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Abstract. The floor and ceiling functions appear often in mathematics and manipulating
sums involving floors and ceilings is a subtle game. Fortunately, the well-known textbook
Concrete Mathematics provides a nice introduction with a number of techniques explained
and a number of single or double sums treated as exercises. For two such double sums we
provide their single-sum analogues. These closed-form identities are given in terms of a
dual partition of the multiset (regarded as a partition) of all b-ary digits of a nonnegative
integer. We also present the double- and single-sum analogues involving the fractional part
function and the shifted fractional part function.
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1. Introduction

In this paper, we are concerned with computing some sums involving floor and ceiling
functions, presenting several new formulae that refine previously known results. For
the reader’s convenience, we start by stating some basic definitions.

Let  be any real number. The floor of x is defined as the greatest integer less
than or equal to z, that is, |z] = max{n|n <z, n € Z}. The ceiling of = is the
least integer greater than or equal to x, that is, [#] = min{n |n >z, n € Z}. For
every n € Z and x € R we have [n+ x| =n+ |z] and [n+ 2] = n+ [z]. Finally,
the fractional part of x is {x} = = — |z]. We sometimes call |x] the integer part of
x since x = || + {z} with 0 < {z} < 1. For every n € Z and 0 < z < 1 we have
{n+za}=u

Throughout the paper we use the Iverson notation [4], which encloses a true-or-
false statement P in brackets, whose result is 1 if the statement is true, and 0 if the
statement is false. For example,

Gkl Hisk
0, ifj#k.
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Our main result is a closed-form expression for the sum

+ bt
)

k>1

where b > 2, 0 < j < b, and n is any nonnegative integer. The sum is infinite, but

only finitely many of its terms are nonzero, and thus it is a well-defined integer. The

new formula is a refinement of the known identity >, > V'”;,’CMIJ =n [3, Ex.
E>10<j<b

44, p. 44]. In the second part of the paper, we obtain the closed-form expression for

the single-sum ceiling analogue

x + jbF
Z bk-‘,—l ’

0<k<log, x
and in Section 4, for the following double- and single-sum fractional analogues:

> s {5

0<k<log, n 0<j<b

n+ jb*
Z phti [

0<k<log, n

2. Sums involving the floor function

We start with a problem which appears as an exercise in the book Concrete Mathe-
matics [2, Ex. 22, p. 97], but which can be traced back to a much older collection of
the 400 best problems [5, Problem 4346, p. 48]. This problem concerns the evalua-

tion of the sum S(n) = Y | % + 4| and we state two most common ways of dealing
k=1
with it.
In the first approach, for a fixed integer k, let fi(n) = blk + %J The function

T — g5+ % is clearly a continuous, monotonically increasing function. If 5% + % =
m € N for some n, then we have fi(n—1) < fr(n). For what value(s) of n does this

happen?

2k—1
er =m = n=212m-1).
2 —_———
odd
Hence, fr(n—1) < fx(n), when n = b-28=1 with b odd. For given n, there is exactly
one b with that property. So, for fixed n, let b be odd and such that n = b - 2k»—1
for some k,, > 1. We have

S(n) = > fe(n) and S(n —1) = >~ fu(n - 1),

k>1 k>1
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and fi(n) = fr(n—1) for every k # k,,. For k = k,, we have fi,_ (n) = fr, (n—1)+1,
so S(n) = S(n — 1)+ 1 and thus by induction S(n) = n.
The second approach to evaluating S(n) (which appears in the original solution)
uses binary expansions. Suppose n’s binary expansion is
n = (CmCm—1-"C1C0)2,
ie.,
n=cm2™ + Ccm_12"" 1+ + 12 + ¢,

where each ¢; is either 0 or 1 and the leading bit ¢, is 1.
We claim that only digits ¢ for s > k — 1 contribute. To show this, we consider

> 28
ﬁ + 1 — SZO + —_
2k 9| T ok 2

= 2052371€ + %

—_

_SZO
T S N P e
S S 2
[0<s<k—1 s>k ]
S L I S
S S 2
s>k 0<s<k—1 ]
= ch2s_k + Cp_1.
s>k

By summing over k > 1 we get

Zwﬁr;J =Y+ D ek

k>1 k>0 E>1s>k
= E cr + g g 257k
k>0 s>11<k<s
e+ Sesog
= Cp C
f2-1
k>0 s>1
:E Ck‘f’E 2805—5 Cs
k>0 s>1 s>1
= E 2%¢c,
s>0
=n.

More generally, for every base b we have the following identity: [3, Ex. 44, p. 44]

I e 0

k>10<j<b
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To prove it, we can use the following replication identity [2, 3.26, p. 85]:

] + {H;J + {eriJ +~~+{x+mlJ = |mz]

m

which leads to

-3l - [5)

=n.

To move toward a new refined result (stated in Theorem 1 below) we need more
notation. For every base b > 2 let n’s b-ary expansion be n = (¢;¢m—1 -+ co),, that
is,

n=cmb™ + Cpp_1b™ L+ 4 b+ ¢,
where ¢; € {0,1,...,b—1}, m = |log, n], and where the leading b-ary digit ¢,, is
nonzero. Consider the multiset of b-ary digits {cg,c1,...,cn} and let sp(n) denote
the sum of all b-ary digits of n, that is,

[log;, 7] [logy, n]
sp(n) = sp Z csb’ | = Z Cs.
s=0 s=0

Let A = A(n,b) = (A1 > A2 > --+ > \;;,) be the partition containing the b-ary digits
{co,c1,...,cn} in descending order and let X' = N (n,b) = (A} > Xy > -+ > X _;)
be the transpose of the partition A. This follows Macdonald’s notation [7]. Note
that )\9 is the number of b-ary digits greater than or equal to j and, since there are
no digits greater than b—1, we set A to be 0 . For example, let n = 1024 and b = 3.
We have 1024 = (1101221)3. Then s3(1024) =8, A=(2>2>1>1>1>12>0)
and X = (6 > 2).

Remark 1. Observe that both A and X are partitions of the number sy(n), i.e.,
ssn)=[A= Y N= > N
0<j<m 0<j<b

Theorem 1. For every base b > 2, fized j, 0 < j < b, and for every nonnegative
integer n we have the following identity:

n+ jbF1 n — sp(n)
k>1

For j = 0 and b = p prime, we obtain the right equality of the well-known number

theoretic formula: n)
n n—sy(n
ot = Y| 5 | = 2
=1 LP p—1
where v,(m) is the multiplicity of p in the factorization of m.
First, we state and prove an auxiliary result.
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Lemma 1. For every base b, let n’s b-ary expansion be n = (CyCm—1 -+ Co), with
0<cs; <b—1 for every s and 0 < j < b. Then for every k

ck+J | Ch-1 Co .
{ o +"'+bk+1J=[Ck+32b].
Proof of Lemma 1. Since
cr+J Cl—1 Co 2b—2 b—1 b—-1
{ b b2 Jr'“erk-i-lJS b + b2 +"'+bkj
2 111 11
PTvTr e T T E
P S
T b bktT
< 2,

the integer part Lckﬂ + C" L4 b,fﬂj is either 0 or 1.
For ¢;, +7 > b we have [”‘ﬂ + % 4+ 58] =1, and if ¢ +j < b, we have
¢k +7 < b—1, thus

ck+7J  Cr_1 Co b—1 b-1 b—1
OS{ —+ *"'*kaJS — ottt e
PO S S
S Tr e e
1
- prt1
= 0.

O

Proof of Theorem 1. By substituting n with the b-ary expansion of n and by
using Lemma 1 we obtain

S5

k>1 k>1b
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= Z chbsfk + Z [ck—1+J > 1] (by Lemma 1)
k>1s>k k>1
=Y e (B0 b+ e = b— ]
s>1 s>0
b —1
:ch- + Ay
= b—1
— 1 bS )\/
Tbh—1 Do ==Y e | + X
s>1 s>1
1 S !/
S DI D D PV
s>0 s>0
n — sp(n)
=33 + Xy

The double-sum formula (1) then follows immediately:

Corollary 1. For every base b > 2 and for every nonnegative integer n we have the

following identity:
=n.

kE>10<j<b

Proof. By changing the order of summation the left-hand side is equal to:

353 Ln—mb’“ 1J S Z{n—&-]b’“ 1J

k>10<5<b 0<j<bk>1
= Z (W + )‘Zj) (by Theorem 1)
0<j<b B
=n—sp(n) + (No—1+ -+ A1)
=n.

3. Sums involving ceiling function

Now we turn our attention to the well-known ceiling analogue of Formula (1). A
double sum [2, Ex. 39, p. 99]

x + jb*
> 2 |
0<Ek<log;, =z 0<j<b

is equal to (b — 1) (|log, ] + 1) + [z] — 1 for every real number z > 1 and every
integer b > 2.
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More generally, we state the following refinement of this formula. Again, let
b > 2 be any base, let n := [z] and let n = (¢nCm—1 - - - o), be n’s b-ary expansion,
A= A(n,b) and X' = N(n,b), as before, partition of the multiset of the b-ary digits
of n and its transpose. Note that m = |log, n] is the position of the leading digit in
n’s b-ary expansion. We also define v4(n) := max {k [ b¥\n}. We shall evaluate the
sum for every fixed j, 0 < j < b.

Theorem 2. For every base b > 2, fized j, 0 < j < b, and for every real x > 1 we
have the following identity:

x + jbF n—sp(n) .
Z { il -‘: b1 +m+)\§,,j+[cyb(n)7éb—3]7 (3)
0<k<log, x

where n = [z] and m = |log,n| is the position of the leading digit in n’s b-ary
expansion.

Proof. Let b > 2,0 < j < b and 0 < k < log, « be integers and f(z) = Ibtiblk.
Then f is a continuous, monotonically increasing function. Suppose f(z) = z € Z.
Then we have x = 2b*T! — jb* € Z and, since f satisfies the necessary conditions [2,
(3.10), p. 71], we can conclude that [f(x)] = [f ([z])] for all z € R. Then

T + jbF n + jbk
Z "karl-‘: Z [bkﬂ :

0<k<log, = 0<k<log;, =

Suppose n’s b-ary expansion is
n = (CmCm—1"""C1C0)b,

ie.,
n=Cmb™ + 1 b™ L+ -+ bt + o,

where each ¢s € {0,1,...,b— 1} and the leading digit ¢,, is nonzero.

z 4087 [ n j
> |5 - T [
0<k<log, x 0<k<log, x

= > |Tiat
- pk+1 b
0<Ek<log, = [ s>0

SbS SbS o
- Z Z §k+1+z;+1+%

0<k<log, = [ s>k+1 0<s<k

_ Z Z Csbsfkfl

0<k<log, = s>k+1

e +J | Ch-1 Co
+ Z { b + b2 +“'+bk+1-"
0<k<log;, =
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By changing the order of summation, the first (double) sum is equal to:

Z Z csbs—k—l _

>

cbt > bk

0<k<logy = s>k+1 1<s<log;, z+1 0<k<s—1
1-b7°
— s—1
B Z Csb "1 _p1
1<s<log;, z+1
bs—l _ b—l
= > o TIop 1
1<s<log;, x+1
- > ey
B T b—1
1<s<log;, z+1
— 1 bs
S S S
1<s<log, z+1 1<s<log, x+1
_n—s,(n)
b-1
The second (single) sum is bounded by
ck+i  cp1 co (2b—2 b—1 b—1
[ b + B2 +"'+bk+1-‘— b B2 T pRtT
_ _2 2 1 1 1 1 1 1
B R R R A A oo
[ 1 1
=12 3" bk-i-l—‘
<2
Hence, [0 4 521 4. 4 0] s either 1 or 2.

For ¢y +j > b we have |25 4

ck+7<b—1and
1< ’VCk“"J' Ck—1

co
b +b2

R+l

|

Forcy+j=0band cp_1 =cp_o ="
vp(n) =k and
ck+J
B

+

C’g;1+~--+b,f%W:2.Forck+j<bwehave
[0—1 b-1 b—1

S|y T Tt

__1 1 1 1 1 1 1 1
B R A R - R VR e
I 1

=1 b’f—l—‘

=1.

-+ = ¢g = 0 we have that b* exactly divides n, so
Cr—1 Co

> +-~-+bk+1wzl.
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Furthermore, for ¢, + j = b and at least one ¢; > 0 with 0 < s < k — 1 we have
"Ck+] +Ck 1 _i_,.._|_b]f%“ = 2. So:

ck+J  Ck-1 Co )
> [ -+ +~-~+bk+11—m+1+/\2_j[cyb(m—bj]
0<k<log, x

=m+ X+ [en o) # 0]

Finally, we have

x + jbF n—sp(n) .
> { pET w_ o1 T N+ e # 0]
0<k<log;, =

O

Corollary 2. For every base b > 2 and for every real x > 1 we have the following

identity:
x + jbF
E: E: { pE+1 -‘Z(b—l)(m—&—l)—kn—l,

0<k<log, x 0<j<b
where n = [z] and m = |log,n| is the position of the leading digit in n’s b-ary

expansion.

Proof.

x4 joF ] x + jbk
DD B E-ct ol B D i
0<k<log, z 0<j<b 0<j<b 0<k<log, x

- Z <nbib1(n)+m+1+>\;)_j [Cyb(n)bj]>

0<j<b
—n— sy (n)+ (b—1) (m+1)

+ > Ny = [ =b—1J])-

0<j<b
It remains to prove that
Y (M= [enm=b-3]) =s(n) ~ 1.
0<j<b

By Remark 1, >° A\,_; = sy (n). We can also see that
0<j<b

> lewm =b—i] =1

0<j<b

This is true because there is exactly one k that v(n) = k. Since c,, () > 0 and
j ranges from 1 to b — 1, the required digit that makes expression [c,,b(n) =b— j]
equal to 1 must also occur and also exactly once.
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Finally, we have

0<k<log, z 0<j<b

=n—sp(n)+b-1)(m+1)+s(n)—1
=b-1)(m+1)+n—1.

4. Sums involving fractional part function
In the following theorem, we obtain the fractional analogue of the floor and ceiling

formulae (2) and (3). Esser, Tao, Totaro, and Wang [1 ] considered signed fractional
function g(z) = x + L, — xJ which takes values in < 5 2] and proved that

. k k
>o(3) (=) -
=0

Here we give a formula for a sum where a standard fractional part function is used.

Theorem 3. For every base b > 2, fized j, 0 < j < b, and for every nonnegative
integer n. we have the following identity:

S T = (s — ) + ] -

0<k<log, n

where m = |log, n| is the position of the leading digit in n’s b-ary expansion.

Proof. Consider n’s b-ary expansion as before.

+ jbF $b°
Z {n(,Ichl} Z bk+1+%

0<k<log, n 0<k<log, n | s=>0

sb° sb°
= > Z§k+1+zgk+1+%

0<k<log, n | s>k+1 0<s<k

b
> VX

0<k<log, n | 0<s<k
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The inner sum is bounded by

ck+J  Cp-1 Co 26—2 b-1 b—1
b + B2 +”'+bk+1— b + b2 T Pkt
o, 11
Ty bkt
<2

<o

s s . . s s 3 gbS s .
So,{ C,gfl—ki}lselther > %—l—%or >, g +i—L Forep+j5>0b
0<s<k <s<

we have > gk_l:_1+% Zland{ > lfkfil +i} = > lf;fﬁr%fl. For cx+j < b
0<s<k

we have ¢ +j < b—1 and

o b—1 b-1 b—1
{Ck+]+c’“1+~~+ C°}§{++~+ }

b b2 pe+1 b b2 T pE+L
1
=1 ph—1
<1
We conclude that { b+ {7} = ob + 4.
0<s<k 0<s<k

Therefore,

n+ bk csb® G .
s ()5 (st e

0<k<logy, n 0<k<log, n \0<s<k

s—k— J
= Y e X e (logn) 12— X

0<s<log, n s<k<log, n

p—1 — ps—llog, n|-2

- Y . - +(m+1)T -
1-1 b
0<s<log, n b
1— bsfmfl ] ,
D DR R manl Ul
0<s<log, n
Cs > egb® .
0<s<log, n 0<s<log, n J ’
= — 1) — .
b1 1) T UL A

1 n j

O

Finally, by simple summation of the formula in Theorem 3 over 0 < j < b, the
closed-form formula for the double-sum fractional analogue reads:
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Corollary 3. For every base b > 2 and for every nonnegative integer n we have the
following identity:

n+ jo* b—1 n
Z Z { bk-l—l = (m + 1) 92 - bm+17
0<k<log, n 0<j<b
where m = |log, n| is the position of the leading digit in n’s b-ary expansion.
Proof. By changing the order of summation the left-hand side is equal to:

S T S (5 (e ) g )

0<j<b0<k<log, n 0<y<b

n b(b—1)
= sp(n) — G +(m+1) T sp(n)
b—1 n

O

Yet another among 400 best problems [5, Problem 4375, p. 50] concerns the
summation of the following function:

z—|z] —%(={a}—13), ifzisnot an integer;
((z)) = e
0, if x is an integer.

This function is basic for the definition of the well-known Dedekind sum [6, Def.
5.1, p. 92]. Here we can easily obtain the closed-form analogues of single and double
sums for this function.

Remark 2. For0 <k <log,n and fized j, 0 < j < b, only one among the fractions
n+ jb*
bk+1

15 an integer.

m
Proof. If vy(n) = k, then ¢, # 0 and n = Y ¢:b°, where m = |log, n|. Then
s=k

n+jbF e +j N
perL g + Chg1 + Crgpab+ -+ epb™TFL

Then ¢, = b — j gives the only integer value of the fraction above. O

Theorem 4. For every base b > 2, fixed j, 0 < j < b, and for every nonnegative
integer n. we have the following identity:

n + jb* 1 n
S () =it (- )
0<k<log, n

J 1 1 .
+(m+1) (b_2>_ ;ij—'—i[cl/b(’n):b_j]?

where m = |log, n| is the position of the leading digit in n’s b-ary expansion.



FORMULAE INVOLVING FLOOR AND CEILING FUNCTIONS 315

Proof. Consider n’s b-ary expansion as before.

n+ jbF
> (e
0<Ek<log, n
n+ jb* 11 ,
iy {le} > §+§me:b*ﬂ

0<k<log, n 0<k<log, n

1 n J m+1 1 .

1 1 1 .
:ﬁ(sb(n)—bm%)—&-(m—i—l) (b_2> —Ag,j-i-a[cyb(n):b—j].

O

Corollary 4. For every base b > 2 and for every nonnegative integer n we have the
following identity:

> () -i-w

0<k<log, n 0<j<b b+ 2 bmt
where m = |log, n] is the position of the leading digit in n’s b-ary expansion.
Proof. Note that by Remark 2, the sum Z % [c,,b (n) =b— ]} is equal to 2 5

> Z(5)

0<k<log, n 0<j<b

-y (bil(%on-yﬁH)—%wn+1)<i-;)—-Z-j+;[@am>=b—JD

0<j<b
n bb—1) b1 1
= sb(n) — W + (m + ].) (2() — 2) - Sb(n) + Z B [Cz/b(n) b_.j]
0<j<b
1 n
T2 Al

We hope that our summation techniques may be applied further in number the-
ory, approximation theory or elsewhere.
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