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Calculating the reinforcement of circular reinforced concrete (RC) columns involves not
only the dual nonlinearity of the geometry and material but also the nonlinearity of the

Li Lu, MCE section width. Accurate solutions require iterative calculations. To develop the calculation
Kunming University of Science and Technology method manually, the model column method was proposed to compute the second-order
Departement od Civil Engineering effect of the columns, and the strain method was used to calculate the ultimate strength
China of the sections analytically. The nomograms required to calculate the reinforcing steel
1228982624(@gg.com content of the columns without iterations were obtained. The nomogram for calculating

the section bearing capacity and reinforcing steel has three parameters (axial force,
bending moment, and mechanical ratio of the reinforcing steel). Further, the nomogram
for calculating the column bearing capacity and reinforcing steel has five parameters
(axial force, bending moment, curvature, slenderness ratio, and mechanical ratio of the
reinforcing steel), and the relationship between the five parameters can be expressed
in a plan, which makes the application convenient. Finally, the calculation results of the
nomograph were compared with those of the existing approximate calculation formulas
and exact numerical methods, and the accuracy of the nomograms was verified.
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PribliZzni proracun kruznih AB stupova uz pomo¢ homograma

Proracun armature kruznih AB stupova ukljucuje ne samo dualnu nelinearnost geometrije
i materijala, vec i nelinearnost sSirine presjeka. Precizna rjeSenja zahtijevaju iterativne

] proracune. Da bi se ru¢no izradila metoda proracuna, predlozena je metoda modela stupa

h kako bi se izracunao ucinak drugog reda stupova, a metoda deformacije primijenjena

je kako bi se analiticki izracunala granicna nosivost presjeka. Dobiveni su nomogrami

Assit.Prof. Shuang Chao, PhD. CE potrebni za proracun kolicine armature u stupovima bez iteracije. Nomogram za proracun
Kunming University of Science and Technology kapaciteta nosivosti presjeka i koli¢ine armature ima tri parametra (uzduznu silu, moment
Departement od Civil Engineering savijanja i mehanicki koeficijent armiranja). Nadalje, nomogram za proracun kapaciteta
China nosivosti stupa i koli¢ine armature ima pet parametara (uzduznu silu, moment savijanja,
1403094948 [@qg.com zakrivljenost, koeficijent vitkosti i mehanicki koeficijent armiranja), a odnos izmedu tih

pet parametara moze se izraziti nacrtom zbog Cega je ta primjena prikladna. Naposljetku,
rezultati proracuna koje prikazuje nomograf usporedeni su s onima koji su dobiveni
postojecim formulama za priblizan proracun te s onima koji su dobiveni to¢nim numerickim
metodama, pa je tako potvrdena tocnost nomograma.

Klju€ne rijeci:

kruzni AB stup, ucinak drugog reda, elementi izloZeni tlaku i savijanju, proracun armature, nomogram
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1. Introduction

To compute the resistance of circular RC sections, a widespread
practical approach for analyzing and designing sections is based on
using an interaction diagram [1]. The circular RC section resistance
calculation using the simplified formulae in EC2 requires iterations
[2]. Interaction diagrams and formulas are constructed using
computer-aided numerical programs [3]. A closed-form compact
formulation does not require a numerical solution of the proposed
equilibrium equation [4]. Without considering the second-order
effect, calculating the strength of a circular RC section becomes
extremely complicated. The second-order effect of columns
subjected to a combined bending moment and axial force cannot be
ignored because the slenderness ratioincreases and bearing capacity
of the columns decreases [5]. Therefore, two methods based on the
nominal stiffness and curvature were suggested [2, 6]. Moreover,
several methods have been proposed for calculating the ultimate
resistance and ductility of rectangular RC columns [5, 7-16], and a
simplified analytical relationship between the bending moment and
curvature of circular RC cross sections has been proposed [17, 18].
This study aimed to provide calculations for circular RC columns
without computer iterative and numerical calculations. The
strain method adopted in this study [19], that is, the stress and
resistance, can be calculated according to the known strain and
constitutive relationship of concrete and reinforcing steel without
any simplified or iterative calculations. In addition, the exact
relationship between the bending moment and curvature can be
computed, and the deflection and ductility of the columns can
be determined from the strain of the cross-sections. Hence, it
calculates the reinforcing steel and second-order bending moment
of circular RC columns manually, possibly because the internal
cross-sectional resistance is associated with the external load
action. A comparative analysis was performed using approximate
formulas [4] for the resistance of the sections. Using concrete
examples, the resistance calculation method (nomogram) for
circular RC columns considering the second-order effect was
compared with the exact numerical method, and the accuracy of
the nomogram was verified. The proposed nomogram effectively
determined the initial section of the columns at the preliminary
design stage and verified the section at the verification stage.

In this study, the first-order calculation of the sections exhibits
some similarities with the calculation methods in references
[19-21], and the second-order calculation of the columns
exhibits some similarities with [22].

2. Calculation of second-order deflection and
second-order bending moment of columns

2.1. Model column that considers the second-order
effect

As shown in the method based on the nominal stiffness in EC2,
the key to calculating the deformation is to determine the change
in the section stiffness (El). The section parameters, such as

depth, width, and reinforcing steel, must be known to calculate
the section stiffness, and the reinforcing steel of the section
is an unknown quantity. Therefore, the key to calculating the
section stiffness is to determine the distribution and magnitude
of the curvature. Therefore, a cantilever column was selected
as the representative model column for the calculations (model
column shown in Figure 1).
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Figure 1. Column calculation diagram (model column: a cantilever
column)

As shown in Figure 1, M, is the total bending moment at the
fixed end of the column, M, is the first-order bending moment,
AM is the second-order bending moment, and e,, Ae and e,
refer to the first-order, second-order, and total eccentricities,
respectively.
Assuming that the curvature distribution curve along the length
of the column is a parabola and that the curvature of the section
at the fixed end of the column is ®, the calculation formula is
shown in Eq. (4). Using the bending moment area method, Ae
can be computed as follows:
Ae:j@(z)ﬁdz:g./-q»i/=iq>/02 (1)
3 8 48
Then, M, at the fixed end of the column can be computed as
follows:

M, = Ne, + NAe = Ne, + A%NCDIOZ (2)

The actual length of the cantilever column is replaced by the
effective length [, e.g. (I, = 2/, because any column can be
isolated from structures [23], and it becomes an independent
single column base on the equal effective length /. Eq. (2) can
be used to calculate the second-order deflection and second-
order bending moment caused by the P-A (sway frame) and P-A
(non-sway frame) effects of any column in the structure and the
magnitude of the P-A and P-3 effects is therefore determined
by the effective length /.

The total bending moment M, can be obtained using Eq. (2), and
the dimensionless bending moment m, is computed as follows:

2
m, = AZ/’Z =m + Am = m, +—in I—O 17 (3)
zr df;;d seca’;rder firs:(;:der 48 d

—
first-order
second-order

In Eq. (3): m, = m+Am, ¢ = ®d. Eq. (3) is a linear equation with
the dimensionless curvature ¢ as the independent variable; its
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interceptis m, (dimensionless first-order bending moment), and
its slopeis -0,104-n - (//d)?, as shown in Figure 2. If an additional
coordinate axis of v-n - l,/d is added to the right side of Fig. 2,
the slope can be directly determined using v—n - l,/d. Figure 2
shows part of the reinforcing steel calculation diagram.
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Figure 2. Second-order eccentric distance of external effect

As shown in Figure 2, if m, and J-n . l,/d are known, an oblique
straight line can be determined. The dimensionless second-
order bending moment Am equals to the increment of the
oblique line, which increases with the dimensionless curvature
¢. However, ¢ cannot exceed the dimensionless ultimate
curvature ¢, and ¢, varies with M,, Vand reinforcing steel of the
section. In summary, Amis controlled by ¢, of the section.

3. Calculation of ultimate curvature and
resistance of sections

3.1. Strain distributions of concrete and reinforcing steel

Based on the geometric relationship between the strain shown
in Figure 3 and plane hypothesis, the section curvature @ can be
computed as follows:

E.q4— €&,
D= cl c2 A
g (4)
After making @ in Eq. (4) to be dimensionless, we obtain:
¢:q)'d:€c1_gcz (5)

where ¢_, €, and d are the upper edge strain, lower edge
strain, and diameter of the sections, respectively, as shown in
Figure 3.

The section resistance and dimensionless ultimate curvature ¢
of the sections are computed using the known section ultimate
strains. According to EC2, the ultimate compressive strain of
concrete and tensile strain of reinforcing steel is -3.5 % and
20 %, respectively. Therefore, all the strain distributions in the
section can be determined and divided into five zones. In each
zone, at least one fiber in the section depth reached the ultimate

compressive strain of the concrete or the ultimate tensile strain
of the reinforcing steel (Figure 3).

20 % _35%

Figure 3. Circular reinforced concrete cross-section: geometry and
ultimate strain distributions

Zone 1 (Rotation around point A)

The neutral axis falls from infinity above the section to the upper
edge of the section. The stress state transitions from uniform
tension to tension with small eccentricity. At the left boundary
of the region, the strain distribution represents uniform tension,
at which the reinforcing steel strain on both edges of the section
reaches the value of &_= 20 %..

Zone 2 (rotation around point A) and Zones 3 and & (rotation
around point B)

Part of the section was under compression, and the neutral
axis moved gradually from the upper edge to the lower edge
of the section. The load cases transitioned from tension with
low eccentricity to tension with high eccentricity, pure bending,
compression with high eccentricity, and compression with low
eccentricity.

Zone 5 (rotation around Point C)

This is a swept region where the right boundary line of region 4
is rotated counterclockwise around point C to a vertical position
(point C can be calculated from the geometric relationship
between the top- and bottom-edge strains). The entire section
was under compression, and the neutral axis moved from the
bottom of the section to infinity below the section. The load
cases in the region may be compressed with a small eccentricity
and uniform compression.

The strain changed continuously from zone 1 to zone 5, and the
corresponding load cases also gradually transitioned.

3.2. Constitutive relationship

According to the constitutive relationship of RC in EC 2, the
parabola-rectangular strain—stress relationship was adopted
for the compression concrete, and the elastic—perfectly plastic
strain—stress relationship was applied to the reinforcing steel
(Figure 4). This study focused on concrete with a cylindrical
characteristic strength f,, less than or equal to 50 MPa, and the
tensile strength of the concrete was neglected.
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Figure 4. Constitutive relation of materials: a) concrete; b) reinforcing
steel

The mathematical expressions for the constitutive relationship
between reinforcing steel and concrete in EC 2 are as follows:

Ee, 0<lg|<éy,

o=y & 26, (6)
—fyd E5S =6y
S, (1-(1-—Z ) 0> >-2.0 %

.= —2.0 %o (7)

—fcd —2.0 %o > &g >-3.5 %o

In Eq. (6) and Eq. (7), &, o, f, &, o, &4 [, and E, are the
compressive strain and stress, design compressive strength of
the concrete, strain and stress of the reinforcing steel, design
yield strength and vyield strain of the reinforcing steel, and
elastic modulus of the reinforcing steel, respectively.

3.3. Stress and resistance of concrete

After determining the ultimate strain distribution of the section,
the section resistance was calculated using the known strain.

bl) = 2r sin(g)

HP 7

1 - cosg)

(e, €.)

i el s

Figure 5. Circular reinforced concrete cross-section: geometry and strains

The strain at any depth within the cross-section can be
calculated as:

(eosie))

. @)

Sci ¢
Substituting the value of & from Eq. (8) into Eq. (7), the concrete
stress o at any fibre within the cross-section can be calculated,
and the axial force and bending moment of concrete can be
computed by the integration of stress over the cross-section.

Nc(gcf) = J.;T o'cf(Eci )b((p)r Sln((p)d(p

" , _ (©)
M, (&)= [ 04(€,)b(@)-r* cos(@)sin(@)de

Eq. (9) is a function of the strain at any depth within the cross-
section (Eci)' To obtain a more general dimensionless expression,
the axial compression ratio n_and dimensionless bending
moment m_of concrete can be computed as follows:

N (g,
nc(gci) — 0(2 c:)
aref, (10)
Mc(gci)
mc(gci): 2
redf,

3.4. Stress and resistance of reinforcing steel

Assuming that the reinforcement is uniformly distributed at a

distance r_from the center of gravity of the concrete section, the

reinforcement area per unit radian is

— A

A =—=% 11
=5 (11)

The strain of the reinforcing steel bar can be easily obtained

from the strain relationship shown in Figure 5. The strain of

the reinforcing steel at any fiber in the cross section can be

calculated as:

_(r=rcosle))

o &) (12)

‘gsi(q)) = 502
Substituting the value of ¢ (¢) from Eq. (12) into Eq. (6), the
stress of the reinforcing steel of o_ () at any fibre of cross-
section can be computed, and the axial force and the bending
moment of the reinforcing steel can be obtained by integration.

Ns(Ais' gsi ) = 2J.0” O-si(gsi )Xsrsd¢
_ . (13)
M, (A, ;) =2] 0,(2,)Ar? cos(p)de

Eq. (14) for dimensionless proceedings is established as follows.
The compression ratio n_and dimensionless bending moment
m_of the reinforcing steel can be obtained as:

N, w (7
n(we.)= S — (&.)d
J(@,e,) o, A, _[0 og(&)dy

M o I,
ms(w:gsi): 2(;f = f S 0
zrear,y 7Tl r

(14)

Osi (‘gsi )cos(p)de

In Eq. (14), ® (the mechanical ratio of the reinforcing steel) is
defined as follows:
_A T

=— 15
zr? fq (13)

3.5. Resistance of the full section
The dimensionless resistance of the section is the sum of the

dimensionless resistances of concrete and reinforcing steel.
The strain ¢, and ¢, at any depth in the cross-section can
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be determined using the section strain ¢, and ¢_. The axial
compression force ratio n and dimensionless bending moment
mof the section can be expressed by ¢ _,, & , and w:

(o

{n :nc(gc1’g(:2)+ns(gm’ch!w) (16)

m= mc(gc1’gc2)+ ms(gc1’gc2’w)

The two equations in the Eq. (16) are nonlinear, and each
equation contains three independent variables: ¢, €, and ®.
When calculating the cross-section resistance, the values of ¢,
and ¢, can be obtained according to Figure 3.

3.6. Interaction between dimensionless moment,
normal force, and reinforcing steel

Figure 6 can be adopted to compute the reinforcing steel of
circular RC sections. When o and n are known, the ultimate
strains ¢, and ¢, can be obtained from the first equation of
Eq. (16) and ultimate strain distribution of sections shown
in Figure 3. The dimensionless ultimate bending moment
m, can be calculated using the second equation of Eq. (16).
The corresponding relationship between n, o, ¢, €, and m,
is obtained. Therefore, considering » a constant value, n the
abscissa, and the dimensionless ultimate bending moment m,
the ordinate, all curves shown in Figure 6 are drawn.

Exact solution of own method
----- Approximate solution in [14]

r,/r =09, B500B

0654 ®=2
060 == ’
0,55 —

050 F
0,45 3

0,40 4 2
£ 0,35 4
0,30
0,25 4
0,20 4
0,15 4
0,10
0,05
0,00

00

Figure 6. Relationship between the ultimate dimensionless bending-
moment and reinforcing steel ratio

Figure 6 shows that the calculation method used in this study
is very close to the approximate formula calculation results [4],
which verifies the correctness of the calculation method used
herein. Figure 6 shows a part of the nomogram adopted to
calculate the reinforcing steel of the circular RC columns. The
ordinate min Figure 6 represents the resistance of the sections,
which corresponds to the effect of the action shown in Figure 2.

3.7. Interaction between dimensionless normal
force, ultimate curvature, and reinforcing steel

When the mechanical ratio of the reinforcing steel  is known, the

ultimate deformation capacity (dimensionless ultimate curvature
¢u) varies with axial compression force ratio n. Therefore, the
relationship between nand ¢, must be considered.

Given the limit strains € _, and ¢_,, in accordance with Figure 3, Egs.
(5) and Eq. (16) can be used to compute ¢, nand m, and analyze
their relationships. By setting n as the ordinate and ¢, as the
abscissa, the curves of the exact relationship between ¢, and n
can be drawn, as shown in Figure 7. The results calculated using
the simplified calculation formulas for EC2 are shown in Figure 7.

r,/r=09, B500B

Exact

00 0,005 0,010 0015 0,020
b,
Figure 7. Relationship of axis force ratio and dimensionless ultimate
curvature

In Figure 7, the exact relationship between ¢ and nis nonlinear;
however, the equations in EC2 are linear and significantly
different from the exact results.

3.8. Interaction between dimensionless moment,
ultimate curvature and normal force

According to the relationship between ¢ , n, m and w in Figure 7,
the abscissa in Figure 7 is replaced with ¢, that calculated using
Eq. (5), as shown in Fig. 8.

065 nzn, d
060 - 05
055 F
050 F
045 F
040
E 035
0,30
025
0,20

015

0,10

0,05

0,00
0 0,002 0,004 0,006

Figure 8. Relationship between the dimensionless total eccentricity
and dimensionless ultimate curvature
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The following points can be obtained from Figure 8:

- When nis fixed, mis increases proportionally by ¢,.

- When o is a constant, such as o = 2, the larger the n, the
smaller the m and ¢,. This implies the deformation capacity
and bending capacity of sections become smaller.

4, Calculation of the mechanical ratio of reinforcing
steel considering the second-order effects of
columns

4.1. Nomogram for the reinforcing steel calculation
of columns

First, Figure 8 and 2 overlap in the plan view because their
two axes are the same. Knowing n, m, and //d, the oblique line
in Figure 2 can be used to represent the effect of the action,
and the intersection point of the oblique line and the n curves
in Figure 8 can be located by the given n. The ordinate of the
intersecting points is the ultimate bending moment of the
section m, and the abscissa is the dimensionless ultimate
curvature ¢, of the sections. In addition, the required mechanical
ratio o of the reinforcing steel can be determined using Figure
6 because the figure has the same ordinate axis as Figure 2
and 8. Figure 9 was drawn by combining three figures (Figure
2, 6, and 8) to calculate the reinforcing steel and resistance of
the columns, considering the second-order effect directly. The
general application of Figure 9 is as follows:

- Connect the originand | /d - J-nto getline 1.

From m,, draw line 2 parallel to line 1.

- From the intersection of ncurve and line 2, draw a horizontal
line 3.

m, is obtained at the ordinate of line 3.

From the abscissa of n, draw a vertical line 4 to meet line 3 to
get an intersection, which is ®.

In addition, the effects of concrete shrinkage and creep were
ignored in the analysis to avoid numerous nomograms that
would depend on concrete shrinkage and creep.

4.2. Specifical examples for the nomogram (Figure9)

To determine the gquantity of reinforcing steel required in a
reinforced concrete circular column with dimensions of d = 600
mm, .= 270 mm and /, = 18 m to resist the compressive force
of N'=-3200 kN and the first-order bending moment M, = 300
kN, where the second-order effect is to be considered. The
design values of the concrete and reinforcing steel are: C30/37,
f =30 N/mm?, f =20 N/mm? B5008, f, = 500 N/mm?*and f ,
=435 N/mm?. First order dimensionless bending moment m, is
given by:

m = 4M; _ 4x300x10°
' fmd® 20%m % 600°

C

=0.088

nis computed as:

3
ne 4N 4>< -3200x10 — _0566
d?f . 7 x B00?% x 20

065 Voo q B500B

. nzn, (f,4 = 435 N/mm?)

os0 b ™M, / @ @ -0,5 r./r=09
I, Concrete folfy
oss | ™ + g 10 €16/20 40,8
C20/25 326
€25/30 26,1
€30/37 218
7 /% 35/45 186
L 1\1 €40/50 16,3
ﬁ C45/55 14,5
_% 10 €50/60 13,1

¢,
Figure 9. Reinforcing steel and resistance calculation nomogram of circular RC columns
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a)

®=05u=263%

c) -25
] ©=15u=274%

my
0,00 01 02 03 04 05

b)

0,00 0,05 0,10 015 0,20 025 0,30 035

d) -307
®=20;u=282%

00 0,1 0,2 03 04 05 06

Figure 10. Comparison between the exact (dashed line) and nomogram (solid line) interaction diagrams for some RC columns with circular cross-

section: r /r=0,9, fvdl =435 N/mm?

As shown in Figure 9, the origin and | /d - J-n = 22,570 are
connected to obtain line 1. Based on m, = 0.088, line 2 parallel
toline 1 can be drawn. Line 3 is obtained by drawing a horizontal
line through the intersection of n=-0.566 curve and line 2. The
total dimensionless bending moment m, = 0.419 can be found
by the ordinate of line 3. Line 4 is obtained by drawing a vertical
line through the intersection of line 3 and curves of the
relationship between mand n. Then, @ can be obtained and the
area of the reinforcing steel can be computed as:

A ord*f, _ 1.25x 7 x 600° x 20

=16174 mm?
= ar, 4x435 6174 mm
The total bending moment is:

frd®  0.419x20x 7 x600°
4 4

= 1422 kNm

— ]2
}\/12_

4.3. Examples for comparing the nomogram and
exact solution

The nomogram for RC columns with circular cross sections was
further validated by comparison with the exact solution. This

comparison confirmed the satisfactory accuracy of the
nomograms. The maximum absolute errors 6 of the nomograms
are shown in Figure 10. These results confirmed that the
nomogram provided an excellent approximation of the exact
method.

5. Conclusions

Based on the strain method, an analytical formula for calculating
the reinforcement and bearing capacity of the circular section
was derived, and the corresponding nomograms were as
follows:

- (first-order) interaction diagrams of the three parameters
(n-m,-o), from which the reinforcement ratio ® can be
calculated from nand m,.

- (second-order) interaction diagrams of the four parameters
(n-m,-|,~w), from which the second-order moment m, and
corresponding mechanical reinforcement ratio ® can be
calculated from n, m,, and /,

The greatest advantage of the method in this study is that the
nonlinear calculation problem can be solved without iteration;

GRADEVINAR 75 (2023) 11, 1075-1082
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is, after providing the cross-section of the concrete and

rebar, the stresses and internal forces can be computed from
the strains, and all solutions in the entire ultimate strain range
can be obtained.

All nomograms have a dimensionless form, which can be used
for any diameter of the circular cross section and concrete
strength classes of C50/60 and below, and exhibit strong
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