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ABSTRACT. A mized dihedral group is a group H with two disjoint
subgroups X and Y, each elementary abelian of order 2", such that H is
generated by X UY, and H/H' = X x Y. In this paper, for each n > 2,
we construct a mixed dihedral 2-group H of nilpotency class 3 and order
2% where a = (n® +n2 +4n)/2, and a corresponding graph %, which is the
clique graph of a Cayley graph of H. We prove that ¥ is semisymmetric,
that is, Aut(X) acts transitively on the edges but intransitively on the
vertices of ¥. These graphs are the first known semisymmetric graphs
constructed from groups that are not 2-generated (indeed H requires 2n
generators). Additionally, we prove that X is locally 2-arc-transitive, and is
a normal cover of the ‘basic’ locally 2-arc-transitive graph Kon an. As such,
the construction of this family of graphs contributes to the investigation of
normal covers of prime-power order of basic locally 2-arc-transitive graphs
— the ‘local’ analogue of a question posed by C. H. Li.

1. INTRODUCTION

Many graphs with a lot of symmetry arise from constructions based on
groups. These include Cayley graphs, and more generally arc-transitive coset
graphs, all of which are vertex-transitive. More recently the Cayley graph con-
struction was extended to a theory of bi-Cayley graphs in [25] which led to the
construction of the first (to our knowledge) infinite family of semisymmetric
graphs based on finite 2-groups.
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Semisymmetric graphs.  These are regular graphs (that is, each vertex
has the same valency) which are edge-transitive but not vertex-transitive.
They have been studied for more than 50 years. In 1967, in what is perhaps the
first paper published on the subject, Folkman gave a method for constructing
examples of semisymmetric graphs from abelian groups [5, Theorem 4] and
posed a number of questions, notably he asked for all values of v,k such that
there exists a semisymmetric graph on v vertices (that is, of order v) with
valency k. By 2006, all cubic (valency 3) semisymmetric graphs on up to 768
vertices had been enumerated, (by Ivanov [13] for orders up to 28 in 1987, and
the rest by Conder et. al. [2]). Ming Yao Xu alerted the third author that
the list contained no examples with 2-power order, and it turned out that the
theory of bi-Cayley graphs developed in [25] could be applied to construct, for
each n > 2, a cubic semisymmetric graph of order 22”7 which is a bi-Cayley
graph for a 2-group H of order 22"*6. The group H was 2-generated with
derived quotient H/H' 22 Can x Can and |H'| = 25. An additional family of
semisymmetric bi-Cayley graphs was given by Conder et. al. [3, Example 5.2
and Proposition 5.4] in 2020. This time the graphs had order 4n and valency
2k, with k£ odd, and were constructed as bi-Cayley graphs for a dihedral
group Dy, of order 2n, with the requirement that some element of Z; has
multiplicative order 2k. Thus although the valencies in this new family were
unbounded, the groups used in the construction were still 2-generated.

Our aim in this paper is to present a new infinite family of semisymmetric
graphs based on very different kinds of 2-groups. For each n > 2 we construct
(see Definitions 1.1, 1.2 and Theorem 1.3) a semisymmetric graph of order
on’(n+1)/24n+1 and valency 2", based on a 2-group H with H/H' = C3"
(which implies that H requires 2n generators). The idea for our construction
came from our recent paper [10] where we studied a natural Cayley graph
I'(H) for a group H (not necessarily a 2-group) with disjoint subgroups X,Y
such that X 2 Y =2 C%, H = (X,Y), and H/H' = C2" (Definition 1.1). It
turns out that, in the case where I'(H) is edge-transitive, its clique graph has
many desirable properties [10, Theorem 1.6]. Here we apply this theory to
an explicit family of such groups H with nilpotency class 3 and show that
the associated clique graphs of the Cayley graphs I'(H) are semisymmetric
(Theorem 1.3).

Locally 2-arc-transitive graphs. In making this construction we had an
additional objective in mind. Our construction produces semisymmetric
graphs which are locally 2-arc-transitive (Theorem 1.3). The 2-arcs in a graph
Y are vertex-triples (u, v, w) such that {u,v} and {v,w} are edges and u # w,
and ¥ is said to be locally (G, 2)-arc-transitive if G < Aut(T") and for each
vertex u, the stabiliser G,, is transitive on the 2-arcs (u,v,w) starting at wu.

For a finite connected locally (G, 2)-arc-transitive graph X, the group G
is edge-transitive, and either G is vertex-transitive or X is bipartite and the
two parts of the vertex-bipartition are the G vertex-orbits. Such graphs had
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been extensively studied since the seminal work of Tutte [24] in the 1940s,
and more recently the second author (in 1993 [20, Theorem 4.1] for G-vertex-
transitive graphs, and in 2004 with Giudici and Li [7, Theorems 1.2 and
1.3] for G-vertex-intransitive graphs) identified a sub-family of ‘basic’ locally
(G, 2)-arc-transitive graphs such that each finite connected locally (G, 2)-arc-
transitive graph is a normal cover of a basic example (see Section 2.1 for
a discussion of these concepts). This new approach allows effective use of
modern permutation group theory and the finite simple group classification to
study these graphs. We note that, if a locally (G, 2)-arc-transitive, G-vertex-
intransitive graph ¥ is a normal cover of a basic graph ¥y relative to some
subgroup N < G, then ¥y may have additional symmetry not inherited from
G} in particular ¥¢ may be vertex-transitive. Moreover > may have additional
symmetry, say a larger group G of automorphisms properly containing GG, and
not normalising N, such that G does not induce a group of automorphisms of
9. Thus in studying these properties we need to consider the graph group
pair (%, G).

The family of ‘basic’ graphs that are covered by the graphs in our con-
struction are the complete bipartite graphs Kon on, which of course are vertex-
transitive. They form one of a small number of families of basic locally
(G, 2)-arc-transitive, G-vertex-transitive graphs of prime power order clas-
sified in [14], sharpening the classification arising from [12, 20, 21] for prime
power orders (see Subsection 2.1). They also arise, as we prove in Theo-
rem 1.3, as basic graphs covered by G-vertex-intransitive, locally (G, 2)-arc-
transitive graphs of 2-power order. It would be good to have an extension
of Li’s classification (of the vertex-transitive examples) to all basic regular
locally (G, 2)-arc-transitive graphs of prime power order. We note that there
are some examples of vertex-intransitive, basic locally (G, 2)-arc-transitive
graphs of prime power order that are not regular graphs, for example the
stars K pe_1 with G = Spa_1, but any regular graphs with these properties
will have order a 2-power.

PrROBLEM 1.1. Classify the basic, regular, locally (G,2)-arc-transitive
graphs of prime power order. In particular, are there any additional bipartite
examples which are not already in Li’s classification [14, Theorem 1.1]7¢

Li [14, pp. 130-131] was “inclined to think that non-basic 2-arc-transitive
graphs of prime power order would be rare and hard to construct”, and posed
the problem [14, Problem]| of constructing and characterising the normal cov-
ers of prime power order of the basic graphs in his classification. We would
like to expand this problem to include covers of all basic graphs arising from
Problem 1.1. Here, as in [10], we focus on covers of the graphs Kon on.

1.1. The main result. The general family of groups and graph construc-
tions we will study are specified in Definition 1.1. One of the graphs is a
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Cayley graph Cay(G, S) for a group G with respect to an inverse-closed sub-
set S C G\ {1} (that is, s71 € S for all s € S): it is the graph with vertex
set G and edge set {{g,s9} : g € G,s € S}.

DEFINITION 1.1. Let n be an integer, n > 2.

(a) If H is a finite group with subgroups X,Y such that X =Y = C¥,
H = (X,Y) and H/H' = C2"™, where H' is the derived subgroup of H,
then we say that H is an n-dimensional mixed dihedral group relative
to X and Y.

(b) For H,X,Y as in part (a), the graphs C(H,X,Y) and X(H,X,Y) are
defined as follows:

(1.1) C(H,X,Y)=Cay(H,S(X,Y)), with S(X,Y) = (XUY)\ {1};
and ¥ = X(H, X,Y) is the graph with vertex-set and edge-set given by:

V(S)={XhYh:he H},

(1.2) E(S) = {{Xh,Yg}: h,g € H and XhNYg # 0}.

While this construction was used in [10, Theorem 1.8] to obtain an infinite
family of (vertex-transitive) 2-arc-transitive normal covers of Kan on of order
a 2-power, our interest here is semisymmetric examples. This is a much more
delicate problem, and requires us to analyse a new infinite family of mixed-
dihedral 2-groups H(n), which we now define.

DEFINITION 1.2. Let n > 2 be an integer and let Xg = {x1,...,Zn},
Yo ={v1,...,yn}, and consider the group

H(n) = (XoUYo | R)

where R is the following set of relations: for x,x' € Xo, v,y € Yy, and
z2,2',2", 2" € XgUYy,

2= 1, [CL’,Q?/] = [y,y’] =1, [£C7y]2 =1, H%x]ay/] =1,
[[%y}vz}z =1, [[[Zazl]azlmzm} =1

It turns out that, for these groups, the graph X(H(n), X,Y) is semisym-
metric and is a locally 2-arc-transitive normal cover of Kan on.

THEOREM 1.3. For n > 2, the group H(n) in Definition 1.2 is an n-
dimensional mized dihedral group of order (W +nt4)/2 pelative to X = (Xo)
and Y = (Yo), and the graph S(H(n),X,Y) as in (1.2) is semisymmetric
and locally 2-arc-transitive, of valency 2" and order 2”2("+1)/2+"+1, and is a
normal cover of Kan on.

REMARK 1.4. The smallest case in Theorem 1.3 is that of n = 2. Here
|H(2)| = 21°, and ¥ = £(H(2), X,Y) has order |V ()| = 2% and valency 4. A
computation in GAP [6] shows that | Aut(X)| = 215 - 35, considerably larger
than the subgroup A := H(2) - A(H(2),X,Y) = H(2) - (GL2(2) x GL2(2)) of
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FIGURE 1. Distance diagrams at the vertices X (upper) and
Y (lower) for the smallest graph ¥ = ¥(H(2), X,Y) in The-
orem 1.3. It has 512 vertices and valency 4. Here each node
represents an orbit of the stabiliser of the relevant vertex (X
or Y) in the full automorphism group of ¥. Computations
performed in GAP [6].

order 21232 used in the proof of Theorem 1.3 (see also Lemma 2.3 and Theo-
rem 4.5 (5)). To give some insight into the structure of ¥ we computed, again
using GAP, the distance diagrams for % from the vertices X and Y. These
are shown in Figure 1, and demonstrate that ¥ is locally 3-distance-transitive.
The two diagrams exhibit strikingly different structure from distance 4 on-
wards. In fact, the stabilisers Aut(3)x and Aut(X)y of the vertices X and
Y are non-isomorphic subgroups of order 27 - 3°. Further computations, per-
formed in GAP and Magma [1], show that

1. Ox(Aut(X)) = H(2).Y = C%, lies in H(2), is faithful and regular
on the Aut(X)-orbit containing the vertex X, and has four orbits of
length 64 on the Aut(X)-orbit containing Y. The normal quotient of
¥ modulo Oz(Aut(X)) is the ‘star’ Kj 4.

2. Also A is self-normalising in Aut(X), and there are exactly 896 sub-
groups of Aut(X) of order 256 that act semiregularly on V(X)) with
orbits the two parts of the bipartition. Hence, at least in the case
n = 2, the graph ¥ is a bi-Cayley graph of some 2-group.

This paper is organised as follows. In Section 2, we outline the notation
used in the paper and give several preliminary results, including Lemma 2.3
which summarises several properties of the graphs C(H, X,Y) and ¥(H, X,Y)
which we will need, and which were proved in [10]. In Section 3, we investigate
the structure of the group #(n), and in Section 4 we prove Theorem 1.3.

2. NOTATION AND PRELIMINARY RESULTS FOR GRAPHS

All graphs we consider are finite, connected, simple and undirected. Let
" be a graph. Denote by V(T'), E(T") and Aut(T") the vertex set, edge set, and
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full automorphism group of T, respectively. For v € V(T'), let I'(v) denote the
set of vertices adjacent to v. A graph I is said to be regular if there exists an
integer k such that |I'(v)| = k for all vertices v € V(I'). A graph I is bipartite
if E(T') # 0 and V(I') is of the form A U A’ such that each edge consists of
one vertex from A and one vertex from A’. If T is connected then this vertex
partition is uniquely determined and the two parts A, A’ are often called the
biparts of T'.

For a graph I', let G < Aut(I"). For v € V(I'), let G, = {g € G
v9 = v}, the stabiliser of v in G. We say that I' is G-vertez-transitive or
G-edge-transitive if G is transitive on V(T') or E(T), respectively, and that T
is G-semisymmetric if T is regular and G-edge-transitive but not G-vertex-
transitive. When G = Aut(T'), a G-vertex-transitive, G-edge-transitive or
G-semisymmetric graph I' is simply called vertez-transitive, edge-transitive
or semisymmetric, respectively. The 2-arcs in a graph I' are vertex-triples
(u,v,w) such that {u,v},{v,w} € E(I') and v # w. A graph I is said to
be locally (G, 2)-arc-transitive if G < Aut(T') and, for each u € V(T'), G, is
transitive on the 2-arcs (u, v, w) starting at u, or equivalently, see [7, Lemma
3.2], G, is 2-transitive on the set I'(u). Similarly, when G = Aut(T"), a locally
(G, 2)-arc-transitive graph I' is simply called locally 2-arc-transitive. There
is a considerable body of literature on locally 2-arc-transitive graphs, see for
example [4,7,15,17,20].

2.1. Normal quotients and normal covers of graphs. The normal quotient
method for investigating vertex- or edge-transitive graphs proceeds as follows.
Assume that G < Aut(T") is such that I' is G-vertex-transitive or G-edge-
transitive. Let N be a normal subgroup of G such that N is intransitive on
V([). The N-normal quotient graph of T' is defined as the graph 'y with
vertices the N-orbits in V(I') and with two distinct N-orbits adjacent if there
exists an edge in I' consisting of one vertex from each of these orbits. If T’
is regular, and if I'y and I" have the same valency, then we say that I' is an
N-normal cover of T'y.

If T is connected and is a regular, locally (G, 2)-arc-transitive graph, and
if N is intransitive on each G-vertex-orbit, then (by [20, Theorem 4.1] and [7,
Lemma 5.1)) also I'y is a connected, regular locally (G/N,2)-arc-transitive
graph, I' is an N-normal cover of 'y, and N is semiregular on V (I'), that is,
each N-orbit has size |[N|. Such a graph I is said to be basic (or sometimes G-
basic, to emphasise dependence on G) if there is no suitable normal subgroup
N to make such a reduction; that is, if each nontrivial normal subgroup N of G
is transitive on at least one G-orbit, forcing the quotient I'y to be degenerate,
namely either K; or a star K ; for some k£ > 1. In some cases the G-basic
graphs can be determined: Li’s classification in [14] shows that the G-basic
graphs of prime power order, in the case where G is vertex-transitive are
one of: Kon on (the complete bipartite graph), K,» (the complete graph),
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Kon on — 27K, (the graph obtained by deleting a 1-factor from Kon on) or a
primitive or biprimitive ‘affine graph’ (by which, see [14, p.130], Li meant the
graphs in the classification by Ivanov and the second author in [12, Table 1]).

2.2. Cliques, clique graphs and line graphs. A clique of a graph T is a
subset U C V(I') such that every pair of vertices in U forms an edge of T'. A
clique U is maximal if no subset of V(I") properly containing U is a clique.
The clique graph of T is defined as the graph X(I") with vertices the maximal
cliques of I" such that two distinct maximal cliques are adjacent in X(I") if
and only if their intersection is non-empty. Similarly the line graph of T' is
defined as the graph £(I") with vertex set E(T") such that two distinct edges
e e’ € E(T') are adjacent in £(T") if and only if e Ne’ # 0.

2.3. Cayley graphs and bi-Cayley graphs. A group G of permutations of a
set V(') is called regular if it is transitive, and some (and hence all) stabilisers
G, are trivial ilt is unfortunate that this conflicts with the usage of ‘regular’
as defined above for graphs of ‘constant valency’). More generally G is called
semiregular if the stabiliser G, = 1 for all v € V(T'). So G is regular if and
only if it is semiregular and transitive.

Let I' = Cay(G, S) be a Cayley graph on G with respect to S, and note
that T" is connected if and only if S generates G. For any g € G define

R(g) : x — zg for x € G and set R(G) = {R(g9) : g € G}.

Then R(G) is a regular permutation group on V(I') (see, for example [22,
Lemma 3.7]) and is a subgroup of Aut(Cay(G,S)) (as R(g) maps each edge
{z, sz} to an edge {xg, szg}). For briefness, we shall identify R(G) with G in
the following. Let

Aut(G, S) = {a € Aut(G) : S* = S}.

It was proved by Godsil [8] that the normaliser of G in Aut(Cay(G,S)) is
G : Aut(G,S). Now Aut(G,S) is the stabiliser in G : Aut(G,S) of the
vertex l¢g, and in the case where I' = Cay(G, S) is connected, Aut(G, S) acts
faithfully on S =T'(1g).

Cayley graphs are precisely those graphs I' for which Aut(I") has a sub-
group that is regular on V(I"). For this reason we say that a graph T is a
bi-Cayley graph if Aut(T") has a subgroup H which is semiregular on V(I)
with two orbits. The following result from [10] will be useful.

LEMMA 2.1 ([10, Lemma 2.6]). Let I' be a connected (G, 2)-arc-transitive
graph, and let w € V(I'). Suppose that T is an N-normal cover of Kan an, for
some normal 2-subgroup N of G. Then T is bipartite, and one of the following
holds:

(1) T is a normal Cayley graph of a 2-group;
(2) T is a bi-Cayley graph of a 2-group H such that G < Nawyry(H);
(3) N <Aut(T).
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Moreover if the stabiliser G, acts unfaithfully on I'(u), then part (3) holds.

The next result is developed from [16, Theorem 1.1] for the case of lo-
cally primitive bipartite graphs I'. For G < Aut(I'), we denote by GT, the
subgroup of G (of index at most 2) that fixes both biparts of V(I") setwise.
The proof uses the following concept: a permutation group G < Sym(V) is
biquasiprimitive if each nontrivial normal subgroup has at most two orbits in
V', and there exists such a subgroup having two orbits.

LEMMA 2.2. Let " be a connected bipartite graph of order 2™ and valency
2™ with m > n. Assume that T' is vertex-transitive and locally primitive,
and that Aut(T'), is not faithful on I'(u), for some uw € V(I'). Then n > 2,
and there exists N < Aut(T") such that N is a 2-group, N < Aut(T')* and is
semiregular on V(T'), T is an N-normal cover of 'y, and T'y = Kon on.

PRrROOF. Let X = Aut(T"), and note that n > 2, since if n = 1 then T is
a cycle and X,, = Cy is faithful on I'(u). Let N < X be maximal subject to
the condition that N has at least three orbits on V(I') (possibly N = 1), let
X = X/N, and let XT be the normal subgroup of index 2 in X which fixes
both parts of the bipartition of I'. By [19, Lemma 1.6], or see [18, Theorem
1.3], N is semiregular on V(T"), and hence N is a 2-group since |V (I")| = 2.
Also, by [18, Lemma 3.1], the quotient Iy is bipartite and N < X+, so Xt /N
is an index 2 normal subgroup of X with orbits in V(G ) the two biparts of
I'y. Moreover, by the maximality of N, each nontrivial normal subgroup of X
has at most two orbits in V(I'y), and hence X is bi-quasiprimitive on V (T'y).
By [18, Theorem 1.3], I'y is X-locally primitive and I' is an N-normal cover
of T'y. Thus I'y also has valency 2", and I'y has order 2¥ = |V(T')|/|N| for
some k > n > 2. If 'y = Kgn o= then the result holds, so we may assume
that FN % K21L72n.

Then by the third paragraph in the proof of [16, Theorem 1.1] (and using
[16, Lemmas 3.3 and 4.2]), X has a subgroup G satisfying N < G < X such
that G is faithful and regular on each of the biparts of V(I'), and moreover I'
is a bi-Cayley graph of G of the form I' = T x Ky (the direct product of T
and Ky), where T = Cay(G, S) is a Cayley graph of G with respect to some
subset S of G. Further, I'y and X satisfy [16, Lemma 3.3(ii) or (iii)]. If [16,
Lemma 3.3(ii)] holds then by the second last paragraph in the proof of [16,
Theorem 1.1], T' is a normal Cayley graph of G x Cy, say I' = Cay(G x Cs, 5”).
However in this case Aut(T") = (G x C3) : Aut(G x Cs,5") and as noted above
Aut(G x C4,5") is the stabiliser in Aut(I') of the vertex u = 1gxc, and acts
faithfully on I'(u). Hence X, is faithful on I'(u), and this is a contradiction.
Thus [16, Lemma 3.3(iii)] holds, and then the last paragraph in the proof
of [16, Theorem 1.1] shows (since |V/(I')| = 2) that the quotient Ty = K
(a direct product of ¢ copies of Ka-) of valency (2" — 1)*. However in this
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case, the three graphs I', T and T have the same valency 2" > 4, which is
a contradiction. ]

2.4. Mized dihedrants and their clique graphs. We record the properties
we will need of the graphs from Definition 1.1.

LEMMA 2.3 ([10, Lemmas 4.1-4.2]). Let H be an n-dimensional mized di-
hedral group relative to X andY with | X| = Y| =2" >4, andlet C(H, X,Y)
and X(H,X,Y) be the graphs defined in Definition 1.1. let ¥ = ¥(H, X,Y),
and G = H : A(H,X,Y), where A(H,X,Y) is the setwise stabiliser in
Aut(H) of X UY. Then the following hold.

(1) ¥(H,X,Y) is the clique graph of C(H,X,Y).

(2) The map ¢ : z = {Xz,Yz}, for = € H, is a bijection ¢ : H —
E(X(H,X,Y)), and induces a graph isomorphism from C(H,X,Y) to
the line graph L(X(H, X,Y)) of X(H,X,Y).

(3) Aut(C(H,X,Y)) = Aut(2(H, X,Y)) = Awt(L(X(H, X,Y))).

(4) The group G acts as a subgroup of automorphisms on ¥ as follows, for
h,z€ Hyo € A(H,X,Y), and ¢ : H — E(X) as in part (2):

Vertex action: h:Xz— Xzh, Yz—Yzh o:Xz— X729, Yz—Y%2°
Edge action: h:¢(z) = p(zh) o:o(z) = p(27)

The subgroup H acts reqularly on E(X) and has two orbits on V(X).
In particular, this G-action is edge-transitive.

(56) The H'-normal quotient graph X g+ of ¥ is isomorphic to Kan an and
admits G/H' as an edge-transitive group of automorphisms. Moreover,
Y is an H'-normal cover of Kon on.

(6) A(H,X,Y)) = A(H, X,Y)XYY < (Aut(X) x Aut(Y)) : Cy, which is
isomorphic to (GL(n,2) x GL(n,2)) : Cy, where the Cy interchanges
Aut(X) and Aut(Y) (acting by conjugation) and interchanges X and
Y (in its actions on C(H,X,Y) and X).

3. NOTATION AND PRELIMINARY RESULTS FOR GROUPS

For a positive integer n, C,, denotes a cyclic group of order n, and Do,
denotes a dihedral group of order 2n. For a group G, we denote by 1, Z(G),
®(G), G', soc(G) and Aut(G), the identity element, the centre, the Frattini
subgroup, the derived subgroup, the socle and the automorphism group of G,
respectively. For a subgroup H of a group G, denote by C(H) the centraliser
of H in G and by Ng(H) the normaliser of H in G. For elements a, b of G, the
commutator of a,b is defined as [a,b] = a=tb~tab. If X, Y C G, then [X,Y]
denotes the subgroup generated by all the commutators [z,y] with z € X and
y € Y. We will need the following result concerning p-groups.

LEMMA 3.1 ([23, 5.3.2]). Let G be a finite p-group, for some prime p, and
letp" = |G : ®(G)|. Then, ®(G) = G'GP, where G? = (¢g? | g € G). Moreover,
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every generating set for G has an r-element subset which also generates G,

and in particular, G/®(G) = C}.

3.1. Some results on commutators in arbitrary groups. We first cite the
so-called Witt-Hall formula.

LEMMA 3.2 ([9, 10.2.1.4] or [23, 5.1.5(iv)]). Let z,y,z be elements of a
group G. Then

HZ‘, y_l]’ Z]y : [[yv Z_l]v w]z : sz x_l]’ y]z =1
Using the Witt-Hall formula above, we obtain the following lemma.

LEMMA 3.3. Let a,b,c be elements of a group G such that G’ is abelian.
Then
Ha7 b]’ C] : [[b7 C]va] : Hcv a}v b] =1

PrOOF. By [23, 5.1.5(iii)], [b,a71]® = [b,a]~! = [a,}], and so we have

[[b,a=1],c]® = [[b,a=1]%,¢?] = [[a,b],cc,a]], which by [23, 5.1.5(ii)]) equals
[[a,b],[c,a]] - [[a,b],c]l*. Since G is abelian, this becomes [[a, D], c[c,a]] =
[[a,b],c]. Thus [[b,a™],c]* = [[a,b],c]. Similarly [[a,c™],b]¢ = [[c,a],b] and
[[c,b71],a]® = [[b, c], a]. The assertion now follows from Lemma 3.2. d

3.2. Basic commutators in free groups. In this section, we recall some
theory for commutators of a free group, following Marshall Hall’s [9, Charpter
11].

3.2.1. Formal commutators in free groups. Let F' be the free group on
the ordered alphabet A = {aq,a3,...,a,}, where r > 1. For j > 1, the formal
commutator ¢; of F', and its weight w(c;), are defined by the rules:

(1) For j =1,2,...,7, ¢; = a;, and these are the commutators of weight
1; d.e., w(a;) = 1.

(2) If ¢; and ¢; are (formal) commutators, then [¢;,¢;] is a (formal) com-
mutator, say ¢k, and w(ck) = w(c;) + w(c;).

3.2.2. Basic commutators of weight ¢ in free groups. Let F be the free
group on the ordered alphabet A = {a1,a2,...,a,}, where r > 1. For each
positive integer ¢, we define as follows the set BCy of basic commutators of F'
of weight ¢, together with a total ordering on U,>1BC,:

(1) BCy ={ay,...,a}, and we choose the ordering a1 < ag < -+ < a,.
Let ¢ > 1, and assume inductively that U;<,</BC, has been
defined and ordered.
(2) Then the set BC, consists of all the commutators [c;, ¢;] that satisfy
the following three conditions:
(a) ¢,¢j € Ui<uceBC,, with £ = w(c;) + w(cy);
(b) cj < ¢
(c) If ¢; = [cs, ], where ¢g, ¢; € Ui<ucyBCy, then ¢; < ¢;.
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(3) The ordering on Ui<,<¢BC, is extended to Ui<,<¢(BC, as follows:
we choose an arbitrary order on the set BCy, and if ¢; € BC, and
¢j € Ui<u<tBC,, we define ¢; < ¢;.

We next record the nature and sizes of the two sets BCy and BC3, using the
following arithmetic facts.

LEMMA 3.4. Letn € N withn > 2. Then

(a) [{(i,4) : 1< j <i<n}| ="l
n(n—1)(2n—1) _

(b)|ja(z,],nlz):1§j<z§n, and j < k < n}| = 5

ER
1<j<i<n, andj <k <nk #d}| =202

- - . - . 7137774
(d) [{(3,4,k): 1<j<i<m, andj<k<n}|="5"

PROOF. (a) For a fixed j, the number of 7 is n — j, and Z;L:_ll (n—3j) =
n—1, __ n(n—1)
= =5

(b) For a fixed j, the number of i,k is (n — j)?; and Z;:ll(n —-j)? =
(n—1)n(2n—1)

6
(¢) The number of these triples is equal to the number of triples in part
(b) minus the number of triples (i, j,7) with 1 < j < ¢ < n, which is @
by part (a).
(d) The number of these triples is equal to the number of triples in part
(b) plus the number of triples (4, 7, j) with 1 < j < i < n, which is % by
part (a). d

LEMMA 3.5. Let r > 1 and F be the free group on the ordered alphabet
A={ay,as,...,a,}. Then

-1
BC; ={[ai,a;]: 1 <j<i<r}, with, |BCQ|:%’

’1"3—7‘

BC; = {[[ai,as],a] : 1 < j<i<rand j <k <r}, with BCs|=

PrROOF. The set BC, is as claimed (by conditions (2)(a) and (2)(b) in
the definition of BC; with £ = 2), and |BCy| = T(%l) as it is in bijection with
the 2-subsets of {1,...,r}. Next, each element of BCj3 has the form [c;, ¢y]
with w(e;) = 2,w(cy,) = 1 (since ¢, < ¢;), and so ¢, = ay, for some k € [1,7]
(by condition 1) and ¢; = [a;,a;] with 1 < j < i < r (as we have just seen)
and j < k (by condition 2(c)). Thus BCj is as claimed. By Lemma 3.4(c),
the number of elements [[a;, a;],ax] € BCs with1 <j<i<rand j<k<r

is 5 = [BC. 0
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The following result is known as the Basis Theorem where, following [9],
for each k£ we denote the k-th term of the lower central series of a free group
F by F},. Note in particular that F5 = F”’, the derived subgroup of F.

THEOREM 3.6 ([9, Theorem 11.2.4]). Let F' be the free group on the or-
dered alphabet A = {a1,as,...,a,}, where r > 1, let £ > 1, and suppose that
Ur<u<eBCy = {c1,..., ¢} with c; < ca < --- < ¢,. Then each f € F has a
unique representation

S S S
f=c'c?...¢i' mod Fyqq,

for some integers s; and, modulo Fypy1, BCy forms a basis for the free Abelian
group Fy/Fyy 1.

We complete this section with three results about the quotient F'/Fy.

LEMMA 3.7. Let F, Fy and BCy be as in Theorem 3.6. Then
(1) F' = F, = (BCy, F);

(2) F3 = <BCg7F4> and F3/F4 S Z(F/F4),

(3) (F/Fy) = F'/Fy is abelian.

PRroOOF. Recall that Fy is the derived subgroup F’. By Theorem 3.6,
BCyF; = {cF5 | ¢c € BCy} is a basis for the free abelian group F'/F3, and
BC3Fy = {cFy | ¢ € BC3} is a basis for the free abelian group F3/Fy. It
follows that F3 = <BCg, F4>, F' = <BCQ,F3> = <BCQ, B037F4> and F//F4 =
(BCyFy,BC3Fy). In particular, part (1) is proved.

Let ¢ = [[a;,a;],ar) € BCs. Then, for each a € F, the commutator
[c,a] € Fy, and hence cFy € Z(F/Fy). Since F3 = (BCgz, Fy) this implies that
F;/F, < Z(F/Fy), proving part (2).

Since Fy < F', we have (F/Fy)' = F'/Fy. We have shown that F'/F, =
(BCyFy,BC3F}), and by part (2) each element of BC3F, commutes with
each element of BCoFy and BC3Fy. Thus to prove part (3) it remains to
prove that each pair of elements of BCyFy commute. So let [a;,a;],c € BCs.
Then

([ai,aj]F4)CF4 = [af,af]Fy = [c e, cilajc]F4
= [C_lcai[aivc]vc_lcaj [ajac]]F4 = [ai[aiac]aaj[ajvc]]F4'
For all k < r, [c,ar] € F3 by the definition of F3, and hence [ag,c] € F3.
Therefore, by part (2), [a;,c]Fy and [a;, c|Fy are contained in Z(F/Fy). It
follows that ([a;,a;]F1)" = [a;,a;]Fy. Thus [a;,a;]Fy and cFy commute,
and part (3) is proved. O

LEMMA 3.8. Let ', A, F; be as in Theorem 3.6. Then, for any a;, a;,ay €
A,

(1) (afFa)® " = a? - [[as, a5], a] - [ai, a5] Fy,

i

(2)  (lai, a; P Fa)™* = [a;, a5]? - [[ai, a5], ax]* Fa,
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(3) [ai,a;] = [aj, ai] ™,
(4) Ha’jv a’i]v ak]F4 = [[aiv a’j]717 ak]F4 = (Haiv aj]? ak]F‘l)il!
(5) [lai a;], anlFy = ([laj, ax], a;] Fa) =" - [[as, ax], a;] Fy.
PROOF. (1), (2) By Lemma 3.7 (2), [[a;,a;],a;]Fy € Z(F/Fy). We use
this fact for the last equalities of the following two computations in F'/Fy,
which prove parts (1) and (2).

(a?Fy)%ts = aj_la?ajE; = aj_laiajai[ai,aj]E;

= aj ‘ajasla, ajlailas, a;)Fy = af[ai, a;)[[ai, a5), ai)[ai, a;] Fy
= a;[lai, a;], aillai, a;]* Fi.

(Jai, aj]*Fa)™ " = a; Vag, a;)?ar Fy = ay, ai, ajlag|ai, a;)[[a;, a;], a) Fy
= a3, axlai, a;)[as, a;), ax)(as, a;)llas, aj], ar] Fy
= [as, a;1*[[as, a;), ax]* F.

(3) This follows directly from: [a;, a;] = (aj_lai_lajai)*l = ai_laj_laiaj =
[ai,aj].

(4) By part (3), we have [[a;,a;], ax] = [[a;,a;] 7', ax]. Then, by a direct
computation or [23, 5.1.5(iii)], we have [[a;, a;]7", ax] = ([[ai, a;], ag]l@-9:]) =1,
Lemma 3.7 (3) then implies that

[[ai, a;] ™" ar]Fy = ([[as, aj), ar] Fa) ™,

proving part (4).
(5) By Lemma 3.7 (3), F'/F, is abelian and hence, by Lemma 3.3, we
have

[[ai, aj), ax] - [[a;, ar], ai] - [[ak, ai], ;] Fa = Fi.
Since, by part (4), ([[ak, a;],a;]Fs)~" = [[a;, ak], a;]Fy, it follows, again using
the fact F’/Fy is abelian, that

[[ai, aj], ax)Fa = ([laj, ax], ai] Fa) ™" - [[ai, ar], aj] Fa.
This proves part (5), completing the proof. d

We end this section by considering a certain subgroup K of F' containing
Fy.

LEMMA 3.9. Let F, A, Fy be as in Theorem 3.6, and let
K = <F47 a'i27 [Cli, a‘j]27 Ha'ia a/j]y ak]27 [[ai7 G;j], ai] : i7j7 k S [1a T]>
Then the following hold.
(1) K<F, and K is also generated by Fy U By, where By is the set:

{azzv[ai>aj]27[[aivaj]vak}25[[aivaj]’a@]
l<j<i<r j<k<r k#i Le{i,j}};
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(2) FFK/K = Cg(r_l)(%_l)m and {cK : ¢ € BCy U Dk} is a basis for
F'K/K, where Dig = {[[a;,a;],a1] : 1 <j<i<r, j<k<r k#i},
and BCs is as in Lemma 3.5;

(3) F/F'K = (5.

PROOF. (1) Since F' = (A), to prove that K JF it is enough to show that
b® € K (or equivalently that (bFy)*f" € K/F}), for any a € A and any element
b in the given generating set for K. Let a € A. By Lemma 3.8 (1) and (2) we
have (a?Fy)**4, ([a;, a;]>Fy)*" € K/Fy for all i, j. The remaining generators,
of the form [[a;,a;],ax)?, [[ai,a;],a;], all lie in F3, and by Lemma 3.7 (2),
F3/Fy < Z(F/F;). Tt follows that (bFy)* = bF, € K/F, for each of these
generators also. Thus K < F.

To prove the second assertion of (1) let Ky := (Fy, Bx). We show that
each of the given generators for K lies in Ky. Each of the generators a? lies
in Bx C Ko. By Lemma 3.8 (3), [a;,a;] = [aj,a;]"!, and hence each of the
generators [a;, a;)? lies in K. For a generator z = [[a;, a;], a;] with i,j € [1,7],
if j=dithenz =1¢ Ky, if j < i then x € Bx C Ky, while if j > i then
z € [laj,a;],a;)7'Fy C Ky (by Lemma 3.8(4)). It remains to consider the
generators of the form = = [[a;, a;],ax]?. If i = j then x = 1 € K{ so we may
assume that ¢ # j. If k = ¢ then we have just shown that [[a;, a;], ar] € Ko
so x € Ky and we may assume also that k #£ i. If k = j then, by Lemma 3.8
(4), [lai,aj],a;] € [[a;,a;],a;]~ ' Fy which we have shown lies in Ky so again
x € Ky. Thus we may assume that i, 7,k are pairwise distinct. Let m =
min{s, j,k}. If m = j then x € Bx C Kop; if m = i then by Lemma 3.8 (4),
z € [[aj,ai],ar]"2Fy C Ko; and if m = k then by Lemma 3.8 (4), modulo Fy,
z = [[aj, ar],a;] 72 - [[a;, ax], a;]?, and each factor lies on Ky so z € Ky. Thus
all generators lie in Ky and hence Ky = K. This completes the proof of part
(1).

(2) Now F'K/K = F'/(F' N\ K) = (F'/Fy)/(F' 0 K)/Fy) (note that
Fy < KNF'). By Lemma 3.7 (3), F'/Fy is abelian, and hence F'/(F' NK) is
abelian. Moreover, by [11, Hilfsatz 1.11], F” is generated by [a;, a;]9 for i,j €
[1,7] and g € F. Then since each [a;, a;]*> € K, it follows that F'K/K = C}",
for some m, and we need to find m.

Note that, by Lemma 3.5 and the definition of Dy, BCs is the disjoint
union BC3 = Dg U S where S = {[[a;,a,],a;) : 1 < j <i<r £e{ij}}
(and note that S C Bx C K). By Lemma 3.7, F/ = (BCy,BC3, Fy) =
(BCq, Dk, S, Fy), and since K contains Fy U S, it follows that {zK : z €
BC; U Dk} is a generating set for F'K/K =2 CT'. We will show that it is in
fact a basis using Theorem 3.6. 1t is helpful to consider the following subgroup
H such that Fy < H < K,

H = <F4, [ai7aj]27 Haivaj]vak]Qv [[alﬁaj}?a’@]
1<j<i<r, j<k<r k#i, KG{i,j}>.
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By part (1) we have K = (H,a? : i € [1,r]), and it follows from Lemma 3.8 (1)
that each a?H belongs to Z(F/H), so K/H is abelian. Also H/F, < F'/F},
and F’'/F, is abelian by Lemma 3.7 (3), so also H/F, is abelian. For con-
venience, we let BCy = {c1,...,¢s} and D = {dy,...,d:}. Suppose that
gK = K, for some g = cf* ---cfj*d{l ---d{t with ey, ..., eq, f1,..., ft € {0,1}.
Then g € K, so gH lies in the abelian group K/H = (a?H : 1 < i < r),
and hence g = (a?)%(a3)’---(a?)’h for some integers /1,0, ..., ¢, and
some h € H. Also hF, lies in the abelian group H/F,, and hence h =
A 2T @ | where iy, jy, are integers and B’ € (Fy, [[as, a;], af] :
1<j<i<r, Le{ij}). Thus

Steectdt L dlt Ry = gFy

= (@) (@) (@) ) B AP,

However, by Theorem 3.6, gF; has a unique representation of the form
gFy =ddy - -d5 Fy,

where d,db,...,d,, € U3_BC, = {a;,la;,a;],[[ai,aj],a] : 1 < j <i <
r, j < k < r} and the s, are integers. It follows that ¢; = 0 (1 < i < r),
er =2ir (1<k<s), fr =2jk (1 <k<t)and b/ € Fy. Since ey, fr € {0,1},
this implies that e = eg = -+ = es = f1 = fo = --- = f = 0. Thus
aK,...,csK,diK...,d;K is a basis for F'K/K = CJ*, as asserted, and
m = |BCQ U DK|.

Finally we determine this cardinality. By Lemma 3.5, |BCz| = r(r—1)/2,
and |Dk| = g e

r(r—1 3 2 3 2 —1D(2r—1
(r )+ r ry 7 77;+f r(r—1)(2r—1)
2 2 6 6

m =

This completes the proof of part (2).

(3) Since F/ < F'K < F, it follows that F/F'K is a quotient of the
abelian group F/F’ and hence F/F'K is abelian, generated by {a,F'K :i €
[1,7]}. Moreover since each a? € K < F'K, the group F/F'K = Ci" for some
m < r. Suppose that

aftay?---a"F'K = F'K,
where eq,...,e, € {0,1}. Then af'a5?®---ai"F' = kF' for some k € K,
and it follows from part (1) that kF’ = a>71a2’...a2/"F' for some in-
tegers fi,..., fr. Thus a$'aS?---a& F' = a?Ma3>...a2"F'. By Theo-
rem 3.6, a1 F’ asF’, ..., a,F' form a basis for the free abelian group F/F’,
and this implies that e; = 2f; for each i. Since each e; = 0 or 1, we have
e1 = ey = --- = e, = 0. Therefore, a1 F'K,a,F'K, ... ,a,F'K form a basis
for F/F'K, and F/F'K = C%. O
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4. STRUCTURE OF H(n)

The goal of this section is to investigate the order, the subgroups and the
automorphisms of the group #H(n) in Definition 1.2. First we obtain a lower
bound for the order of H(n).

PRrROPOSITION 4.1. Let F, A, Fy be as in Theorem 3.6, with r = 2n > 4,
and write A = Ay U By, where Ag = {a; : 1 <i<n} and By = {ap+i: 1 <
i < n}. Also let K be the subgroup defined in Lemma 3.9, and let H(n) be the
group defined in Definition 1.2. Define

I =(K,[a,d'], [b,V],[[a,a'], ], [[b,b], ], [[b, a], U]
: a,a’ € Ag,b,b' € By,ce A),

Then the following hold.
(1) K<I<FI=FK,I<F, and (F/I)/(F/I) 2 F/F'I = C3".
(2) I is also generated by K U Dy, where Dy is the set

{[aia aj]v [an+ivan+j]7 [[aia aj]vak]v Hai’ a’j]v anJrf]v
[[an+i7 a/’nr‘rj]; an+k]7 Ha’n+ia an+j]7 az]a [[a’n+i'7 a/f]a an‘l’j/]
1<j<i<n, j<k<n, 1<j <i<n, 1<0<n, k#i}.

(3) I/K = C§ with v = (13n® — 15n* + 2n)/6, and F'I/I = C3 with
u = (n3+n?)/2; moreover F/I is nilpotent of class 3 and order |F/I| =
2(n3+n2+4n)/2'

(4) The map ¢(x;) = a;l and ¢(y;) = anyil, for each i = 1,... ) n,
defines an epimorphism ¢ : H(n) — F/I. In particular, |H(n)| >
2(n3+n2+4n)/2.

PROOF. (1) By definition, K < I, and F'K contains each of the given
generators for I, so I < F'K. This implies that F'I] < F'K, and on the other
hand F'K < F'I,so F'I = F'K. Next we prove that I<IF. Since Fy < K < I
and F3/F, < Z(F/F,) (by Lemma 3.7(2)) and K < F (Lemma 3.9), it follows
that, for each z € F35N I, y € K, and z € F, the conjugates z* € xF, C [
and y* € K < I. Thus to prove that I < F'| it is sufficient to prove that, for
each a,a’ € Ag, b,/ € By and ¢ € A, the conjugates [a,a’]%, [b, b']¢ both lie
in I. Now [a,d']® = [a,d'][[a,d], c] and both factors lie in I, so [a,a’]® € I.
Similarly [b,0']¢ € I, and hence I < F. Finally (F/I)’ = F'I/I, and hence
(F/I)/(F/I) =2 F/F'I = F/F'K which, by Lemma 3.9(3), is isomorphic to
C3". Thus part (1) is proved.

(2) Let Iy = (K, Dy), with Dy as in (2). Then Iy < I and we show that
equality holds by proving that each of the given generators for I lies in Ij.
First K lies in the subset so Fy < K < I, and it follows from Lemma 3.8(3)
that each [a, a'] and [b, V'] lies in Iy. Next we consider z := [[a,d’],c]. If a = d
then z = 1 € Iy, while if ¢ € {a,ad'}, then z € K (using Lemma 3.9 and
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Lemma 3.8(4)), and again « € Iy. Otherwise a,d’, ¢ are pairwise distinct; if
¢ € By then, by Lemma 3.8(4), 2*! F; contains an element of Dy of the form
[lai,a;], ante] and hence z € Iy, while if ¢ € Ay then z is of the form z =
[lai, a;], ax] with ¢, j, k < n and pairwise distinct. In this case, if min{i, j, k} #
k then either z € Dy or = Fy contains [[a;, a;],ax] € Dj, by Lemma 3.8(4),
and if min{i, j, k} = k then by Lemma 3.8(5), xF; contains a product of two
elements of Dy. In all cases x € [y. An analogous argument shows that
each [[b,b'],¢] € Ip. Finally consider x := [[b,a],b]. If ¥/ = b then z € K
so take b’ = anqjs # b = apyy and a = ag. If ' > j’ then x € Dy C I,
so we may assume that ¢/ < j’. By Lemma 3.8(4) and (5), modulo Fy,
x = [[@ntir, r], ant ;] satisfies

T = [[an+j’vad7an+i’} : HanJri’vanJrj/]»aZ]

= [[an-i-j/v a’dv an-i—i’} . Han-&-j’; an+i’]; a@]_la

and each of these factors lies in Iy, so x € Iy. We conclude that Iy = I.

(3) Note that F'I/I = F'/(F' N I), and F' NI contains F' N K since
Fy, < K < I. Hence F'/(F' N 1) is a quotient of F'/(F' N K), and by
Lemma 3.9(2), F'/(F' N K) & F'K/K = C;0~DC=D/6 _ osn’=6n*+n)/3
(as |A] = r = 2n), with basis {¢(F' N K) : ¢ € BCy U Dk} where Dg =
{llai;ajl,ax) : 1 < j<i<2n, j<k<2n, k#i}, and BCy is as in
Lemma 3.5. Since F'K = F'I, we deduce that F'I/I = C¥ and I/K = C3,
for some wu, v such that u+v = (8% — 6n? +n)/3.

Let By = {[b,a] : a € Ag,b € By}. Then |Bs| = n? |BCs| = n(2n — 1)
(Lemma 3.5), and BCsy is the disjoint union BCy = (BCs N Dy) U By with
IBCy N Dr| = n? — n. We obtain a similar partition of Dx. Suppose that
z € Di and z € I. Then z = [[c, ], ¢"] for certain ¢, ¢, ¢’ € A. First we show
that ¢/, " € Ag and ¢ € By. If ¢ € By, then by the definition of Dg also
¢,d” € By and z is an element of D of the form [[an+s, @n+j], @nyr], which
is a contradiction, so ¢’ € Ag. Next, if also ¢,c” € Ag then z would be an
element of Dy of the form [[a;, a;], ax], which is a contradiction, so at least
one of c¢,c” lies in By. If ¢ € Ap then we must have ¢” € By and then z is
an element of Dy of the form [[a;, a;], an+e], which is a contradiction. Thus
¢ € By. If also ¢’ € By, then z is one of the given generators for I of the form
[[b, a],b'], which is again a contradiction. Hence ¢’ € Ag, and our assertions
are proved. Thus such elements z have the form z = [[an44, a;], ax], for some
i,j5,k € [1,n]; and as z € Dg we have j < k. Let

By i={llanti sl an] + 1<k <n, 1<i<n)

Then by Lemma 3.4, |B3| = n-n(n —1)/2 = (n® —n?)/2, and Dk is the
disjoint union D = B4 U By with By C I. Now |Dg| = 82° — 4p? 4 4o
(Lemma 3.9), so |B}| = |Dg| — | B3| = (13n3 — 21n? + 8n) /6.
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An analogous argument to that in the proof of Lemma 3.9(2) shows that
{c¢I : ¢ € BaUBs} forms a basis for F'I/I = C¥ and hence u = |By|+ |Bs| =
n? + (n® —n?)/2 = (n® + n?)/2. Thus by part (1), |F/I| = 22"** and
2n +u = (n® +n? +4n)/2. Also I/K = C¥ with v = |BC2 N I| + |B}| =
(n? —n) + (13n3 — 21n? + 8n) /6 = (13n3 — 15n% + 2n) /6.

To see that F/I is nilpotent of class 3, we note first that its derived
subgroup is (F/I) = F'I/I = C3". The second term in the lower central
series is F3I/I. It follows from Lemma 3.7(1) that F'I = (BCy, F5,I), and
hence F'I/F5I is generated by {cF3I : ¢ € BCy,c ¢ I}. We showed above
that BCy \ I = By has size n?, and hence F'I/F3] = C3? with us < n? < w.
The third term in the lower central series is FyI/I, which is trivial since
Fy < I. Thus F/I is nilpotent of class 3, as asserted. This completes the
proof of part (3).

(4) Setting ¢(z;) = a;I and ¢(y;) = anyil, for each ¢ = 1,...,n, we
have a map from the generating set for #(n) in Definition 1.2 to the set
{aI : a € A} of generators for F//I. Moreover, extending ¢ to a map on
words in these generators of H(n), for each relator w € R in Definition 1.2,
¢(w) = w'I such that either w’ € K or w’ is one of the given generators for
I. Thus the images ¢(x;), d(y;) (1 < ¢ < n) satisfy all the given relations
of H(n), and hence, by von Dyck’s Theorem (see [23, Theorem 2.2.1], the
extension of ¢ to H(n) — F/I is an epimorphism. This completes the proof
of the proposition. 0

Our next task is to prove that the epimorphism ¢ in Proposition 4.1(4)
is in fact an isomorphism. We need the following information about certain
commutators in H(n).

LEMMA 4.2. Let H(n) = (Xog UYy | R) be the group defined in Defini-
tion 1.2, where n > 2. Then,
(1) forall z,2' € XoUYy, [[2, 7], 2] = [[2, z} 2 =
(2) for z,2',2" € Xy UYO, we have [[z,2'],2"] € Z('H( ), [2,2'] = [¢, 2],
and [z,2']? = [[2,2'],2"]? = 1;
(3) the third term H(n)y of the lower central series for H(n) is trivial, so
H(n) is nilpotent of class at most 3.

PROOF. (1) We use the first few relations in R. Firstly, 22 = (/)2 = 1,
so (22')? = [2,2/]. If both 2,2’ lie in X or both lie in Y, then we have the
relation [z, 2'] = 1, and hence [[z,2'], 2] = [[2,2'],2'] = 1. So we may assume
that z € Xo, say, and 2’ € Yy. Then we have (22')* = [2,2/]?> = 1, and hence
(2,2')y = Dg or C3. In either case [z,2'] = (22/)? is centralised by z and 2/,
and this implies that [[z, 2'], 2] = [[z, 2/], 2] = 1. This proves part (1).

(2) Let u = [[2,2'],2"]. Then for all 2" € Xy UYy, [u, 2] € R and hence
[u, 2] = 1. Since [u,z'”] = u~'*" | this implies that « = u* , and hence
u € Z(H(n)). If both z, 2’ lie in Xy or both lie in Yy, then [z, 2] =[#/,2] =1
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and the other assertions follow. If z € X, and 2’ € Y, then [z,2']2 € R
and hence [z,2]> = 1, and this implies that [z,2']7! = [z,2/]. However
[2,2/]71 = [¢/, 2], and hence [2,2'] = [¢/,2]. Also u? € R in this case and so
u? = 1. Finally, if 2 € Yy and 2’ € Xy, then [2/,2]?> € R, and the argument
just given shows that [z,2] = [¢/,2] and [z,2/]> = 1. This implies that
u? = [[z,2'], 2")? = [[¢/, 2], 2], which lies in R and hence is trivial.

(3) By part (2), for all z,2/,2", 2" € XoUY, we have [[z,2/],2"] €
Z(H(n)) and hence [[[z,2'],2"],2""] = 1. On the other hand, by [11, Hilfsatz
1.11(a)], H(n)4 is generated by the set of all conjugates [[[z,2’], 2"], 2" of
such commutators by elements h € H(n), and hence H(n)4 is trivial. Thus

H(n) is nilpotent of class at most 3. o

PROPOSITION 4.3. Let H(n) = (XoUYy | R) be the group defined in Defi-
nition 1.2, wheren > 2, and let F; A = AgU By, I, K be as in Proposition 4.1.
Then the map ¢ : AI/I — XqUY} such that ¥(a;I) = z; and Y(an+il) = yi,
fori=1,...,n, defines an epimorphism v : F'/I — H(n), such that 1) is the
inverse of the map ¢ in Proposition 4.1(4). In particular H(n) =2 F/I and
|H(n)‘ _ 2(n3+n2+4n)/2'

REMARK 4.4. It follows from Proposition 4.1(1) that F/I is isomorphic
to the group with presentation F = (AqU By | F, U B U Dy), where By, Dy
are as in Lemma 3.9 and Proposition 4.1(2). In the proof we will work with
the group F.

PROOF. Interpreting F/I as the group F := (AgUBy | F4UBxUDy), the
map ¥ becomes a bijection v : AgNBy — XqUYy given by ¥ : a; — ;, apy; —
yi, for ¢ = 1,...,n. Consider the extension of ¥ to a map on words in these
generators of F', so that for each element (relator) w € Fy N By U Dy, 1(w) is
the same word in XoUYy. We check that ¢(w) is equal to the identity of H(n)
for each w and then apply von Dyck’s Theorem [23, Theorem 2.2.1]. If w € F}
then ¢ (w) = 1 since H(n) has nilpotency class at most 3 by Lemma 4.2(2).

Next we consider the elements w of By as in Lemma 3.9(1). If w = a
for a € Ay U By, then ¥(w) € R and so ¢(w) = 1. If w = [a,d']? or
w = [[a,d],a”]?, for a,a’,a” € Ag U By, then ¢(w) = 1 by Lemma 4.2(3).
Finally suppose that w = [[a,a’],a”], for a,a’ € Ag U By with o” € {a,da’}.
Then it follows from Lemma 4.2(1), that ¢(w) = 1.

Finally we consider the elements w of Dy as in Proposition 4.1(2). If
w = [a,d’] for a,a’ € Ag or a,a’ € By, then ¢(w) € R and so ¢(w) = 1. If
w = [[a,d’],a”], for a,a’,a” € AgUBy such that either a,a’ € Ag or a,a’ € By,
then again ¥ (w) = 1 since in these cases ¥ ([a,a’]) € R. Finally we consider
elements w = [[a,d'],a”], for a,a” € By and o’ € Ag. For these elements,
¥(w) € R and so ¥ (w) = 1.

It now follows from von Dyck’s Theorem [23, Theorem 2.2.1] that this
map 1 defines an epimorphism F — H(n). By the definitions, ¢ is the

2
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inverse of the map ¢ in Proposition 4.1(4), and hence H(n) = F/I. The order
|H(n)| = |F/I| follows from Proposition 4.1(3). |

4.1. Subgroups and automorphisms of H(n). The main purpose of this
subsection is to prove the following theorem.

THEOREM 4.5. Let H(n) be as in Definition 1.2 and let H(n)s be the third
term in the lower centre series of H(n). Then the following hold.
(1) For arbitrary z,x' € Xy, y € Yy, we have [[z,y],2'] = [[2/,y], z].
(2) H(n)/(H(n)") = C3", and H(n) is an n-dimensional mized dihedral
group relative to X := (Xo) and Y := (Yp).
2
(3) H(n) =W x H(n)s = Cy (D2 here
(a) W = <[xlayj} 01 S Zv] S Tl> = 0512’ and
2
(b) H(n)s = ([[wysloanl 1 1< ij <, i<k <n)=cy "2
and moreover H(n)s < Z(H(n)).
(4) For any a € H(n) and b,b’' € Y we have [[b,a],b'] =1 and [[a,b],V'] =
1.
(5) For any g € Aut(X) x Aut(Y'), g induces an automorphism of H(n).
(6) Letce X and letd €Y so that ¢ = 3, x4, ... 25, and d = y;,Yj, - - - Yj,
for some x;,, iy, ..., Ti, € Xo and Yj,,Yjs,---,Yj. € Yo, with these
expressions chosen so that k, ¢ are minimal. Then

edHn)s = JI  [wi. v ]H(n)s.

1<u<k,1<v<¥

ProOOF. (1) Let z,2" € Xy and y € Y. By Lemma 4.2 (2), any weight 3
commutator involving z,z’,y is in the center of H(n). Thus, by Lemma 3.2,
we have

Hxayil]wfﬂ/] : [[y7 (m/)il]v‘ﬂ : [[x/v‘xil]’y] =1

Since 22 = (2/)2 = y? = 1 and [z,2/] = 1 the above equation becomes
[[z,y],2'] - [[y,2'], 2] = 1, and hence [[z,y],2'] = [[y,2'],z]~!. Using the rela-
tions [[2,y],7]?> = 1 and [2/,y]?> = 1 (which implies that [2/,y] = [y,2']) we

have [[y, 2], 2]~ = [[2/,y], 2] 7! = [[2/, 9], ], and part (1) holds.

(2) Tt follows from Proposition 4.3 that H(n) = F/I, and from Propo-
sition 4.1 (1) that H(n)/H(n) = F/F'I = C3". Also, H(n) = (X,Y),
X =(Xo) =2 CF and Y = (Yp) = CF, by Definition 1.2, and hence, by Def-
inition 1.1(a), H(n) is an n-dimensional mixed dihedral group relative to X
and Y.

(3) By Propositions 4.3 and 4.1 (3), H(n) = F'I/I = C¥ with u =
(n® +n?)/2, and by [11, Hilfsatz 1.11(a) and (b)],

H(n) = ([2,2'] [[2,2'.2"]" | 2.2/, 2" € Xo U Yo, h € H(n)).

Also, by Lemma 4.2 (2), H(n)s < Z(H(n)) and hence [[2, 2], 2""]" = [[2, 2'], 2]
for each h € H(n). Let xz,2’ € Xy and y,y’ € Y. Since [z,2'] = [y,y'] =1
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are relations in R, the only weight two generators required are [z;,y;], for
1 <4,j < n, and for the weight three generators [[z, 2], 2”], we may assume
that one of z,2z’ lies in X and the other lies in Y. Since H(n)y = 1 by
Lemma 4.2(3), it follows from Lemma 3.8(4) that [[z,y], '] ™! = [[y, z],v'], and
since [[y, z],y'] = 1is arelation in R, also [[x, y], 3] = 1, and so the only weight
three generators required are those of the form [[y, z], 2'] or [[x, y], 2/]. Further
by part (1), [[z,y],2'] = [[2',y], ], and by Lemma 4.2 (1), [[z,y],z] = 1. Thus
we have

H(n)/ = <[xiayj]7 [[xivyj]7xk] | 1 S Za.] S n, 1<k S Tl>

Since there are precisely u = (n3 + n?)/2 generators in the generating set
above, and since H(n)" = C¥, we conclude that H(n) = W x H(n)s, where
W = <[xhyj] 1 < Zaj < TL> &= ng and H(n)3 = <[[xiayj]axk] 01 < Zvj <
n, i <k<n)= C’;ﬁ(n*l)/z.

(4) By part (3), we have [b,a] = gh where g € W and h € H(n)s.
Moreover, by part (3) we also have H(n)s < Z(H(n)). This implies that

[[b,a],b'] = [gh, '] = (gh) "' (b") " (gh)b' = g~ (') " gb' = [g,'].

Again by part (3), we have ¢ = wjwsy...w, for some wi,ws,...,ws €
{lzi,y;] : 1 <i,5 <n}. We will use induction on s to prove that [g,yx] = 1,
for any y, € Yy. In the proof of part (3) we showed that [[z;,y;], yx] = 1, for
all 4,7, k.

Thus, if s = 1, then [g, yx] = [w1,yx] = 1. Now assume that s > 1, and
assume inductively that [g,yx] = 1 if g € W can be expressed as a word of
length less than s in the generators. Then, by [11, Hilfssatz IT1.1.2(c)],

(9, yk) = [wrws ... ws_1ws, Y] = [wiws ... ws—1,Yk)"* [Ws, Yk),

and also [ws, yx] = 1 from the case s = 1. Since by part (3) the commutator
subgroup H(n)' is abelian, we have

[Q,yk] = [wlwz . ~-ws—1ayk]ws = [w1w2 . -~ws—1,yk].

By induction [wyws ... ws—1,yx] = 1, and hence [g,yx] = 1. This implies that
g commutes with every yi € Yy. Since Y is generated by Yy, it follows that g
centralises Y, and hence we have [g,0'] = 1. Thus, [[b,a],b'] = 1. By part (3),
H(n)' is an elementary abelian 2-group, so [b, a] = [b,a]~! = [a,b], and hence
also [[a,b],b'] = 1.

(5) Let (g1,92) € Aut(X) x Aut(Y), and let 2 = 2* and y, = yJ?, for
each i € {1,...,n}. Set Xy ={z} :i=1,2,....,n}and Y] = {y] : i =
1,2,...,n}. We will apply von Dyck’s Theorem (see [23, Theorem 2.2.1])
to show that the map ¢ : Xo NYy — H(n) given by x; — zf, y; — yi, for
i=1,...,n, extends uniquely to an automorphism ¢ of H(n). To do this, it is
sufficient to show that H(n) is generated by X{UY{ and that for every relation
W(T1y o s TpyY1y---5Yn) = 1 in R, we have w(al,..., 20, yl,...,y,) = L.
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First, X = (Xo) 2 Y = (Yy) =2 CF and H(n) = (X,Y), by the definition of
H(n). Also (X() = X and (Y§) =Y, by the definition of g; and go. Hence
H(n) = (X, UYy). Next we consider the relations. Let a,a’ € X{,b,0' € Yy
and ¢,¢’ € X, UY{. Then ¢* =1 and [a,a’] = [b,1'] = 1. By part (3), we have
[a,8], [[a,b],¢] € H(n) = C2™D/2 and thus, [a,b)? = 1 and [[a,b],¢? = 1.
By part (4), [[b,a],b'] = 1. Finally, [[[a,b],c],c] lies in H(n)s and hence is
trivial, by Lemma 4.2(3). This proves part (5).

(6) In the following we write, for convenience, w = w’ (mod H(n)s) if
and only if wH(n)s = w'H(n)s.

First we apply [11, Hilfssatz I11.1.2(c)] several times: [gh, f] = [g, f]" -
[, f1 =19, f] - llg; f, h] - [h, f], for any g, h, f € H(n). Writing ¢ = c'x;, , this
implies that [¢,d] = [¢/, d]-[|¢/, d], z;,] |24, , d], and since [[¢/, d], z;,] € Z(H(n)3)
(by part (3)), it follows that [¢,d] = [¢/,d] - [zi,,d] (mod H(n)s). Repeating
this k£ times we obtain

[e,d] = [ziy,d] ... [zi,d] (mod H(n)s).

Now we apply [11, Hilfssatz I11.1.2(b)] several times: [g, hf] = [g, f] - [g, h]f =
lg, f1-1g, hl-[[g, k], f], for any g, h, f € H(n). Writing d = d’y,,, this implies, for
all u, that [z;,, d] = [zi,, Yj,] [T, d]- [z, 4], y5,], and since [[z;,,d'],y;,] =1
(by part (4)), it follows that [z;,,d] = [zi,,¥;,] - [2i,,d']. Repeating this ¢
times for each u, and using the fact that H(n)'/H(n)s is abelian (by part (3)),
we obtain
[e,d] = H [zi,,y;,] (mod H(n)s).
1<u<k,1<v<e
This completes the proof. 0

5. PROOF OF THEOREM 1.3

Let H(n), X = (Xo), ¥ = (Yo) and R be as in Definition 1.2. By
Theorem 4.5 (2), H(n) is an n-dimensional mixed dihedral group relative
to X and Y. By Proposition 4.3, the order of H(n) is o(n’+n®+4n)/2 - ot
I'=C(H(n),X,Y) and ¥ = X(H(n), X,Y) be as in Definition 1.1. It follows
from Lemma 2.3(5) that ¥ has valency 2", and from Definition 1.1(b) that
V(Z)| = 2 |[H(n) : X| = 2% where a = 1+ (n® + n? +4n)/2 —n =
1+ (n3 4+ n? + 2n)/2. By Lemma 2.3(5), ¥ is a normal cover of Kon gn. It
remains for us to prove that ¥ is semisymmetric and locally 2-arc-transitive.

First we prove that ¥ is locally 2-arc-transitive. By Lemma 2.3(1), (3)
and (4), X is the clique graph of T, Aut(T') = Aut(X) contains G := H(n) x
A(H(n),X,Y), the group H(n) has two obits on V(X), namely {Xh : h €
H(n)} and {Yh : h € H(n)}, and H(n) acts regularly on E(X). Further
the stabiliser in G of the l-arc (X,Y’) of ¥ is the subgroup A(H(n), X,Y).
By Theorem 4.5(5), A(H(n),X,Y) contains Aut(X) x Aut(Y). By (1.2),
(X,Y,Z) is a 2-arc of ¥ if and only if Z = Xz for some z € H(n) such
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that Xz NY # 0. Thus Z = Xy for some y € Y and since Z # X, we
have y # 1. Since Aut(Y) = GL,(2) is transitive on Y \ {1} it follows that
Aut(X) x Aut(Y) is transitive on all the 2-arcs of the form (X,Y, Z), and
hence the stabiliser in G of X is transitive on all the 2-arcs of ¥ with first
vertex X. An analogous argument with X and Y interchanged shows that
the stabiliser in G of Y is transitive on all the 2-arcs of ¥ with first vertex Y,
and it follows that ¥ is locally 2-arc-transitive.

Showing that ¥ is semisymmetric is the most delicate part of the proof.
In the smallest case, where n = 2, a computation using Magma [1] shows that
Y is semisymmetric (see Remark 5.1 for a description of these computations).
Thus we assume that n > 3. By Lemma 2.3 (4), ¥ is edge-transitive. Thus,
to show that ¥ is semisymmetric it is sufficient to prove that Aut(X) is not
transitive on V(X). We suppose to the contrary that Aut(X) is transitive on
V(X), and seek a contradiction. Under this assumption ¥ is a 2-arc-transitive
graph of order a 2-power and valency 2" > 8. We shall process the proof by
the following four steps.

STEP 1. H(n) < Aut(X).

Let u =X € V(X), and let A := H(n) x (Aut(X) x Aut(Y)). Then by
(1.2), ¥(u) = {Yz : 2 € X}, and hence by Lemma 2.3(4) and Theorem 4.5(5),
the kernel of the action of Aut(o), on X(u) contains Aut(Y’). Thus Lemma 2.2
applies, and so there exists a 2-group M < Aut(X) such that M < Aut(X)™T,
M is semiregular on V(X), and ¥ is an M-normal cover of ¥ = Kon on. As
noted above H(n) < A < Aut(X)* and H(n) acts regularly on F(X) and A
is locally 2-arc-transitive on ¥ (by Lemma 2.3(4)). Hence MH(n) < MA <
Aut(X)T, MH(n) is a 2-group (since both M and H(n) are 2-groups), and
MH(n) is edge-transitive on 3 (since H(n) is transitive on E(X)), and its
vertex-orbits are the two biparts of 3. Let ® be the Frattini subgroup of
MH(n), so @ is a characteristic subgroup of M#(n) and hence ® < MA. If
® were transitive on one of the biparts, say O, of ¥, and if v € O, then
MH(n) = (MH(n)),®, and by the properties of a Frattini subgroup ( [11,
Satz I11.3.2(a)]), MH(n) = (MH(n)),, contradicting the fact that MH(n) is
transitive on each bipart of ¥. Thus ® is intransitive on each bipart of X,
and ® 9 MA. On the other hand ¥ is locally (M A, 2)-arc transitive (since
it is locally (A,2)-arc transitive), and hence X, is locally (M A/M,2)-arc
transitive (by [7, Lemma 5.1]).

Since ¥pr = Kan on, this means that M A acts 2-transitively on each bi-
part O of ¥js, and since ® is an intransitive normal subgroup of M A it follows
that ® acts trivially on O, for each bipart O of ¥j;. Hence ® is contained in
the kernel of the action of M A on ¥y, that is, ® < M. Thus MH(n)/M is a
quotient of MH(n)/® and hence MH(n)/M = C§ for some s (by Lemma 3.1).
Since MH(n) is edge-transitive on %, it follows that MH(n)/M is an abelian
group acting transitively on E(X,s), and hence MH(n)/M is regular on
E(Xn) (see [22, Lemma 2.4]), so s = 2n and H(n)/(M N H(n)) = C3".
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The group induced by A on ¥y is A/(ANM) = MA/M, and is isomorphic
to C2™ x (Aut(X) x Aut(Y)). Thus both A and M A are edge-transitive on
Y. with edge-stabilisers isomorphic to Aut(X) x Aut(Y'), and hence M A = A,
that is, M < A. Then since H(n) is the largest normal 2-subgroup of A, we
have M < H(n). It follows that H(n)/M =2 C3" and hence M < H(n)’; and
since H(n)/H(n)" = C2™ by Theorem 4.5(2), we conclude that M = H(n)’,
and the assertion of Step 1 is proved.

For the next part of the argument we exploit the fact that Aut(X) =
Aut(T'), recalling that I' = C(H(n), X,Y) is the Cayley graph Cay(H(n), S),
where S = (XUY)\{1}. We will frequently use the basic fact [10, Lemma 2.1]
about mixed dihedral groups that the natural projection map ¢ : h — hH(n)’
determines an isomorphism H(n)/H(n) = ¢(X) x ¢(Y) = X x Y. In Step 2
we study the subset I'y(1) of the vertex set H(n) of I" consising of all elements
h which can be reached by a path of length at most four from the vertex 1, so
I'4(1) consists of all elements h € H(n) such that h = hyhg...h; with each
h; € Sand 0 <k < 4.

STEP 2. I'y(1) N H(n)' = {1} U S, where S" := {[z,y] : z € X \ {1},y €
YA\ {1}}.

Let T4(1) = T4(1) N H(n). Clearly 1 € T4(1) and Ty(1) C H(n)'.
Suppose that h € T'y(1)" \ {1}, so h = hiha...h; with each h; € S and
1 < k < 4. Choose such an expression for A with £ minimal. Note in
particular that h € H(n)" and hence ¢(h) = 1, with ¢ as above. If all the
h; € X\ {1} then h € X, and since h # 1 it follows from [10, Lemma 2.1]
that ¢(h) # 1 which is a contradiction. We obtain a similar contradiction if
all the h; lie in Y\ {1}. Hence 2 < k < 4 and not all the h; lie in the same
set, X\ {1} or Y\ {1}. Next if there exists a unique ¢ such that h; € X \ {1},
then ¢(h) = ¢(h;)-a for some a € ¢(Y'), and again we find that ¢(h) # 1, and
obtain a contradiction. Thus at least two of the h; lie in X'\ {1} and, similarly,
at least two of the h; lie in Y\ {1}. This means that k& = 4, and exactly two
of the h; lie in X \ {1}, say = and 2’, and exactly two of the h; lie in Y\ {1},
say y and y'. Then ¢(h) = ¢(xa’) - ¢(yy’). If at least one of xa’ or yy' is
nontrivial then ¢(h) # 1 by [10, Lemma 2.1], and we have a contradiction.
Thus 2/ = 27! = z and ¢/ = y~! = y. Further, if h; = h;;, for some i
we would have h;h;11 = 1 and obtain a shorter expression for h. Thus the
minimality of &k implies that h = xyxy = [z,y], or h = yayx = [y, x] = [z,y]
(where the last equality uses the facts that each of z,y and [z,y] is equal to
its inverse). Thus Step 2 is proved.

STEP 3. Aut(X); fixes setwise the subset S’ of V(I') in Step 2, and acts
transitively on S’.

By Step 1, we have H(n)' <Aut(X). Thus atha € H(n)' for all a in the
vertex stabiliser Aut(X); and h € H(n)’. Since H(n) acts on V(I') = H(n) by
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right multiplication, the image of the vertex h € H(n)" under a € Aut(X); is
B — (1h)a — {ha — o ha _ a Lha.

This implies that Aut(X); fixes setwise the subset H(n)’" of V(T'). Since
Aut(X); also fixes I'y(1) setwise, and fixes the vertex 1, it follows that Aut(X);
fixes (Ty(1)NH(n)" )\ {1} setwise. By Step 2, we have (T4(1)NH(n)" )\ {1} =
{lz,y] : x € X\ {1},y € Y\ {1}} = 5. Recall that Aut(X) x Aut(Y) <
Aut(X); and, since Aut(X) x Aut(Y") normalises H(n), that Aut(X) x Aut(Y)
acts on V(I') = H(n) via its natural action. Since Aut(X) is transitive on
X\ {1} and Aut(Y) is transitive on Y\ {1}, it follows that Aut(X) x Aut(Y),
and hence also Aut(X);, is transitive on S’. Thus Step 3 is proved.

STEP 4. A final contradiction.

For the final part of the proof we analyse a Cayley graph related to T,
namely the graph A := Cay(H(n),SUS’). Note that the right multiplication
action of H(n) yields H(n) as a subgroup of automorphisms of the graphs I' :=
Cay(H(n),S) and Cay(H(n),S’), and hence also H(n) < Aut(A). Moreover,
since Aut(X) = Aut(I'), the group Aut(X);, in its natural action on V(A) =
H(n), leaves S invariant, and by Step 3, Aut(X); also leaves S’ invariant (and
is transitive on it), and hence Aut(X); leaves S U S’ invariant. Therefore
also Aut(X); < Aut(A) and hence, since Aut(X) = H(n) Aut(X);, we have
Aut(X) < Aut(A). Now A(l) = SUS" and S'NS = 0, and Aut(X); is
transitive on S’

We claim that also S is an orbit of Aut(X);. The set SU{l} = X UY
is invariant under Aut(X);, and in the proof of Step 3 we noted that the
subgroup Aut(X) x Aut(Y") of Aut(X); is transitive on each of X \ {1} and
Y \ {1}. Moreover we are assuming that Aut(X) is transitive on V(X) and
hence, since ¥ is locally 2-arc-transitive, Aut(X) is transitive on the arcs of
Y. Thus Aut(X) contains an element o which maps the arc (X,Y") of ¥ to the
arc (Y, X). Since X is the clique graph of I" (Lemma 2.3(1)), X, Y (as subsets
of H(n)) are maximal cliques of T and are interchanged by o. In particular,
o induces an automorphism of the subgraph of I' induced on X UY. The
identity 1 is adjacent in I" to every vertex of .S, while each other vertex z € S
is adjacent to only |X| — 1 elements of S U {1}. Thus ¢ must fix 1 and
interchange X \ {1} and Y \ {1}. It follows that Aut(X); is transitive on
S, proving the claim. Thus Aut(X) has exactly two orbits on the arcs of A,
namely the arcs (w, z) with wz=! € S and those with wz=1 € S'.

Next we identify certain small subgraphs of A. For any [z,y] € S’ and
y' € Y\ {1}, by Theorem 4.5 (4) we have [[y,z],y'] =1 and [[z,y],y'] = 1, so
[z, yly" = y'[z,y], and

Ly [yl [z, 9], 1)

is a 4-arc of A. Moreover, since [z, yly’ € SUS’, it follows that the subgraph
of A induced on C(z,y,vy") = {1,v/, [z, y]y, [z, y]} is a 4-cycle.
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Recall the generating sets Xy and Yy for X and Y from Definition 1.2,
and choose 2’ = 25 € X and a = 21 € Xo, b = y1 € Yy so that [a,b] € S".
These elements arise as images under o as follows: there exists [z,y] € S’
such that [z,y]” = [a,b], and there exists ¢’ € Y such that (y')” = 2’. Thus
the subgraph of A induced on C' := C(z,y,y')” = {1,2/, ([z,y]y')?, [a,b]} is
a 4-cycle including the 2-arc ([a,b],1,2"). Thus, setting z := ([z,y]y')?, this
4-cycle is (1,2, z,[a,b],1) and hence z = sz’ = t[a,b] for some s,t € SUS’.
As these four vertices are pairwise distinct, sa’ # 1 and tsz’ = [a, b] # 1.

Each of t, s lies in either S or S, giving four possible combinations. We
obtain a contradiction from each possibility as follows. First, if both ¢,s € S’,
then 2/ = st[a,b] and stla,b] € H(n)" while 2’ € X \ {1}, and we have a
contradiction since by [10, Lemma 2.1], ¢(z') # 1 while ¢(st[a,b]) = 1. Next
suppose that ¢t € S’ and s € S. Then sz’ = tla,b] € H(n) and hence
o(sz’) = ¢(t[a,b]) = 1, which implies that sz’ = 1 (by [10, Lemma 2.1]), a
contradiction. Thirdly, suppose that s,t € S. Then tsa’ = [a,b] € H(n) and
hence ¢(tsz’) = ¢([a,b]) = 1. Again we conclude that tsz’ = 1 by [10, Lemma
2.1], which is a contradiction.

This leaves the case t € S, s € S, and hence ¢(z') = ¢(sz’) = P(t[a,b]) =
¢(t). Then by [10, Lemma 2.1], we must have t € X \ {1} and ¢(z') = ¢(¢)
implies that ¢t = 2/. Thus 2/sz’ = [a,b] and so s = 2/[a, bz’ = [a,b]* € &,
which implies that [a, b][[a,b], '] = [a,b]*" = 5 = [¢,d] for some ¢ € X \ {1}
and d € Y \ {1}. Now ¢ = z;,®;,...x;, and d = y;,yj, -..y;, for some
Tiys Tig, .-, Ty, € Xo and yj,,Yj,,- .-, Y5, € Yo, and we choose these expres-
sions with &, £ minimal. We now apply Theorem 4.5 (6) to [c, d], observing that
[a,b]H(n)s = [¢,d]H(n)s, recalling that a = x1 € Xo and b = y; € Yj, and
using the fact that the cosets [x;,,y;,|H(n)s, for 1 < u,v < n, form a basis for
H(n)' /H(n)s = Cy” (sce Theorem 4.5 (3)). We deduce that k = ¢ = 1, so that
a=c=ux; = and b =d = y;;, = y1. The equality [a,b][[a,b],2'] = [c,d]
then implies that [[a,b],2'] = 1, that is to say, [[x1,y1],22] = 1, which con-
tradicts Theorem 4.5 (3). Thus Aut T acts intransitively on the vertices of T,
and T" is semisymmetric, completing the proof of Theorem 1.3.

REMARK 5.1. To prove ¥ is semisymmertic in case n = 2, we make use
of a Magma [1] computation, which we now describe. First, the group #(2)
is input in the category GrpFP via the presentation given in Definition 1.2.
Next, the pQuotient command is used to construct the largest 2-quotient H2
of H(2) having lower exponent-2 class at most 100 as a group in the category
GrpPC. Comparing the orders of these groups, we find |H(2)| = |H2|, so that
H(2) = H2. Next we construct the graph ¥. Computation shows that ¥ is
edge-transitive but not vertex-transitive, and has valency 4. We have made
available the Magma programs in the following Appendix.
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APPENDIX: MAGMA PROGRAMS USED IN THE PROOF OF THEOREM 1.3 IN
THE CASE n = 2.

Input the group H(2):
G<x1,x2,y1,y2>:=Group<x1,x2,y1l,y2| x1°2, x272, y1°2, y2~2,
(x1,x2)=(y1,y2)=1,
(x1,y1)"2=(x1,y2) "2=(x2,y1) "2=(x2,y2) "2=1,
((x1,y1),x2)"2=((x1,y1),y2)=1,
((x1,y2),x2)"2=((x1,y2),y1)=1,

((x2,y1) ,x1)"2=((x2,y1) ,y2)=1,

((x2,y2) ,x1)"2=((x2,y2) ,y1)=1,

(x1, ((x1,y1),x2))=(x2, ((x1,y1),x2))=1,
(y1, ((x1,y1),x2))=(y2, ((x1,y1),x2))=1,
(x1, ((x1,yD),y2))=(x2, ((x1,y1),y2))=1,
(y1, ((x1,y1),y2))=(y2, ((x1,y1),y2))=1,
(x1, ((x1,y2),x2))=(x2, ((x1,y2) ,x2))=1,
(y1, ((x1,y2),x2))=(y2, ((x1,y2),x2))=1,
(x1, ((x1,y2) ,y1))=(x2, ((x1,y2) ,y1))=1,
(y1, ((x1,y2),y1))=(y2, ((x1,y2),y1))=1,
(x1, ((x2,y1),x1))=(x2, ((x2,y1) ,x1))=1,
(y1, ((x2,y1) ,x1))=(y2, ((x2,y1) ,x1))=1,
(x1, ((x2,y1),y2))=(x2, ((x2,y1) ,y2))=1,
(y1, ((x2,y1),y2))=(y2, ((x2,y1),y2))=1,
(x1, ((x2,y2) ,x1))=(x2, ((x2,y2) ,x1))=1,
(y1, ((x2,y2) ,x1))=(y2, ((x2,y2) ,x1))=1,
(x1, ((x2,y2) ,y1))=(x2, ((x2,y2) ,y1))=1,
(y1, ((x2,y2),y1))=(y2, ((x2,y2) ,y1))=1>;

Construct the largest 2-quotient group of H(2) having lower exponent-2 class

at most 100 as group in the category GrpPC:
H2,q:=pQuotient(G,2,100);

Order of H2 (The result shows that [H2| = |H(2)|, and so H2 = H(2)):
FactoredOrder (H2) ;

Construct the graph X:

X:=sub<H2|x1,x2>; Y:=sub<H2|yl,y2>;
Vsigmal:={};

for g in H2 do

Xg:={};

for a in X do

Include(~Xg, axg);

end for;

Include(~Vsigmal,Xg);

end for;

Vsigma2:={};
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for g in H2 do

Yg:={};

for b in Y do

Include(~Yg, bxg);

end for;

Include(~Vsigma2,Yg);

end for;

Vsigma:=Vsigmal join Vsigma2;

Esigma:={{x,y}: x in Vsigmal,y in Vsigma2 | §(x meet y) ne O};
Sigma:=Graph<Vsigma|Esigma>;

Test if 3 is a tetravalent semisymmetric graph:
IsVertexTransitive(Sigma) ;
IsEdgeTransitive(Sigma);
Valence(Sigma) ;

ACKNOWLEDGEMENTS.

The authors are grateful for the helpful suggestions and kind words of
an anonymous referee. The first author has been supported by the Croatian
Science Foundation under the project 6732. The second author is grateful
for Australian Research Council Discovery Project Grant DP230101268. The
third author was supported by the National Natural Science Foundation of
China (12071023, 12161141005) and the 111 Project of China (B16002).

REFERENCES

[1] W. Bosma, J. Cannon and C. Playoust, The MAGMA algebra system I: The user
language, J. Symbolic Comput. 24 (1997) 235-265.
[2] M. Conder, A. Malni¢, D. Marusi¢ and P. Potoénik, A census of semisymmetric cubic
graphs on up to 768 vertices, J. Algebraic Combin. 23 (2006), 255—294.
[3] M. Conder, J.-X. Zhou, Y. Q. Feng and M. M. Zhang, Edge-transitive bi-Cayley graphs,
J. Combin Theory Ser. B, 145 (2020), 264-306.
[4] W. Fan, D. Leemans, C.H. Li and J. Pan, Locally 2-arc-transitive complete bipartite
graphs, J. Combin. Theory Ser. A 120 (2013), 683-699.
[5] J. Folkman, Regular line-symmetric graphs J. Combinatorial Theory 3 (1967), 215—
232.
[6] The GAP Group, GAP — Groups, algorithms, and programming, Version 4.11.1, 2021.
[7] M. Giudici, C. H. Li and C. E. Praeger, Analysing finite locally s-arc transitive graphs,
Tran. Amer. Math. Soc. 356 (2004), 291-317.
[8] C.D. Godsil, On the full automorphism group of a graph, Combinatorica 1 (1981),
243-256.
[9] M. Hall, The theory of groups, The Macmillan Company, New York, 1959.
[10] D.R. Hawtin, C. E. Praeger and J.X. Zhou, A characterisation of edge-affine 2-arc-
transitive covers of Kan on, preprint, 2022, arXiv:2211.16809.
[11] B. Huppert, Endliche Gruppen I, Springer-Verlag, Berlin-New York, 1967.
[12] A.A. Ivanov and C.E. Praeger, On finite affine 2-arc-transitive graphs, European J.
Combin. 14 (1993), 421-444.
[13] A.V. Ivanov, On edge but not vertex transitive regular graphs, in: Combinatorial
design theory, North-Holland, Amsterdam, 1987, 273-285,



(14]
(15]
[16]
(17]
(18]
(19]
(20]
(21]
(22]

23]
(24]

25]

SEMISYMMETRIC, LOCALLY 2-ARC-TRANSITIVE GRAPHS 287

C. H. Li, Finite s-arc transitive graphs of prime-power order, Bull. London Math. Soc.
33 (2001), 129-137.

C.H. Li, Finite edge-transitive Cayley graphs and rotary Cayley maps, Tran. Amer.
Math. Soc. 358 (2006), 4605-4635.

C.H. Li, L. Ma and J. Pan, Locally primitive graphs of prime-power order, J. Aust.
Math. Soc. 86 (2009), 111-122.

C.H. Li and J.M. Pan, Finite 2-arc-transitive abelian Cayley graphs, European J.
Combin. 29 (2008), 148-158.

C.H. Li, C. E. Praeger, A. Venkatesh and S. Zhou, Finite locally-quasiprimitive graphs,
Discrete Math., 246 (2002), 197-218.

C.E. Praeger, Imprimitive symmetric graphs, Ars Combin. 19 (1985), 149-163.
C.E. Praeger, An O’Nan—Scott theorem for finite quasiprimitive permutation groups
and an application to 2-arc transitive graphs, J. London Math. Soc. (2) 47 (1993),
227-239.

C.E. Praeger, On a reduction theorem for finite bipartite 2-arc transitive graphs,
Australas. J. Combin. 7 (1993), 21-36.

C. E. Praeger and C. Schneider, Permutation groups and cartesian decompositions,
Cambridge University Press, Cambridge, 2018.

D. J.S Robinson, A course in the theory of groups, Springer-Verlag, New York, 1996.
W.T. Tutte, A family of cubical graphs, Proc. Cambridge Philos. Soc. 43 (1947),
459-474.

J.X. Zhou, Y. Q. Feng, The automorphisms of bi-Cayley graphs, J. Combin. Theory
Ser. B 116 (2016), 504-532.

D.R. Hawtin

Faculty of Mathematics
University of Rijeka

51000 Rijeka

Croatia

E-mail: dan.hawtin@gmail.com

C.E. Praeger

Department of Mathematics and Statistics
The University of Western Australia
Crawley, WA 6009

Australia

E-mail: cheryl.praeger@uwa.edu.au

J.-X. Zhou

School of Mathematics and Statistics
Beijing Jiaotong University

Beijing 100044

P.R. China

E-mail: jxzhou@bjtu.edu.cn

Received: 1.3.2023.
Revised: 5.6.2023.



