) does not affect the

extent to which earning-ability inequality develops into labor income inequality.
Hence, unbiased technological progress (capital-augmenting technological progress,
labor-augmenting technological progress and total factor productivity improvement)
does not affect optimal slope of labor income tax rate schedule, as implied from (28)
of Proposition 1.

On the other hand, unbiased technological progress (an increase in zT , zK or zL)
increases competitive-equilibrium prices of labor and capital at the same rate. Thus,
unbiased technological progress does not alter relative incentives for individuals to
supply labor and capital. When technological progress is unbiased, it entails propor-
tional scale-up of pre-tax capital and labor incomes. Although this scale-up enlarges
absolute difference in high-ability and low-ability individuals’ pre-tax incomes, it does
not change relative difference in their pre-tax capital and labor incomes. Unbiased
technological progress does not change the relative contribution of pre-tax labor
income inequality to pre-tax income inequality or that of pre-tax capital income
inequality to pre-tax income inequality at a competitive equilibrium of this economy.
Hence, redistributive welfare gain from raising the level of labor income tax rate or
capital income tax rate remains unaffected by unbiased technological progress. At the
same time, because unbiased technological progress preserves relative factor product-
ivity, it does not change relative contribution of capital or labor for production.
Therefore, unbiased technological regress entails no change in optimal capital income
tax rate, optimal average marginal labor income tax rate or optimal slope of labor
income tax rate schedule.

As demonstrated by the social welfare function of (25), all the three technology
parameters of zT , zK and zL are additively separable from the government’s tax policy
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variables; hence, optimal capital and labor income tax rates that maximize social wel-
fare are independent of an increase in zT , zK or zL: Thus, the maximum level of
social welfare after an increase in zT , zK or zL is attained by the same values of s�K ,
s�L, l�L and q�L before the increase, while it is higher than before the increase. Thus,
unbiased technological progress (an increase in zT , zK or zL) does not affect the opti-
mal capital and labor income taxation, while it improves social welfare. In light of
Proposition 2, the result of Zhu (1992), Chari et al. (1994) and Werning (2007) that
optimal capital and labor income tax rates do not change in responding to random
technology shocks can be extended for long-run technology changes only if technol-
ogy changes preserve the relative factor productivity.

Having investigated the effect of unbiased technological progress on optimal income
taxation, we now move on analysing the effect of biased technological progress (an
increase or a decrease in a). As the effect of capital-biased technological progress is the
opposite to the effect of labor-biased technological progress, for an efficient analysis, we
elaborate on the former only. While an increase in zT , zK or zL always increases total
output, an increase in a does not always do so. If a technological change results in
decreasing total output, it not a progress. To rule this out, we focus on the case where
an increase in a increases total output by meeting the following condition:

dFðK, LÞ
da

¼ zTðzKKÞaðzLLÞð1�aÞ ln
zKK
zLL

� �
>0 (30)

at a stationary competitive equilibrium before an increase in a: In fact, the condition
of (30) is not restrictive at all, because the theoretical findings of this article hold
regardless of whether (30) is met or not. In addition, while capital-biased techno-
logical progress (an increase in a) always raises interest rate, it does not always raise
wage rate. Nonetheless, regardless of whether an increase in a lowers or raises wage
rate, so long as an increase in a increases total output, it is capital-biased techno-
logical progress. Moreover, the effect of capital-biased technological progress on opti-
mal income taxation is independent of whether capital-biased technological progress
raises wage rate or not.

By introducing an increase in the technology parameter a without changing all the
other parameters, we find how capital-biased technological progress affects optimal
income taxation as follows.

Proposition 3. The effect of capital-biased technological progress on optimal capital
income tax rate is positive, while the effect of capital-biased technological progress on opti-
mal average marginal labor income tax rate is strictly negative. However, capital-biased
technological progress does not affect optimal slope of labor income tax rate schedule.

For proof, see Appendix A5.

Biased technological progress (an increase or a decrease in a) does not alter how
earning-ability inequality evolves into labor income inequality. Therefore, neither cap-
ital-biased technological progress nor labor-biased technological progress affects opti-
mal slope of labor income tax rate schedule, which can be shown from (28) of
Proposition 1.

16 I. LEE



In contrast to unbiased technological progress, biased technological progress does
not increase competitive-equilibrium prices of labor and capital at the same rate. Thus,
when technological progress is biased, it entails disproportional increases of pre-tax
capital and labor incomes. In particular, capital-biased technological progress (an
increase in a) disproportionately increases competitive-equilibrium interest rate, which
in turn increases relative incentives for individuals to supply capital. By increasing the
relative productivity of capital, capital-biased technological progress (an increase in a)
raises relative pre-tax return to capital investments. As a result, capital-biased techno-
logical progress increases the relative contribution of pre-tax capital income inequality
to pre-tax income inequality while decreasing the relative contribution of pre-tax labor
income inequality to pre-tax income inequality at a competitive equilibrium of this
economy. Capital-biased technological progress enlarges absolute difference as well as
relative difference in high-ability and low-ability individuals’ pre-tax incomes. Thus,
redistributive welfare gain which raising capital income tax rate can bring is positively
affected by capital-biased technological progress.

By increasing the relative contribution of pre-tax capital income inequality to pre-tax
income inequality, capital-biased technological progress causes raising the level of cap-
ital income tax rate to bring greater redistributive welfare gains, whereas it makes labor
income taxation yield smaller redistributive welfare gains. Because capital-biased
technological progress raises pre-tax rate of return on capital, even when capital income
tax rate is increased after capital-biased technological progress, post-tax rate of return
on capital can be higher to make individuals invest more than before capital-biased
technological progress. At the same time, because capital-biased technological progress
raises relative capital productivity and lowers relative labor productivity, capital-biased
technological progress makes relatively less capital necessary to produce one unit of out-
put. Therefore, capital-biased technological progress raises optimal capital income tax
rate but lowers optimal average marginal labor income tax rate. By the same logic, the
effect of labor-biased technological progress on optimal capital income tax rate is nega-
tive, while its effect on optimal average marginal labor income tax rate is positive. As
noted above, like unbiased technological progress, both capital-biased and labor-biased
technological progresses do not affect optimal slope of labor income tax rate schedule.

In contrast to zT , zK and zL, the technology parameter of a is not additively separable
from the government’s tax policy variables in the social welfare function of (25). Thus,
the maximum level of social welfare after capital-biased technological progress is no lon-
ger attainable by the same values of s�K , s�L, l�L and q�L before the progress. Basically,
unlike unbiased technological progress, biased technological progress alters redistributive
welfare gains from capital and labor income taxation while changing the relative contri-
bution of capital and labor inputs for production as well. At the same time, like unbiased
technological progress, biased technological progress does not alter the evolution from
earning-ability inequality to labor income inequality. Thus, facing capital-biased or labor-
biased technological progress, the benevolent government adjusts levels of capital income
tax rate and average marginal labor income tax rate to re-maximize social welfare for
responding to the progress, without altering the slope of labor income tax rate schedule.

More importantly, this article discovers that relative capital productivity ( a
1�a) plays

an important role in redistributive welfare gains steering optimal capital and labor
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income tax rates. Previous studies on optimal income taxation have shown that only
earning-ability inequality determines redistributive welfare gains to derive optimal
income tax rates (e.g., Golosov, Troshkin, & Tsyvinski, 2016; Werning, 2007). These
previous studies assumed that pre-tax income inequality is completely determined by
earning-ability inequality. In contrast, this article relaxes this assumption by allowing
technological progress to affect pre-tax income inequality. This article finds that while
pre-tax income inequality from earning-ability difference always affects optimal
income taxation, pre-tax income inequality from technological progress does so only
if relative capital productivity increases by technological progress. As such, relative
capital productivity is crucial for whether technology-driven inequality of pre-tax
incomes alters optimal capital and labor income taxation.

6. Conclusion and policy implication

In sum, this article analyses effects of technological progress on optimal capital and
labor income taxation. To this end, optimal capital and labor income taxation is
obtained in a steady-state economy where individuals are heterogeneous only in terms
of earning ability. Based on the obtained optimal income taxation, the effects of techno-
logical progress on optimal capital and labor income taxation are identified. First, this
article shows that technological progress raises optimal capital income tax rate but low-
ers optimal average marginal labor income tax rate if it is capital-biased by increasing
relative capital productivity. Technological progress lowers optimal capital income tax
rate but raises optimal average marginal labor income tax rate if it is labor-biased by
decreasing relative capital productivity. Nonetheless, capital-biased or labor-biased
technological progress does not affect optimal slope of labor income tax rate schedule.
Second, this article also shows that technological progress does not affect optimal cap-
ital and labor income tax rates or optimal slope of labor income tax rate schedule if it is
unbiased by preserving relative capital productivity. These findings of this article high-
light the importance of relative capital productivity that determines whether techno-
logical progress affects optimal capital and labor income tax rates or not.

In addition, we can apply the findings of this article for tax reform debate from
Fourth Industrial Revolutions. This article suggests that only when relative capital
productivity increases as appears in Figure 2, a government should raise capital
income tax rate and lower average marginal labor income tax without changing the
slope of labor income tax rate schedule.

Although the above functions of utility, tax schedule, earning-ability distributions
and production are chosen to be consistent with empirical findings so that we can draw
policy implications, the specificity of those chosen functions is not of full-degree gener-
ality and can be limitation of this study. In this light, to overcome this limitation, future
studies can give up tractability for identifying the effect of technological progress on
optimal income taxation or use different forms of functions with simulation exercise.
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Notes

1. Notably, increases refer to upward trend. This study focuses on the overall trend, instead
of yearly variation, by elaborating on a steady-state economy. Because incomes and GDP
are fluctuating around the trend over the business cycles, the data of Figure 1, 2, 3 show
yearly ups and downs. However, this volatility is out of the scope of this article.

2. Although some studies (e.g. Guerreiro et al., 2022; Mattauch et al., 2018) assumed the
status inequality that individuals are born as workers vs. non-working capitalist (or born
as routine workers vs. non-routine workers), we do not impose such dichotomous
assumption of the ascribed-status inequality.

3. The price elasticity of substitution between labor and capital of Cobb-Douglas production
function is one. Reconciling the dispute over whether the price elasticity of substitution
between labor and capital is one or not (e.g., Alvarez-Cuadrado et al. 2018; DeCanio,
2016; Karabarbounis & Neiman, 2014), Le�on-Ledesma and Satchi (2019) showed that the
price elasticity of substitution becomes one in the long run although the price elasticity is
not always one in the short run and found that Cobb-Douglas production function is well
fitted to the long-run data of US.

4. To offer a theoretical explanation on the observed increases in the capital income share,
Karabarbounis and Neiman (2014) modeled technological innovation as a decrease in the
price of investment goods (machinery, factory and equipment), similar to Guerreiro et al.
(2022). Different from these two studies, this article took a general-equilibrium approach by
describing technological innovation as a change in the parameter of production function. On
the other hand, similar to this article, Acemoglu (2002) also utilized a change in the
parameter of production function for describing technological innovation. In particular,
Acemoglu (2002) modeled technological progress as a change in the elasticity of substitution
between capital and labor. By the definition, elasticity of substitution between capital and
labor depends on how responsive firms’ own decision of the two inputs is to a change in the
input prices. However, this article seeks to measure how technology changes from
advancements of science affect productivity of the two inputs, instead of how responsive firms
or factor markets are to the technology change. Furthermore, in a general-equilibrium model,
an increase in the elasticity of substitution between capital and labor does not necessarily
entail an increase in the capital income share.

5. Being differentiated from the most studies of Ramsey taxation literature, which assumed
labor income tax to be linear, this article relaxes this assumption so that labor income tax
can be nonlinear. Allowing capital income tax to be nonlinear too costs tractability of the
model of this study as many of other studies that use a Ramsey model.

6. As b increases, individuals put more weights on the future so that they save more by
decreasing the value of (20). In turn, more savings lead to more capital wealth of an individual,
which exerts wealth effect on the individual’s optimal labor supply, as appears in (18).

7. In fact, the existing studies (e.g., Aiyagari, 1995; Chamley, 2001; Conesa, Kitao & Krueger,
2009; Mattauch et al., 2018; Park, 2014) did not allow public goods provision to affect
utility of individuals by treating government expenditures (financed by tax revenue)
consumed by nobody in their model economies. This approach could be more tractable
than otherwise, while it is less realistic. While some studies assumed government
expenditures to be consumed by nobody, other studies like Heathcote et al. (2014, 2017)
assumed otherwise. This article adopts the latter approach, different from the existing
studies of the literature that showed the desirability of taxing capital income.

8. Mattauch et al. (2018) also showed that optimal capital income tax rate can be strictly
positive because capital income taxation reduces wealth inequality through public capital
investment. However, their model is quite different from the model of this article.
Mattauch et al. (2018) assumed that the government can levy only capital income tax (and
thus no labor income tax); individuals are born as either infinitely-lived capitalists or two-
period-lived workers; labor supply of workers is exogenously given.
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Appendix

A1. Proof of Lemma 1
First of all, the value function of (4) at a stationary competitive general equilibrium is iden-

tified using the Guess and Verify method. To this end, for any given hi 2 H, guess that the
value function is viðkÞ ¼ A log ðkÞ þ B with A and B unknown. Because the budget constraint
(2) binds at a stationary competitive general equilibrium, ci ¼ ð1þ siÞðrkið1�sKÞ þ ki�k0iÞ for
any given hi 2 H, the FOC with respect to capital-investment decision is

ð1�bÞ �1
ðrkið1� sKÞ þ ki � k0iÞ þ bA

1
k0i

¼ 0, (A1)

which implies that

k0i ¼ bAðrð1�sKÞ þ 1Þ
ð1� bþ bAÞ ki: (A2)

Utilizing (A2), to verify the coefficient A and B, the value function vi is restated as

A log ðkiÞ þ B ¼ ð1�bÞlogð1þ siÞ þ ð1�bÞ log ðð1�bÞðrð1�sKÞ þ 1Þki
ð1� bþ bAÞ Þ�ð1�bÞ l

1þ1
g

i

1þ 1
g

þ ð1�bÞv

logðGÞ þ bA log ðbAðrð1�sKÞ þ 1Þki
ð1� bþ bAÞ Þ þ bB:

(A3)

Comparing the coefficient of log ðkiÞ in the left- and right-hand sides of (A3) yields that
A ¼ 1, for any given hi 2 H: Likewise, for any given hi 2 H, we obtain that

B ¼ log ð1þ siÞ þ log ð1�bÞ� l
1þ1

g

i

1þ 1
g

� �þ vlogðGÞ þ 1
1� b

b log ðbÞ þ logðrð1�sKÞ þ 1Þ
 �
:

(A4)
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Because ki ¼ k0i>0 takes a finite value at a steady-state competitive general equilibrium, the
value function with these finite coefficients of A and B also takes a finite value at a steady-state
competitive general equilibrium. Now, with the identified value function vi, for any given hi 2
H, the optimal labor-supply condition of (15) is

ð1�bÞ ð1�lLÞ
li

�ð1�bÞl
1
g

i�bl
1
g

i ¼ 0 (A5)

which means that the optimal labor supply of individual i is equal to (18) for any given hi 2
H: At the same time, the optimality condition of (16) is

ð1�bÞ 1

1þ 1
si

� � ð�1Þð1
si
Þ2 þ b

1
ð1þ siÞ ¼ 0 (A6)

which means that the optimal ratio of post-tax labor income to the sum of post-tax capital
income and change in capital investment of individual i is equal to (20) for any given hi 2 H:
Moreover, as ci ¼ 1þ 1

si

� �
qLðwhiliÞ1�lL at a stationary competitive general equilibrium, (A5)

and (A6) imply that the optimal private consumption of individual i is equal to (19) for any
given hi 2 H: �

A2. Proof of Lemma 2
First, due to (18) of Lemma 1, the aggregate labor supply of (13) at a stationary competitive

general equilibrium is

L ¼ fð1�lLÞð1�bÞg g
gþ1

ð
H

hdFh ¼ 1
ð1� rpÞ fð1�lLÞð1�bÞg g

gþ1, (A7)

which shows that the total labor is (21). Second, with (5), (7), (8) and (18), the government’s
budget constraint of (6) at a stationary competitive general equilibrium is stated as

ð
H

fwhfð1�lLÞð1�bÞg g
gþ1�qL whfð1�lLÞð1�bÞg g

gþ1

� �1�lL þ sKrkiðhÞgdFh ¼ gY: (A8)

Because ð1�aÞY ¼ wL and aY ¼ rK, with the conditions (12) and (13) being met at a sta-
tionary competitive general equilibrium, (A8) is restated as

ð1�aÞY þ sKaY�
ð
H

qL whfð1�lLÞð1�bÞg g
gþ1

� �1�lL
dFh ¼ gY: (A9)

Furthermore, at a stationary competitive general equilibrium, ki ¼ k0i for any given hi 2 H;
hence, si ¼ qLðwhi liÞ1�lL

rkið1�sKÞ : Thus, due to (18) and (20) of Lemma 1, (A9) is simplified into

ð1�aÞY þ sKaY� 1�b
b

� �
aY þ 1�b

b

� �
sKaY ¼ gY: (A10)

As Y>0, we can divide both sides of (A10) by Y without affecting the equality, to obtain

that ð1�aÞ þ sKa� 1�b
b

� �
aþ 1�b

b

� �
sKa ¼ g, which is equal to (24). Third, at a stationary

competitive general equilibrium, kiðhiÞ ¼ qLðwhi liÞ1�lL

sirð1�sKÞ for any given hi 2 H, which is aggregated

over the entire population to entail
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K ¼ qLðwÞ1�lLfð1�lLÞð1�bÞg g
gþ1ð1�lLÞ

rð1� sKÞ
b

1� b

� �
exp

reð1�lLÞð�lLÞ
2

� 	
1

1� rpð1� lLÞ
(A11)

due to (12) as well as (20). The inter-temporal optimality condition of (17) at a stationary
competitive general equilibrium, where ki ¼ k0i ¼ k00 i for any given hi 2 H, implies that

r ¼ 1�b
b

� �
1

ð1� sKÞ : (A12)

Moreover, at a stationary competitive general equilibrium, w ¼ zTzLð1�aÞðzKKzLL
Þa: Plugging

this market-clearing wage rate, (A12) and (A7) into (A11), and then solving for K entails

K ¼ qL
1

1�að1�lLÞzT
ð1�lLÞ

1�að1�lLÞðzKÞ
að1�lLÞ

1�að1�lLÞðzLÞ
ð1�lLÞð1�aÞ
1�að1�lLÞ ð b

1� b
Þ 2
1�að1�lLÞð1�aÞ

1�lL
1�að1�lLÞð 1

1� rp
Þ

�að1�lLÞ
1�að1�lLÞ

fð1�lLÞð1�bÞg
gð1�lLÞð1�aÞ

ðgþ1Þf1�að1�lLÞgð 1
1� rpð1� lLÞ

Þ 1
1�að1�lLÞ exp

reð1�lLÞð�lLÞ
2

� 	 1
1�að1�lLÞ

: (A13)

Now, to solve for qL, as sKrki ¼ rki� 1
si
qLðwhiliÞ1�lL at a stationary competitive general

equilibrium, with (20), (A8) is simplified to

1
1� b

� � ð
H

qL whfð1�lLÞð1�bÞg g
gþ1

� �1�lL
dFh ¼ ð1�gÞY: (A14)

Using (5) and (24), (A14) becomes

qL
1

1� b

� �
fð1�lLÞð1�bÞg g

gþ1ð1�lLÞðzTzLð1�aÞðzKK
zLL

ÞaÞ1�lL exp
reð1�lLÞð�lLÞ

2

� 	
1

1� rpð1� lLÞ

¼ a
b
ð1�sKÞzTðzKKÞaðzLLÞ1�a: (A15)

Utilizing (A7) and (A13), we solve for qL to obtain

qL ¼ zT
lL

ð1�aÞzK
alL
ð1�aÞzT

lLð b
1� b

Þ
alL�1þa
ð1�aÞ a

1�að1�lLÞ
1�a ð 1

1� a
Þð1�lLÞð1�sKÞ

1�að1�lLÞ
1�a fð1�lLÞð1�bÞg g

gþ1lL

exp
reð1�lLÞðlLÞ

2

� 	 f1�rpð1�lLÞg
ð1� rpÞ : (A16)

Plugging (A16) into (A13) yields the total capital of (22). Fourth, applying (21) and (22) to
the production function of (5) shows that the total output at a stationary competitive general
equilibrium is equal to (23). �

A3. Proof of Proposition 1
First, since the social welfare function of (25) is concave in sK for 8sK 2 ½0, 1�, the FOC

with respect to sK is sufficient to define optimal capital income tax rate s�K that maximizes
social welfare. Thus,
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ðavþ 1Þ
ð1� aÞ

�1
ð1� s�KÞ

þ v
b
a � ð1� s�KÞ

¼ 0: (A17)

Solving (A17) for s�K , we get

s�K ¼ 1� b
a

avþ 1
vþ 1

� �
: (A18)

Because the social welfare function of (25) is concave in sK , when aðvþ 1Þ � bðavþ 1Þ,
the highest feasible level of the social welfare is attained by s�K ¼ 0: On the other hand, when
aðvþ 1Þ>bðav þ1Þ, the right-hand side of (A18) itself is optimal capital income tax rate
(s�K). When the right-hand side of (A18) is greater than zero, it never exceeds one because a 2
ð0, 1Þ, v>0 and b 2 ð0, 1Þ: Putting these two cases of aðvþ 1Þ>bðavþ 1Þ and aðvþ 1Þ �
bðavþ 1Þ together entails the optimal capital income tax rate of (26).

Second, since the social welfare function of (25) is also concave in lL for all the feasible val-
ues in the range of (9), the optimal slope of labor income tax rate schedule l�L is defined fully
by the FOC with respect to lL: Thus,

g
gþ 1

�ð1þ vÞ
ð1� l�LÞ

þ g
gþ 1

ð1�bÞ þ rp

1� rpð1� l�LÞ
þ reð1�2l�LÞ

2
þ re

2
�rp ¼ 0 (A19)

which is equivalently stated as (28).
Third, (A16) of Lemma 2 shows that at a stationary competitive general equilibrium, where

the government’s budget is balanced, once the government chooses the value of lL and sK ,
then the value of qL is automatically determined. Hence, the value of q�L is automatically
defined by s�K and l�L from (26) and (28), which proves (29).

Fourth, recall that average marginal labor income tax rate sL is defined according to (10).
Based on Lemmas 1 and 2, plugging (23) of Y and yiðhÞ ¼ whiliðhiÞ where w ¼ zTzLð1�aÞ
ðzKKzLL

Þa as well as (A16) into (10) yields average marginal labor income tax rate sL at a station-
ary competitive general equilibrium as follows.

sL ¼ ð1�aÞ� a
b
ð1�lLÞð1�sKÞ (A20)

which shows that average marginal labor income tax rate sL is automatically determined once
the government chooses lL and sK at a stationary competitive general equilibrium. As (A20)
means ð1�sKÞ ¼ b

a
1

ð1�lLÞ ð1�a�sLÞ, plugging this into the social welfare function of (25) and
then obtaining the FOC for s�L yields

ðavþ 1Þ
ð1� aÞ

�1
ð1� a� s�LÞ

þ v
ð1� l�LÞ � ð1� a� s�LÞ

¼ 0: (A21)

Solving (A21) for s�L entails the optimal average marginal labor income tax rate of (27). �

A4. Proof of Proposition 2
As described in Section II, with the standard production function of (5), unbiased techno-

logical progress is represented by an increase in one of the three technology parameters zT , zK
and zL: That is, unbiased technological progress is realized as one of the following three cases:
(i) total factor productivity improvement (an increase in zT), (ii) capital-augmenting techno-
logical progress (an increase in zK) and (iii) labor-augmenting technological progress (an
increase in zL).

First, consider an increase in zT with all the other parameters being fixed, which represents
technological progress of improving total factor productivity. The effect of improving total
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factor productivity on optimal capital income tax rate is identified with ds�K
dzT

: According to (26)
of Proposition 1, ds�K

dzT
¼ 0 showing that technological progress of increasing total factor prod-

uctivity has no effect on optimal capital income tax rate. By the same token, the effect of
improving total factor productivity on optimal average marginal labor income tax rate is iden-
tified with ds�L

dzT
which is equal to zero, according to (27) of Proposition 1. Thus, unbiased

technological progress of increasing total factor productivity does not affect optimal average
marginal labor income tax rate. Likewise, an increase in zT has no effect on optimal slope of
labor income tax rate schedule, since dl�L

dzT
¼ 0 due to (28) of Proposition 1.

Second, now let us introduce an increase in zK with all the other parameters being fixed to
represent capital-augmenting technological progress. The effect of capital-augmenting techno-
logical progress on optimal capital income tax rate is identified with ds�K

dzK
which is equal to zero,

according to (26) of Proposition 1. Similarly, its effect on optimal average marginal labor
income tax rate is ds�L

dzK
¼ 0, due to (27) of Proposition 1. Thus, capital-augmenting techno-

logical progress does not affect optimal capital income tax rate or optimal average marginal
labor income tax rate. Moreover, capital-augmenting technological progress does not affect
optimal slope of labor income tax schedule either, since dl�L

dzK
¼ 0 due to (28).

Third, consider an increase in zL with all the other parameters fixed, which represents
labor-augmenting technological progress. Labor-augmenting technological progress also makes
no difference in optimal capital income tax rate and optimal average marginal labor income
tax rate, since ds�K

dzL
¼ 0 and ds�L

dzL
¼ 0 according to (26) and (27) of Proposition 1. Likewise, labor-

augmenting technological progress has no effect on optimal slope of labor income tax rate
schedule, as dl�L

dzL
¼ 0 according to (28) of Proposition 1.

Taking the above three cases together shows that unbiased technological progress does not
affect s�K , s�L and l�L: Thus, unbiased technological progress makes no difference in optimal
capital and labor income taxation. �

A5. Proof of Proposition 3
As described in the Section II, capital-biased technological progress is represented by an

increase in the technology parameter of a with all the other parameters being fixed. First, the
effect of capital-biased technological progress on optimal capital income tax rate is identified
with ds�K

da : If aðvþ 1Þ>bðavþ 1Þ before capital-biased technological progress, according to (26)
of Proposition 1, capital-biased technological progress strictly raises optimal capital income tax
rate, because

ds�K
da

¼ b
a2ðvþ 1Þ>0: (A22)

Moreover, as a increases, the condition for s�K to be strictly positive is more likely to be sat-
isfied, because

dfaðvþ 1Þ�bðavþ 1Þg
da

¼ ð1�bÞvþ 1>0: (A23)

If aðvþ 1Þ � bðavþ 1Þ to have zero capital income tax rate before capital-biased techno-
logical progress, (A22) and (A23) imply that capital-biased technological progress raises the
level of optimal capital income tax rate sufficiently high to be strictly positive or insufficiently
to remain as zero. Putting these two comprehensive cases together, the effect of capital-biased
technological progress on optimal capital income tax rate is positive.

Second, the effect of capital-biased technological progress on optimal slope of labor income
rate tax schedule is

dl�L
da

¼ 0 (A24)
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according to (28) of Proposition 1. Thus, capital-biased technological progress does not affect
optimal slope of labor income tax rate schedule.

Third, the effect of capital-biased technological progress (an increase in a) on optimal aver-
age marginal labor income tax rate is identified with ds�L

da : Based on (27) of Proposition 1,

ds�L
da

¼ ð�1Þ�ð1�l�LÞ
v

ðvþ 1Þ<0 (A25)

due to (A24), (9), and v>0: Thus, capital-biased technological progress lowers optimal average
marginal labor income tax rate, while it does not affect optimal slope of labor income tax rate
schedule. Notice that each step of this proof holds regardless of whether the condition of (30)
is met or not. In addition, because labor-biased technological progress is represented by a
decrease in a with all the other parameters being fixed, it is straightforward from this proof
that labor-biased technological progress lowers optimal capital income tax rate and raises opti-
mal average marginal labor income tax rate, while it does not affect optimal slope of labor
income tax rate schedule. �
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