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1 Introduction

Over the past two decades, there has been an increasing demand for industrial equipment in the chemical,
food, pharmaceutical and construction industries to produce superior quality products. One crucial aspect of
manufacturing processes involves the mixing of powder or liquid substances. For this purpose, various types
of equipment are employed, including reactors, agitators, homogenizers, mixers, emulsifiers, and other devices
that utilize pure rotation, spatial, or epicyclic movement in their work heads [1] - [3]. These devices can operate
in continuous/batch mode or stationary/start-stop mode. Despite the availability of a wide range of equipment
models in the market, researchers and manufacturers in this field are consistently focused on developing new
models that offer improved performance. For example, a recently patented design [4] proposes suspending the
mixer work head from a torsion bar positioned orthogonally to the longitudinal axis of the main drive shaft.
This unique configuration lets the work head tilt during rotation, resulting in an increased mixing radius driven
by centrifugal forces. Furthermore, the additional rotation of the work head enhances the liquid mixture.

The mechanical structure of mixers is classified as rotor systems, which is a extensively researched field.
Several books and monographs delve into the theoretical foundations of rotor system mechanics [5]-[8].
Researchers have investigated various rotor system structures to evaluate their dynamic behavior. In many
cases, the dynamic processes of rotor systems are non-linear and involve significant deformations and
eccentricity, leading to multiple dynamic regimes characterized by bifurcations and instability [9]. In [10] is
analyzed a two-rotor system with an incorrect arrangement of the rotor axes and discovered that a specific
frequency spectrum component could be used for axis shift diagnosis. Similarly, the paper [11] investigated a
rotating coupled-rotor system with four disks incorporating an inter-shaft bearing, considering disk
eccentricity. The authors developed a finite element method (FEM) model of the rotor system using
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commercial software and confirmed its validity through experiments. The study conducted in [12] performed
modal analysis of a high-speed rotor system comprised of an impeller and a turbine supported by two bearings,
using both experimental and numerical methods. The results demonstrated a substantial agreement between
the computed and experimentally obtained natural frequencies. In [13], a structurally less complex rotor system
consisting of an elastic shaft, a rotor and two non-linear supports was examined. The assumed mode method
and the harmonic balance method were used to obtain the nonlinear frequency response of the system. Various
researchers have conducted theoretical and experimental studies on systems subjected to both limited [14] and
unlimited excitation [15], [16]. Some studies have focused on optimizing rotor systems, such as the work
presented in [17], where a multi-objective genetic algorithm was employed to optimize weight and stability in
a simple bearing-rotor system. In [18] is studied the instability induced by the airflow excitation force (Alford
force) in a Jeffcott rotor and optimized the stiffness of the supports and shaft diameters to significantly improve
the stability of the rotor system. Last, in [19] is employed a genetic optimization method to optimize the design
of an eccentric rotor system with a squeeze film damper, resulting in a 15% improvement in system stability
and reduced vibration amplitude.

The differential equations of motion for rotor systems are typically derived using well-established methods
such as Lagrange [20], Newton-Euler [21], [22], or the theorem for the rate of change of angular momentum
[23]. Analytical solutions for these equations are rare, and numerical techniques are commonly employed
instead [24]. In certain scenarios, approximate methods such as the small parameter method, harmonic balance,
harmonic linearization, asymptotic methods, or T-transformation [25], [26] prove to be suitable alternatives.
Gubanov and Cortelezzi [27] emphasize the importance of determining the optimal mechanical configuration
and operating conditions for industrial mixers. They propose integrating dynamic models of industrial mixer
structures with existing experimental studies [1], theoretical analyses [28], and simulation studies [29] to
further support the development of optimal mixer designs. This integrated approach offers the potential to
expedite the design process and facilitate the creation of competitive designs within shorter timeframes.

The present study aims to investigate the transient modes exhibited by the novel mixer design presented
in reference [4], which features a work head suspended from a torsion bar, oriented orthogonally to the
longitudinal axis of the main drive shaft. By employing a multi-criteria optimization technique, the study seeks
to identify the optimal values of design variables that will minimize an objective function comprising the force
and power characteristics of the system.

2 Mathematical modeling of the system
2.1 Principle of operation of the mixer

Figure 1 portrays the fundamental elements of the mixer, which encompass an elastic torsion bar positioned
orthogonally to the longitudinal axis of the main drive shaft. These elements are: 1) An electric motor with a
conical rotor; 2) A conical friction brake; 3) An elastic coupling; 4) A work head featuring a displaced mass
center; and 5) An elastic torsion bar. The mixer can operate either continuously or in a sequence of start-stop
cycles, with each cycle enduring about 6 to 7 seconds. During each cycle, the mixer accelerates to the
maximum angular velocity of the motor, operates at that velocity, and then undergoes forced deceleration due
to the motor's electric supply being severed and subsequent automatic activation of the conical brake.

The electric motor rotates the work head at an angular velocity ¢,. The center of mass of the work head

undergoes a radial displacement of ¢ and a vertical displacement of e, as illustrated in Figure 4. This
displacement results in the generation of a centrifugal force, which induces the twisting of the elastic torsion
bar and causes the work head to tilt at an angle « relative to the vertical axis. Improved mixer performance can
be achieved through the expansion of the mixing radius, additional movement of the head, and the
implementation of a series of start-stop cycles.Figure 2 presents the mixer's kinematic scheme and adopted
coordinate systems for describing the relative motion of the links: the inertial coordinate system XoYozo, the
coordinate system xiy1z; fixed to the motor's rotor, and the coordinate system Xoy.z, fixed to the work head.
Figure 3 shows the mechanical system dynamic model, which illustrates the system'’s elastic, damping, torque,
and inertial properties.
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Figure 1. Basic parts. Figure 2. Kinematic scheme. Figure 3. Dynamic model.
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Figure 4. Side view of the work head.

2.2 Equations of motion

The following notations are used in Figure 2 and Figure 3: ¢,,¢, are the angles of rotation of axes z; and
Z, around the immovable axis xo - < 2,2, =¢,, <7,Z,=¢,; « is the angle of rotation around the axis z, -
< X,X; =<VY,Y, =a; C1, C2 and S, B, are elasto-damping coefficients of the elastic elements; Ji, J. are the
tensors of mass-moments of inertia of the electric motor and the work head, correspondingly:

Ai 0 0 Az _Fz _Ez
J=/0 B 0], J,=|-F, B, -D,
0 0 B -E, -D, B,

S is the dissipation coefficient, which represents the resistance of the hydraulic fluid against the rotation of
the work head; T is the electric motor time constant; M is the electric motor's torque; M* = ﬂ*(bzz is the

hydraulic resistance moment, applied to the mixer's work head; m is the mass of the work head; ® = mggbz2 is

the inertial force (see Figure 4); My is the torque, developed by the cone brake.
The rotation matrices between the adjacent coordinate systems are (see Figure 2):

1 0 0 1 0 0 cosa —sina 0
R;=|0 cosg, -sing |, R2=|0 cosp, -sing,|, R:=|sinad cosa O
0 sing, cose 0 sing, cosg, 0 0 1

After the linearization is performed, assuming that the values of the angle o and the relative angle Ap = ¢, — ¢,
are small, one obtains the following vectors for the bodies i absolute angular velocities o, :
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(/)1 ¢2 ¢2
o,=/0],0,=/0], 0,=| 0
0 0 a

Applying the theorem for the rate of change of the angular momentum [23] K, (i=1,2,3) along the three
generalized coordinates ¢1, @2, and «, from Figure 2 follows the system of equations:

{Ki +M; =0,(i=1,2,3) 0

T™M + M =a—bg,

where K, =J,m, is the angular momentum (i=1,2,3);

cl((p1_¢2)+:81(¢1_¢2) M
M;=M;, -M;, M, = 0 My = 0|5
0 0
ﬂ*(Pzz Ez(bzza +2Fpc
M,=-M, +M"+M", M"=| 0 |, M"=| -F,¢a-2E,p,a |;
0 (A, -B,)@; - F,¢;
0 0 0
M,=—M"+M,, - M, +M;, M,, = 0 y,Mgy=| 0 |, Mg;=| 0 |;
c,a+ p,a M, M,

M, :%m¢§(2egcos(2a)+(e2 —gz)sin(Za)), Mg =mg(ecosa +esina);

The second scalar equation in (1) represents the dynamic characteristic [14] of the electric direct current motor
with a time constant T, which value depends on the ratio of active and inductive resistance in its windings,
typically 0.01< T <0.35. By a and b are denoted the coefficients of the static motor's characteristic. After
performing needed mathematical operations in (1) and some simplifications, the system of differential
equations is represented as:

A1¢1+C1(¢1_¢2)+ﬂ1(¢1_¢2)=M
A, _Ezd_c1(¢71_¢2)_ﬂ1(¢1_¢2)+ﬁ*¢22 +E2gb22a+2F(/')202=0

Lo . . . )
B,a - E,, +Cza+ﬂ2a_(Bz - Az)%za_ Fzﬁ”z2 =M, -M;
T™ +M =a—hg,
The system (2) solution is carried out after the presentation as:
d=A"(Q-Bq-Cq-N)
a-bg —M ()

M =
T

where the following notations are used:
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? A 0 0 B -8 O ¢ —¢ O
a=|¢, |, A= 0 A E,.B=|- A 0,C=-¢ ¢ 0}
a 0 -E, B, 0 0 5 0 0 ¢
0 M
N=| 8@ +E@ja+2F¢,a |, Q= 0
_(Bz_Az)gbzza_FZ(bzz M(D_MG

2.3 Numerical study of the transient processes

The system of differential equations (3) is highly nonlinear and stiff, thus numerical solutions are obtained
using specialized numerical methods [24]. Figures 5 to 13 display the solutions of the system (3), obtained
under the initial conditions (4). The numerical values of the parameters used are presented in Table 1, where t
represents the simulation duration.

Table 1. Numerical values of the parameters.

Parameter Numerical value
C1, [Nm] 40000
Cz2, [Nm] 2500
A1, [kg.m?] 0.4
B1, [kg.m?] 0.2
Az, [kg.m?] 5
B2, [kg.m?] 0.2
Ez, [kg.m?] 0.8
Fa, [kg.m?] 0.3
a, [Nm] 420
b, [Nms] 4.7
1, [INms] 0.4
2, [INms] 0.4
&, [m] 0.0005
e, [m] 0.05
m, [kg] 120
tr, [S] 3
¢(0)=¢,(0)=(0)=0
#(0)=9,(0)=c(0)=0 @

M (0)=0

In Figure 5 + Figure 13 are shown solutions for output characteristics of the studied electro-

mechanical system.
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For every output characteristic, two solutions have been obtained - one with the maximum time constant value
of T = 0.35 s, denoted in figures as position 1, and the other with the minimum time constant value of T =
0.001 s, denoted as position 2. Figure 5 illustrates the effect of T value on the transient process of a, which is
the rotation of the work head around the torsion bar's longitudinal axis. For a small T value, the steady-state
value of « is attained in about 0.5 s, and the transient process is accompanied by damped oscillations, unlike
the case with a large T value, where the steady-state value of « is reached in about one second with the absence
of oscillations. Damping oscillations are also seen in the graphs of the moments of the elastic coupling, as in
Figure 12, and in the torsion bar, as in Figure 13. Figure 12 demonstrates that a small value of the motor time
constant results in a characteristic closely resembling the static one, with a straight-line shape. Increasing the
value of T results in a change in the type of characteristic. Figures 14, 15, and 16 present the transient modes
of a, g2, and ¢, obtained by applying a braking torque My = 100 Nm to the motor's rotor at time t=4 s, after

reaching a steady state. The complete start-stop cycle, including acceleration and deceleration periods, takes 6
to 7 seconds. One can observe that the decrease in the characteristic graphs is nearly linear during the
deceleration period.

3 Multicriteria optimization of the dynamic system

The presence of multiple geometrical, inertial, elastic, and damping parameters necessitates the
identification of their optimal combination to enhance specific system characteristics while ensuring
compliance with technological and design constraints. The studied system multicriteria optimization problem
[30], [31] is formulated as a weighted linear combination [32], [33] of the following objectives: 1) The
maximum value of the motor power squared; 2) The square of the torque in the elastic coupling; and 3) The
square of the torque in the torsion bar.

min  Z =k, max P? +k, max R? +k, max R (5)

where P is the electric motor power:

P=Mg, (6)
R1 is the torque in the elastic coupling:
R=c(a-9)+B(2-¢) (7)
Rz is the torque in the torsion bar:
R, =C,a + f,d (8)

ki (i=1,2,3) represents the weighting for the criteria;

Minimization of objective function (4) should be performed with the following constraints:
e  Constraints on generalized coordinate values g imposed by the system of differential equations (2),
solved under initial conditions (3);

e A constraint imposed by the value [a] of the angle o at the end of the simulation time interval
t=[0t]

(;z('[F ) = [a] 9)

This constraint is introduced to define the required value of the tilt angle of the working head;
e An interval constraint imposed on the angular speed of the motor, defined by technological
requirements of the mixing process:
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- min

A" <p<g™ (10)

where @™ and @™ are the lower and upper limits of the angular velocity.

To account for the presence of constraints, the objective function is extended with two additional penalty terms
U: and U, defined using the method of penalty functions [32]:

min  Z =k, maxP? +k, maxR* +k, max R? +k,U, + k.U, (11)

where:
U, =max(0,¢™ —¢ ) +max(0,¢, @™ )’ (12)
U, =(a(t)-[a]) (13)

and ks and ks are the corresponding weights.

Classic or modern metaheuristic methods [34] are appropriate for addressing the optimization problem. In this
instance, the optimization was conducted using the Powell method [35]. Based on the relative significance of
the individual components within the objective function (11) and employing a trial and error approach, the
following values of the weighting coefficients in (11) were chosen: ki=500, ko=1, ks=1, ks=500x10°, ks=1x10"2,
From a technological process perspective, it is advantageous that the value of [a] is close to n/2. The additional

analysis shows that the numerical error made due to the linearization of the system of differential equations is
negligibly small just up to values around [a] =0.1, which value is accepted in the constraint (9).

Table 2 shows the accepted intervals of the design variables and the optimum values reached. Table 1
illustrates the initial values for the design variables. The initial value of the objective function (11) is
2.015x10°, and the final value is 1.331x10’.

Table. 2 Design variables intervals and their optimal values.

Design variable Lower limit Upper limit  Optimal value
C1, [Nm] 30000 50000 49287.3
C2, [Nm] 2000 3000 2000

A1, [kg.m?] 0.3 0.5 0.442
B1, [kg.m?] 0.1 0.3 0.2
Az, [kg.m?] 3 7 3.05
B,, [kg.m?] 0.1 0.3 0.147
E,, [kg.m?] 0.6 1 0.6
Fa, [kg.m?] 0.2 0.4 0.293
a, [Nm] 200 600 416.3
b, [Nms] 0.5 10 0.901
T, [s] 0.1 0.3 0.230
S1, [Nms] 0.2 0.5 0.2
P2, [Nms] 0.2 0.5 0.2
&, [m] 0.0002 0.002 0.00052
e, [m] 0.001 0.2 0.05
m, [kg] 100 140 123.12

Figure 17 — Figure 22 shows graphs of selected mechanical system output characteristics. Within each
Figure, position 1 shows the plot at the values of the initial parameters, and position 2 is the plot subsequent
to optimization. One can see from Figure 20 and Figure 21 that the constraints for & and ¢, are satisfied.
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4 Conclusion

The results of the dynamic analysis and multi-objective optimization of the innovative mixer present
compelling evidence for several significant findings. Firstly, in the continuous operation mode of the mixer,
the work head exhibits reduced movements around the z-axis of the torsion bar, resulting in reduced efficiency
compared to the favored start-stop modes. Start-stop modes can be readily achieved through straightforward
technical methodologies. Secondly, small motor time constant values lead to substantial positive gradients of
the transient process, leading to damped oscillations around the mean-integral values of the torques in the
coupling and the torsion bar. On the other hand, large time constant values significantly alter the torque
characteristics of the electric motor. Thirdly, optimizing the mixer's design variables made it possible to
determine optimal values of the system parameters, leading to the minimization of the torques in the elastic
coupling and torsion bar, as well as the electric motor power. Optimization considers that linearization
introduces some error in the mathematical model, which explains why the tilting angle of the working head is
limited by a constraint. The new elastic suspension developed for the work head is simple to implement and
does not require significant investment, making it an attractive option for competitive industrial applications.
Our future aim is to investigate the mathematical model of a mixer, incorporating an extra degree of freedom
into its design, thereby enhancing its functionality and output characteristics.
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