RAD HAZU. MATEMATICKE ZNANOSTI
Vol. 27 = 555 (2023): 245-257
DOI: https://doi.org/10.21857/ypndocdn79

THE HUREWICZ THEOREM IN Shi AND Sh??

NikorA KocEl¢ BILAN AND IVANCICA MIROSEVIC

ABSTRACT. The Hurewicz isomorphism theorem relating coarse shape
groups and coarse shape homology groups of pointed metric continua is
proved. A similar statement is proposed and proved in the category Sh’2
for relative coarse shape pro-groups and coarse shape homology pro-groups,
and consequently a relative variant for relative coarse shape groups and
coarse shape homology groups of pointed pairs of metric continua is given.

1. INTRODUCTION AND PRELIMINARIES

The Hurewicz theorem, a fundamental result of algebraic topology that
relates homotopy and homology groups, was established also for pro-groups
and shape groups ([5]) as well as for pro*-groups ([1]), and in [4] its version
for pro-coarse shape groups was given. That enabled the authors to relate
coarse shape groups and coarse shape homology groups. It was proven that
the first nontrivial coarse shape group and coarse shape homology group of a
pointed continuum are isomorphic, the assertion that does not hold for shape
groups.

In this article we give and prove a full statement of the Hurewicz iso-
morphism theorem relating coarse shape groups and coarse shape homology
groups of pointed metric continua. We continue with a similar statement
in the category Shi? for relative coarse shape pro-groups and coarse shape
homology pro-groups, and consequently we give a variant for relative coarse
shape groups and coarse shape homology groups of pointed pairs of metric
continua.

Let us briefly list main categories (given by its objects and morphisms)
and functors (given by its acting on the objects and morphisms of the domain
category) we deal with in the article. For more details on these categories
and functors see [2] and [4]. Let C be an arbitrary category and D its full and
dense subcategory.
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246 N. KOCEIC BILAN AND I. MIROSEVIC

The categories inv-C and inv*-C

Objects of these categories are inverse systems X = (X, pan, A) in C. Mor-
phisms are (resp.)

(fa fu) (X)\ DX, A) ( e Qup’ 7M)
and

(fvfﬁ) (Xkapk)\’ A) ( ws Qup’ 7M)7
where f: M — A is an index function and for each p € M, f,, : Xy, — Y,
is a morphism of C and f} : Xy, — Y}, is a sequence of morphisms of C,
provided for every pair pu, ' € M, p < i/, thereexistsa A € A, A > f(u), f(¢/)
such that the following diagrams commute (the right one for almost all n € N):

PG P
X, X X X X X
(i) f(u') Piin () flu') Prin
f/‘,‘ f,u‘ fﬂ‘ fﬂ’
Y, Y. Y, — Y,
! Qpup ! ! Qup’ !

The categories pro-C and pro*-C

Objects of these categories are inverse systems X = (X, pan,A) in C. Mor-
phisms are (resp.) the equivalence classes of morphisms of inv-C and inv*-C,

f= [(f7 fu)] (X/\7p/\>\’ A) ( ws Qup’ 7M)
and
Fr= [( )} (X o, A) = (Yu»q,u,u’vM)»
where (f, fu) ~ (f7, l/‘) and (f, f”) ~ (fﬂfl’[’) when for every u € M exists a
AEM N> f(u), f ( ), such that the following diagrams commute (the right
one for almost all n € N):

Priux Pr(ux
Xf(y Xp(0) Xx Xf() Xp() Xa
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The categories Sh(c,py and Shic p)

Objects of these categories are objects of C. Morphisms are (resp.) the equiv-
alence classes of morphisms of pro-D and of pro*-D,

F= ()= 1)) : X =Y
and
Fr= () =) X =Y,
for f: X - Y and f* : X — Y, where X and Y are inverse systems
associated with X and Y (resp.) by D-expansions.
Here, f ~ f’ and f* ~ f’* when the following diagrams are commutative
in pro-D and pro*-D (resp.):

X X X X'
f jf’ f*l A
Y ——Y v Ly

For the following categories we will use the abbreviations:
ShHTops,H Polo) = Sho
ShEkHTopo,HPolo) = Shy
Let p : (X,2z9) — ((Xx,2x),0an, ) be a fixed HPol,-expansion of a
pointed topological space (X, zo). The main functors that we use throughout

this article are as follows.
The k-th homotopy pro-group functor

pro-wg : She — pro-Grp, k€N
is given by
- Pro-Tg (Xa ‘TO) = (’/Tk (XA, ‘TA) ) Tk (pA)\’) ) A)7
- pro-me (F) = [(f, me (f))], when F = ([(f, f)]) € Sho (X, 20), (Y, 50))-
The shape group functor is the composition

7t = limo pro-m : Sho — Grp, keN.
<
The group 7 (X, o) is called the k-th shape group of (X, zg).
The functor
pro-%j : Shy; — pro-Grp, keN

is given by
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— —
- pro-7} (X, zo) = (ﬂk (X, ), gﬂ'k (pax') ,A), where

m: <11317Tk (XA,IA)) / (ER?M (XA,L\)) :

and gﬂ'k (o) s 7 (X, a) = 7 (X, xy) is induced by

H7Tk (pM') .
N

- pro-7y (F*) = [(f, 7z¥N7Tk (f[j))], when

F* = ([(£, £2)]) € Shi (X, z0) , (Y, 10))
Here, nzka (f[}) T (Xf(“),xf(u)) — 7% (Yy, yu) is induced by

[ (£2)-

neN

The coarse shape group functor is the composition
7, = limopro-«} : Shy — Grp, keN
<+

The group 7} (X, zo) is called the k-th coarse shape group of (X,z¢). As
shown in [3] and [4],

pro-7ip (X, xo) = (75 (Xx, 22, 7 (Pan) s A)

In a similar way, the functors pro-Hy : Sh — pro-Ab, pro—IrI,: :
Sh* — pro-Ab, Hy : Sh* — Ab and H} : Sh* — Ab are defined, with
appropriate replacement of homotopy groups and homotopy group functor
with homology groups and homology group functor.

2. THE HUREWICZ THEOREM IN Sh

Recall that for every pointed topological space (X, xg) the Hurewicz ho-
momorphism
hk = hk,(X,xo) : ﬂ'k(X, ajo) — Hk(X>

is given by hg ([o]) = Hg(a)(ax), where ay is the canonical generator of
Hy(S*) = Z, for every k € N, and it is a natural transformation of the
functor 75 to the functor Hy.

The original Hurewicz isomorphism theorem states a relation between
homotopy and homology groups.

THEOREM 2.1. Let (X, xq) be a pointed topological space and n > 2 such
that (X, 20) =0 for 0 <k <n—1.Then, H,(X) =0 for1 <k <n-—1, hy, :
(X, o) = Hp(X) is an isomorphism, and hy and h,11 are epimorphisms.
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There are several versions of this theorem, relating homotopy and homol-
ogy pro-groups ([5]), pro*-groups ([1]) and shape groups ([5]).

In [4] we proved that it holds also in Shj for pro-coarse shape groups,
and the theorem is enclosed in the sequel.

For a pointed space (X, z¢) a morphism

Ve =V cpro-if (X, o) — pro-Hy (X)
Nk N g(Xzo)

of pro-Grp is given by its representative

— — T
(1a,Yon) - (M(X,\Jf,\)7¥ﬂk(p,\x)7/\> — (Hk(X,\),ng(p,\x),A),
where p : (X, z0) = ((Xx,2x),prn, A) is a HPols-expansion of (X, ), and
ESDA = ghk,(xk,my

THEOREM 2.2 ([4], Theorem 5.10). Let (X,xz¢) be a connected pointed
topology space. If pro-ii (X, xo) is a zero-object in pro-Grp for every 1 < k <
n — 1, where n > 2, then

(1?1) pro—ﬁ],j(X) is a zero-object in pro-Grp for every 1 <k <mn—1;
(H2) gcpn spro-ih (X, xo) — pro-ﬁ;(X) is an isomorphism of pro-Grp;

(ﬁé) ¥90n+1 : pro-ith (X, xg) — pro—IV{;+1(X) is an epimorphism of
pro-Grp.
If pro-75 (X, xg) is not a zero-object in pro-Grp, then

(EZI) gcpl : pro-iti (X, xg) — pro-HF (X) is an epimorphism of pro-Grp.

Now we prove a variation of the Hurewicz theorem relating coarse shape
groups and coarse shape homology groups of pointed metric continua.

DEFINITION 2.3. We say that a sequence

/

f
i —= @ — G — G —

of group homomorphisms is exact if Im f’ = Ker f for each pair of adjacent
homomorphisms.

THEOREM 2.4. Let G, G’ and G" be inverse sequences in inv-Grp, (f1),
(fn) level morphisms of inv-Grp(G’, G) and of inv-Grp(G,G") (resp.), and
let, for every n € N, a sequence of morphisms

n fn
0—G, —G,— Gl —0
be exact. If G’ is a movable inverse sequence, then the limit sequence

f !
0 — limG’ — limG — limG"” — 0,
where ' =lm[(f})] and f =lm [(f,)], is also exact.
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Recall that (see [5]) an inverse system X = (X, pan,A) in pro-C is said
to be movable if every A € A admits a X' > A (called a movability index) such
that the bonding morphism pyy+ factorizes through X, for every X > A, i.e.
for every A > X there is a morphism r : X, — X~ such that

DAN'T = PAN -

A topological space X is movable if it admits a movable H Pol-expansion
and a pointed topological space (X, z() is movable if it admits a movable
H Pol,-expansion.

PROOF. See the proofs of Theorems I1.6.8, 11.6.6 and I1.6.10, and of Corol-
lary 11.6.7 in [5]. d

THEOREM 2.5. Let (X,zg) be a pointed metric continuum and let
(X, o) be a trivial group (a set when k = 0) for every 0 < k < n — 1.
If n > 2, then

(I—fl*) H;(X) =0 for every 1 <k <n—1,
(ﬁQ*) oF = lim (gcpn> 75 (X, mo) — HE(X) is an isomorphism of Grp.
If (X, z0) is also a movable space, then
(ﬁS*) @y 1 = lim (gcpm_l) is an epimorphism of Grp.
Ifn=1 and (X,xz0) is a movable space, then
(H4*) ¢7 =lim (ggol) is an epimorphism of Grp.
PRrROOF. The space (X, xg) is connected since 75 (X, xo) = 0 if and only if

pro-mo(X, z9) = 0 (see [2], Theorem 4.4), which is equivalent to connectedness
of the space (X, x¢). Furthermore, by Corollary 5.6 in [4], for every k € N,

(X, 20) =0 <= pro-7;(X,x0) is a zero-object in pro-Grp.
Now, by Theorem 2.2, for every 1 < k < n — 1, pro-group pro—I:I,: (X) o,
and consequently, H;(X) = 0. Thus, (Ifl*) holds.
Statement (If 2*) is obvious, again by Theorem 2.2, since lim is a functor.

To prove (H3'), we need the statement of Theorem 2.4. Let (X, mg) =
((Xi,;), piiv1) be a sequential H Pol-expansion of the space (X,zg). For
every ¢ € N we will use the following notation:

G, = Ker gtpi C T (Xo, 24),
Gi = ﬁ;+1(Xiaxi)a
G} = g%(Gi) C H;\ 1 (X)),
where
©i = Moy (Xi20) P 1 (Xay ) = Hp1(X5), 1 €N,
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is the Hurewicz homomorphism. Furthermore, let j;: GY < H +1(X;) be the
inclusion and f;: G; — GY the restriction of the homomorphism g%‘ on the

image, more specifically a homomorphism such that
(2.1) Jifi =Y i

The sequence
fi fi
0—G,— G — G/ —0,

where f!: G; — G, is the inclusion, is obviously exact. We claim that
G’ = (G},q};y,), with bonding morphisms ¢}, = %5, (piis1)|g - is a

141
movable inverse sequence of groups. Since (X, xo) is a movable space, its
H Pol-expansion is movable, meaning that for arbitrarily chosen ¢ € N there
is a movability index i’ > i such that for every ¢ > ¢ there is a homotopy
class of functions r: (X;, x) — (X, 24+) with property

(2.2) P = Digs -
According to Theorem 5.8 in [4], the diagram

v
7o (Xirs Ti) 1 (Xir)
7vr;kl+1(7“) V;+1(7”)
V.,
~ ok Nt rT %
71 (X, o) Hy o (Xir)

commutes, so we conclude that (7, ,(r))(G}) C G
From (2.2) we get

(ﬁZ+1(Pii“)7vr;+1(T))|G{, = Ty (Piir) G,

Therefore, for arbitrarily chosen i € N there is a movability index ¢/ > ¢ such
that for every i > i there is a homomorphism ' = 7, () with property

G,
/ / /
Qi = it
therefore G’ is movable.

Let G = (G4, ¢ii+1) be an inverse sequence of groups with bonding mor-
phisms gji41 = 7511 (piiv1) and G” = (GY, ¢j;, 1) an inverse sequence with

bonding morphisms ¢j; = Hyy (piiv1)|
i+l
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According to Theorem 2.4 , for f:=[(f;)] : G — G",
lim f: lim G — lim G

is an epimorphism. To finalise, we need to show that j = [(j;)]: G” —
H, (X) is an isomorphism of pro-groups. From 2.1 we get
if=Ve
N n+1
and Vo is, according to Theorem 2.2, an epimorphism, so we conclude
n+1

that j is an epimorphism. By Corollary 11.2.1 in [5], it is also a monomor-
phism. Therefore, 7 is a bimorphism, and by the statement of Theorem II.2.6
in [5], every bimorphism of the category pro-Grp is an isomorphism. Conse-
quently, lim 5 is an isomorphism of groups on the limit, therefore

lim G” = H; 1(X),

which proves (H 3*)
(H 4*) is proven similarly. 0

3. RELATIVE HUREWICZ THEOREM

The coarse shape groups and the homology coarse shape groups can be
defined also for pointed pairs of spaces (then we call them relative groups).
We want to establish a connection between those groups.

Let (X, Xo, o) be a pointed topological pair and let k € N. According to
[6] (Chapter 7.4, p. 387), the mapping

hi = hi,(x,X0,20)  T(X, Xo,20) = Hp(X, Xo)
given by
hi, ([o]) = Hi(a)(ar),

where ay, is the generator of the group Hy(D* S*~1) ~ Z, is a well-defined
morphism and, similar to absolute case, for every f € HTop?((X, Xo, o),
(Y, Yo, o)), the diagram

hie (X, Xo,0)
7, (X, Xo, 20) Hy, (X, Xo)

7 (f) Hi (f)

hk,(Y7Y07yo)

Tk (Y7 YOvyO) Hk (Ya}/O)
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commutes. The homomorphism hj is called the relative Hurewicz homomor-
phism.

According to Theorem 1.6.8 in [5], every pointed pair of spaces has a
H Pol?-expansion, so we can consider the homotopy and homology pro-groups
of a pointed pair of spaces and their relationships.

In [5] the relative Hurewicz theorem in the category Sh2 = Sh(arop2,HPoI2)
is proven for homotopy and homology pro-groups of a pointed pair (X, Xy, o)
when X is connected and X is normally embedded in X.

According to Remark 4.12 in [1], a similar theorem holds in Sh}? =
ShzkHTopg,HPolg)'

For each k > 1, the relative shape group 7 (X, Xo,zo) of a pointed pair

(X, Xo,x0) is defined by

7 (X, Xo, 20) = lim pro-m (X, Xo, z0)

and according to Theorem 11.7.8 in [5], the relative Hurewicz theorem holds
also for shape groups of pointed movable pair of metric continua (X, Xo, z¢)
if 7?'1()(07 330) =0.

The relative coarse shape group 75 (X, Xo, o) of a pointed pair of spaces
(X, Xo,x0) for kK > 1 is defined by its elements and a group operation. It
consists of coarse shape morphisms A* : (D*, S~ s0) — (X, Xo,z0) of Sh¥?,
and the group operation is defined for k£ > 2 by the group operation in relative
homotopy groups of objects of the H Pol2-expansion of (X, Xy, o), in the
same way as the group operation is defined in coarse shape groups.

Now we can offer a relative variant of Hurewicz theorem for the coarse
shape pro-groups and the coarse shape homology pro-groups.

For a pointed pair (X, X, zo) we define a certain morphism

g%c = gsok,(x,xg,mg) s pro-itp (X, Xo, x0) — pro-Hj (X, Xo)
of pro-Grp by its representative
_— - —
(1A,¥<P>\): (Wk(XmXOAJ?/\),gﬂ'k(pM/),A) — (Hk(XA>X0>\)7¥Hk(p>\A/)7A)7

where p : (X, Xo,70) — ((Xx, Xox,2x),Pan,A) is an H Pol?-expansion of
(X, Xo,x0), and
ggo)\ = gh’k,(X,\,Xo)\,I)\)'
LEMMA 3.1. Let (P,Py,po) be a pointed pair of polyhedra and k € N.
— — — —

The homomorphism ghk = ghk7(P7P07p0) : mx (P, Po,po) — Hy (P, Py) has the
property that the diagram
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ghkv(P»Po,Po)

(P, Po, po) m
(") VL (™)

ghk>(Q’QO:QO) —

ﬂ-k(Q7Q07QO) Hk: (QJQO)

commutes for every F* = ([(f™)]) : (P, Po,po) — (Q, Qo,q0) of ShZ? (between
pointed pairs of polyhedra).

ProoF. Let F* = ([(f™)]) : (P, Po,po) — (Q,Qo,qo) be a coarse shape
morphism between pointed pairs of polyhedra. Then, for every homotopy

class fn : (P7P05p0) — (Q’Q07q0)7
hk(Q,Qoqqo)ﬂk(fn) = Hk(fn)hk(RPo»Po)’

thus

H hka(QQO:QO) H Wk(fn) = H Hk(fn) H hk,(PaPO,Po)’
neN neN neN neN

and consequently
Vi, @Qowo), V(") = N Hi(f")Y k(.o o) -
d

LEMMA 3.2. For a coarse shape morphism F* : (X, Xo,x0) — (Y, Y0, %0)
and k € N, the diagram

g‘pk,(XA,XO,zO)

pro-i; (X, Xo, zo) pro—f-vl,’g (X, Xo)
pro-iy (F*) pro-Hy (F*)
gcpk,(Y,YO,yo) .
pro-7tj; (Y, Yo,%0) pro-H} (Y, Yo)

commutes in pro-Grp.

PROOF. Let F* = <[(f, f;’)]> € Sh:% (X, Xo,20), (Y, Yo,0)) be repre-
sented by f* = [(f7 fﬁ)] 1 (X, Xo,x0) — (Y, Yo,yo) of pro*~-HPol?. Then
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pro-iy (F*) = [(f, nZNﬂ-k (f[j))] is represented by
(f7 nZNTrk (fﬁ)) . (ﬂ-k (X>\7 X0A7 IA), gﬂ-k(pk)\/L A) — (Trk(YlM Youv y,u): gﬂ-k (quy/)7 M) )
and the morphism pro—ﬁ,’; (F*) = [(f, VNHk (f]]))] is represented by
ne

(7.9 1 (1)) + (FC0 Xon), Tk (oan ). A ) = (F (Y5 Vo), T H (), M )

According to Lemma 3.1, for every u € M, the diagram

_— N R Xor ) e

o (X gy Xof(u) Tf(u)) Hy (X p(u)s Xog(u))

n n
nzNﬂk (fu ) TENH’C (fu )
— ghk’(ywyﬁu»yu) —
Tk (YmYOmyu) Hy, (YuaYOu)

commutes in Grp, so

(1M7¥90M) (fﬂ nZNﬂ-k (fﬁ)) = (fa nZNHk (f;)) (1A7¥90/\)’

and also
Vo pro-ii (F*) = pro-Hy (F*) Ve
N k(Y Yo,90) N k(X X0,20)
O
THEOREM 3.3. Let (X, X, xo) be a connected pointed pair of spaces such
that Xo is normally embedded in X. If n > 2 and pro-7;(X, Xo,z0) is a
zero-object in pro-Grp (pro-Set in case k = 1) for every 1 <k <n —1, then
(f/fl) pro-H; (X, Xo) is a zero-object in pro-Grp for every 0 < k <n — 1.
If, moreover, X is connected and pro*-m(Xo, xo) s a zero-object in pro*-Grp,
then
(Iﬁ) ggon : pro-i* (X, Xo,z0) — pro-H*(X,Xo) is an isomorphism of
__ pro-Grp;
(H3) gcpn_H s pro-1ty, 1 (X, Xo,x0) = pro-H}; (X, Xo) is an epimorphism
of pro-Grp.
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PROOF. The statement of the theorem is a consequence of Lemma 3.2
and Theorem I1.4.6 in [5]. The proof is analoguos to the proof of Theorem
2.2.

O

Finally, we give a relative Hurewicz theorem in the category Sh’? for
relative coarse shape groups of pointed pair of metric continua.

THEOREM 3.4. Let (X, Xo, o) be a pointed pair of metric continua such
that Xy is normally embedded in X and let 7} (X, Xo,zo) be a trivial group
(set in case k =1) for every 1 <k <n—1. If n > 2, then

(ffl*) H (X, Xo) =0 for every 0 < k <n —1,

(}fZ*) oF =lim (gcpn) 75 (X, Xo, o) — H(X, Xo) is an isomorphism.
Moreover, if (X, Xo,xo) is movable and if 77 (Xo,x0) =0, then

(H3*) @ryq = lim (gcpm_l) is an epimorphism.

PROOF. According to Remark 4.2 in [2], pro-m, (X, Xo, 2o) is a zero-object
in pro-Grp (pro-Set in case k = 1) when 7} (X, Xo,20) = 0, for k € N, and
then, by Lemma 5.5 in [4], pro-7;(X, Xo,x0) is a zero-object in pro-Grp.
The conditions of Theorem 3.3 are fulfilled, so (Pﬁ), (I’JVQ) and (ffv?)) hold.
By passing to the limit we obtain (ﬁl*) i (ﬁQ*) Finally, that ¢, is an
epimorphism one proves by means of arguments similar to those in the proof
of Theorem 2.5. O
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Hurewiczev teorem u kategorijama Sh? i Shi?

Nikola Koceié¢ Bilan ¢ Ivancica Mirosevic

SAZETAK. U radu je dokazan Hurewiczev teorem o izomor-
fizmu koji povezuje grupe gruboga oblika i homoloske grupe
gruboga oblika punktiranog metrickog kontinuuma. Takoder je
naveden i dokazan analogan teorem u kategoriji Shi? za rela-
tivne pro-grupe gruboga oblika i relativne homoloske pro-grupe
gruboga oblika, te konacno verzija teorema koja povezuje rela-
tivne grupe gruboga oblika i relativne homoloske grupe gruboga
oblika punktiranog para metrickih kontinuuma.
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