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A GROUND STATE SOLUTION FOR A
NONHOMOGENEOUS ELLIPTIC KIRCHHOFF TYPE
PROBLEM INVOLVING CRITICAL GROWTH AND HARDY
TERM

SAFIA BENMANSOUR, NADJET YAGOUB AND ATIKA MATALLAH

ABSTRACT. This paper concerns singular elliptic Kirchhof’s equations
whose nonlinearity has a critical growth and contains an inhomogeneous
perturbation in a regular bounded domain of R3. To explore the exis-
tence of a ground state solution, we rely on various techniques related to
variational methods and the Nehari decomposition.

1. INTRODUCTION

In this work, we explore the existence of a ground state solution for the
following Kirchhoff type problem with Dirichlet boundary conditions, a Hardy
term and a critical Sobolev exponent:

2
N afo(Vul —py)de+ 8 ) [ Autp—g | =u> g
(P " .
v=t on 02,
i 1 N - - (N—2)2
where  is a smooth bounded domain of R™ (N >3), u < fi, pp = ~—5~,

«, B are positive constants, 2, is the critical Sobolev exponent defined by
2, := 2N/ (N — 2) and g satisfying a suitable condition.
This problem is related to the following well known Hardy inequality [3]:
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We shall work with the Hilbert space H, = H,(Q) for 0 < p < @
equipped with the norm

2 2 u?
Jull2 = [ (1vu? = s ) o
o o

which is equivalent to the norm of H{ (). The space H ! is the topological
dual of H,, endowed with the norm

|/ (w)]

flull, <1 l[ull,

IfIl- =

and [|ullg := ([, |u|%dz) /6 is the norm in L5().

Without the Hardy term ,u|i2, the problem (P,,) is related to the original

x

Kirchhoff’s equation [8] proposed by Kirchhoff himself in 1883 to describe the
transversal oscillations of a stretched string. He take into account the changes
in length of the string produced by transverse vibrations. His model can be
considered as a generalization of the classical D’Alembert wave equation for
free vibrations of elastic strings. These problems serve also to model other
physical phenomena as biological systems where u describes a process which
depends on the average of itself (for example, population density), for more
details see [1], [2] and the references therein.

In the case @ = 0 (without nonlocal term) and § = 1, Tarantello [9]
established a multiplicity results to (Py) when g satisfies a certain hypothesis.

On the other hand, Kang et al. [7] generalized the main result of [9] to
the following singular problem

—Au — ,uiz = ul* 2 u+ )\LC +g(x) inf
|| Ed
u=20 on 0},
with p < p = (ny, 0<c<2,0<A<A(p), where Ay (p) is the first
eigenvalue of the operator L, := —A — y—. Here, the authors imposed the
x

U
presence of the term )\W which provided them with the main tool to obtain
T

the second solution.

A natural and interesting question is whether the results concerning the
solutions in [9] remain valid for a nonlocal operator with a Hardy term. Stim-
ulated by [9] and [7], we study our problem and give some positive answer.
However, in the case o > 0, the problem becomes more complicated to study,
in particular in dimension higher than 3. Furthermore, the main difficulties
when we investigate our problem are that for this kind of problems with crit-
ical exponent, it is not easy to verify that the critical value level is contained
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in the range where Palais-Smale condition holds, this is the reason why the
multiplicity result is not expected. To our best knowledge, the results in this
paper are new.

Before stating our result, we give some notation and assumptions. The
best constant S, is defined by

lull,
11 . 1/3°
€ HANOY ([ (ul0dx) /3

By Sobolev inequality, note that S, > 0.
The weight function g belongs to H ! and satisfies the following hypoth-

Sy =

esis
(9n) / gudz| < G, (u), Vue H, and ||uls =1
Q
with
1 4 4
Gu(u) = 5571207 ully, + 808 [[ully, + 4 |[ully, Gu(w)][3a Jull, + Fu(w)/?

where F),(u) := \/9a2 ||u||i + 2083 ||u||i

Now, we state our main result.

THEOREM 1.1. Let N =3, p < i, a > 0, 8 > 0 and g # 0 satisfying
(9u). Then the problem (P,) admits a ground state solution.

2. SOME PRELIMINARY RESULTS

We define the energy functional corresponding to the problem (P,) by
a a By 16
Tulw) = Gl + 5 [l = G ol = [ gude, v e .

Note that J, € C*( H,,R). As the approach is variational so, a weak solution
of problem (P,) is a critical point of J, i.e. it satisfies:

(aHuHiJrﬂ) /(Vqufuu—vQ)dx f/u%dxf/gvdaczo, Yv e Hy,.
Q |z Q Q

The following definitions and lemmas play crucial roles in the sequel of
this work.

DEFINITION 2.1. A nontrivial solution of the problem (P,) is called a
ground state solution if its energy is less than the energies of all other non-
trivial solutions of (Py,).
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DEFINITION 2.2. A sequence (uy) is said to be a Palais-Smale sequence
at level ¢ ((P-S). in short) for J, in H, if
Ju(un) = c+ 0, (1) and J},(uy) = 0, (1) in H™".

We say that J, wverifies the Palais-Smale condition at level ¢ if any (P-S).
sequence for J, has a convergent subsequence in H,,.

The functional J, is not bounded from below on H,, but it is on a subset
of H,. A good candidate for an appropriate subset of H,, is the so called
Nehari manifold defined by

Nu={u e H\{0} : (J),(u), u)=0}.
So, u belongs to N, implies that, o ||qu;+ﬁ ||u||i = HU”g—l—fQ gudz. For more

details about the Nehari decomposition, interested readers can consult [4] and
[7]. Let us define its subsets

NS i={ueN,: hj(1) >0}, N :={ueN,: hj(l) =0}
and
N, ={ueN,: hy(l) <0},

where hy(s) = J,(su) for s € R* and u € H,\{0} and h!/(s) = =5 ||u\|g st +
3a ||u||fb s>+ 8 \|u||i . For more details about these maps see [5].
Set

4
Hy(s) = h,(s) + /qudzv = —llullgs® + allull, s* + B lull, s.

The function H,(s) attains its maximum é#(u) at the point sl .. where

-~ — -9 8 6 2
Gu(u) = 1072 |lullg” [120 [|ull, + 808 [[ullg ||l
4 = 4 -
+4alull, Fu(w)][3aull, + Fu(w)]'/?

and
~ 1/4
St = 1072 [l (3 ull, + Fu(w))
with
= 211,116 6\ /2
Fu(u) := flull, (902 lfull, +208 ullf)
Let, for a > 0,
£, := inf G.(v —/ vdm}, ;= inf {G v —/ vdaz}.
s veHﬂ,\{O}{ w0 =1y = L W)= )9

To prove that the subsets N, J and NV, ., are not empty, we need the following
lemma.
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LEMMA 2.3. Suppose that the hypothesis (g,) holds. Then, for any u €

H,\{0}, there exist three unique values s; = s{(u), s~ = s~ (u) # 0 and
sy = s34 (u) such that:
i) sT < —stae sTue N, and J,(sfu) = nax Ju(su),
S5~ Sfhax
1) —8thax < 857 < Sthaxs 5w €N and J,(s7u) = |s\r£si£l J,u(su)

—“max
max?

iii) s3> Sthax, 3w € N,y and J,(s3u) = max Jyu(su).
S22 St ax

The proof of this lemma follows from the fact that H,(s) is concave.

We have for ¢t > 0,
U(tu) = tU(u), where ¥(u) = éu(u) - / gudx
Q

)

and for a given v > 0, we derive that

(2.1) inf U(u) > 729.

HUHGZ’Y
In particular, if g satisfies (g,,), this infimum is bounded away from zero.
LEMMA 2.4. If g satisfies (g,), then N} = 0.
ProoF. If N # 0. then, for u € N we have that
4 2 6
(2.2) Bac[[ull,, + Bllull, = 5 lullg -
Thus, we obtain
= 4 2 N
Fu(u) = 3alull, + 26 ||ull, and (spa)” =1

Consequently, we get

Condition (2.2) implies that

ﬂ 1/4
||UH6 Z (5SH> =.

From (2.1) and (2.3) we obtain
0< ’ygg < ¥(u) =0,

which yields a contradiction. 0
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LEMMA 2.5. Let uw € N,,. There exist £ > 0 and a differentiable function
s:B(0,e) C H, — RT such that s(0) = 1, s(v)(u—v) € N, for ||v|| < € and
(2.4)

2 (2a ||u\|i + 5) (dequ—,uﬁ;)dm) — 68 [, uPvdx — [, gvdx
1 2 G :
Ba[lull, + B lull, =5 llullg
PROOF. Let F': R x H — R, defined by

(s'(0),0) =

F(t,w):at3|\u—w\|ﬁ+ﬁt||u—w\|i—t5 ||u—w||g—/g(u—w)dx.
Q

As F(1,0) =0, 2£(1,0) = 3a [[ull, + B [[ul2 — 5 |ulg # 0 then, the proof

is obtained by the implicit function theorem at the point (1,0). ]
Define
(2.5) co = inf Ju (v) and ¢; = inf J, (v).
vEN;T veEN,

From Lemma 2, we easily deduce that ¢y = 1I}\f/ Ju (u) .
ueN,

LEMMA 2.6. The functional J,, is coercive and bounded from below on N,

_ 2
and 482§ lgll” < co<O.

PROOF. Let u € N, so « ||u|\i+ﬁ ||uHZ = ||u|\g—|—fQ gudz. Consequently,
we obtain

o, a4 B2 5
T = Tlulli+ 5 =5 [ guda

B, 2 5
> *HU||M—*||9|L Jull,, s

> 2 ”
486
Then, J,, is coercive and bounded from below on N, and ¢o > 485 HgH

Let v € H,, such that

—Av — ,u% =g.
||

As g #0, thus [, gvde = ||v||i = HgHi

Let so = s~ (v), v € H,\{0} defined as in Lemma 1. So, sov € N,/ and
consequently, we have that

5 6
Ju(sov) = o llvlly — S8 Ivll2 + *88||U||6

3a
R
o
T4

IN

ool — 50 IIUH <0,

thus, ¢g < 0. 0
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LEMMA 2.7. There exist (un,) C N,F and (vn,) C N, verifying
i) Ju(un) < co+ L and J, (w) > J, (un) — 1w —upl, Y weNF.
i) Ju (vp) < c1+ 2 and J, (w) > J, (v) — L |w —vpll, VweEN].

Proor. From Lemma 4, we deduce that J,, is coercive and bounded from
below on N,,.

Applying the Ekeland Variational Principle to the minimizing problem
(2.5) (see [6]), we obtain two minimizing sequences (u,) C N} and (v,) C N,
satisfying i) and ii). O

Let (u,) C N[ then, we have that

5 1 B 9 2
) = 75 unll + 5 Nl = & [ guade <o 5 < =E ol

which implies that

2 50 2
(2.6) qundar > =Bspllgll” >0
and consequently, we get

2,9

(2.7) =Bsollgll_ < llunll, < 25 gl

Therefore, (uy) is bounded in H,.

LEMMA 2.8. Let g satisies (g,). Then, HJL (un)Hu tends to 0 as n goes
to +o00.

Proor. If HJ’ un)H > 0 for n large then, by Lemma 3 with u = u,

uln) N /A B
and w = 5||J,( ST 0 > 0 small, and we find s,(0) := s [5”%(“")”“] , such
that
J! (uy,
ws = 5,(8) |uy — (5# EN,.
EATI
Applying the Ekeland Variational Principle [6], we get

% lws = unll, = Ju (un) = Ju (ws) = (1= $n(0)) (Ju(ws), un)

+5sn(5)<J (ws Hj’( H >+0n

This implies that

L 135, 0) ) =~ 0) (T ), ) + (175 )], = 17 G,
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where s/, (0) = <3/(0)’ HJJ'L(+TL))H > . Thus, from (2.7), we conclude that
HATPIAL,

C
Il < € 0+ 0.
On the other hand, by (2.4) and (2.7), we have that
C

54,(0)] < .
n 4 2 6
(30 [+ B lunll?, = 5 llunl§

Now, we assume that
(2.8) 3a[[unlly, + B l[unlly, = 5 llunllg = 0a(1).
From (2.7) and (2.8), we derive that
lunllg = ~, for some v > 0.
By (2.8) and the fact that u,, € N,,, we get

4 6
[ gundz = =20 un [+ 4§ + 00 1),
Q
Considering the definition of E_,, and the above equality, we lead to

0< vgg <% (é’vﬂ(un) - /qundx> + on(1)
= vhy,,, (1) + 0, (1)
= o0,(1).

which is absurd. Thus, HJIIL (un)HH tends to 0 as n — oo. d

3. EXISTENCE OF A GROUND STATE SOLUTION

Let (u,) be the minimizing sequence obtained in the Lemma 5, (u,) is
bounded in H,,, then, u, — uo weakly in H,,. Consequently, we get

(J}, (uo) ,w) =0, Yw € H,,.
Thus, ug is a critical point for J,.

By (2.6), we have that
/ gugdx > 0.
Q

Then, ug # 0 and uy € N,,.
Hence, we get

e 4, B 2 9 .
co < (o) = gy Iuoll 45 ol = 3 [ guode < tim Jy(un) = co

6 n— oo

Then, co = J,, (uo) and u,, — ug in H,, and necessarily uo € N\
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Rjesenje osnovnog stanja za nehomogen eliptic¢ki problem
Kirchhoffovog tipa uklju¢ujuéi kriti¢ni rast i Hardyjev ¢lan

Nadjet Yagoub, Safia Benmansour i Atika Matallah

SAZETAK. Ovaj se ¢lanak bavi singularnim eliptickim Kirch-
hofovim jednadzbama ¢ija nelinearnost ima kritiéni rast i sadrzi
nehomogenu perturbaciju u regularnoj ograni¢enoj domeni od R3.
Da bismo istrazili postojanje rjesenja temeljnog stanja, oslanjamo
se na razne tehnike povezane s varijacijskim metodama i Nehari-
jevom dekompozicijom.
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