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WEIRD K-ACTIONS ON %(g) FOR so(n,1) AND su(n,1)

HrvoJE KRALJEVIC

For Marko Tadié, with our admiration and appreciation

ABSTRACT. Let gg be either so(n, 1) or su(n, 1), g its complexification,
K a maximal compact subgroup of the adjoint group of go, ¢(g) the uni-
versal enveloping algebra of g and U (g)* its subalgebra of K-invariants. A
consequence of our results in [2] is that besides the usual adjoint action of
K on U(g) there is another action of K commuting with the adjoint action
and leaving U(g) pointwise invariant. The case go = s0(2,1) ~ su(1,1)
is trivial since K is commutative and the weird action of K coincides with
the inverse of adjoint action. We investigate closely the weird action of K
in the simplest nontrivial case go = s0(3,1).

1. NOTATION

Our notation is usual: C are complex numbers, R real numbers, Z inte-
gers, Z, nonnegative integers, N = Z, \ {0}, M, ,(K) the space of n x m
matrices with entries from a field K, M, (K) = M, ,(K), A; is the (4, k)-
entry of a matrix A, I, is the unit n x n matrix, A’ denotes the trans-
pose of a matrix A, A* is the adjoint (= transpose and complex conjugate)
of a matrix A € M,(C). Furthermore, gl(n, K) is the Lie algebra M, (K)
with commutator [A, B] = AB — BA, sl(n,K) = {A € gl(n,K); Tr A = 0},
so(n,1) ={A € M,+1(R); A®* = —TAT'} with I = diag(1,...,1,—1), so(n) =
{B € M,(R); Bt = =B}, su(n,1) = {A € sl(n+ 1,C); A* = —T'Al'}, and
u(n) = {B € M,(C); B* = —B}; the complexifications of the real Lie alge-
bras so(n, 1), so(n), su(n,1) and u(n) are so(n,1,C) = {A € M, 1(C); A =
—T AT}, so(n,C) = {B € M,(C); Bt = —B}, sl(n +1,C) and gl(n,C). Fur-
thermore, GL(n, K') denotes the group of invertible matrices in M, (K) and
SL(n, K) = {A € GL(n, K);det A = 1}. The matrix Lie groups of the intro-
duced real Lie algebras are SO(n,1) = {4 € SL(n + 1,R); A'TA = T'} with
the identity component SO.(n,1) = {A € SO(n,1); Apt1n+1 > 1}, SO(n) =
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{4 € SL(n,R); AtA—I} SU(n,1) = {A € SL(n+1,C); A'TA =T} and
U(n) = {A € GL(n,C); A*A = I,}. We have

so(n,1) = {[a }Beso aeMn,l(R)},
and

su(n, 1) = H g _f"rB } . B € u(n), aeMml((C)}.

2. PRELIMINARIES

Let go be either so(n,1) (n > 2) or su(n,1), g its complexification, G
the adjoint group of gg, K its maximal compact subgroup, go = €y & po the
corresponding Cartan decomposition and g = € & p its complexification.

In the case go = so(n, 1) the adjoint group G can be identified with the
group SO.(n,1) and the adjoint action of A € SO.(n,1) on g is given by
AX = (AdA)X = AXA™!, X € g. In this case we choose the maximal

5 0] B e SO(n )}NSO(n).Then

compact subgroup K = { [ 0

EO:{[ ? 8 ] € My4+1(R); Beso(n)} ~ s0(n),
POZ{{ C?t 8]; aEMn,l(R)}7

ez{[g g]eMnH((C) B € s0(n,C)

and

p—{{ y g}weMm(C)

In the case go = su(n, 1) we have g = sl(n+ 1, C).
decomposition of gg

£ {{ . } € My (C): Beu(n)} ~ u(n),

VH/—’H,_/

We choose the Cartan

and
m={| o o | acma©@}.
Then
ez{{ B0 } € My.1(C): Be M ((C)}:g[(n C)
0 -TrB nt1{L); " &
and

p= {[ (b) g }; a € M, (C), beMl,n(C)}.
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Now G is identified with SU(n,1)/Z, where Z is the center of SU(n,1) :
Z=Aalyy; a€C, " =1} =2y = Z/(n+1)Z.

Then K = K /Z, where K is a maximal compact subgroup of SU(n, 1)

f(:{[g (detOB)_l }; BeU(n)}:U(n).

Denote by U(g) and U(t) C U(g) the universal enveloping algebras of g
and €. Furthermore, let S(g) and S(€) C S(g) be the symmetric algebras over g
and ¢; using the invariant non-degenerate trace bilinear form (A, B) — Tr AB
one identifies g and ¢ with its dual spaces g* and £*, thus the symmetric
algebras S(g) and S(¢) with the polynomial algebras P(g) = S(g*) and P(¢) =
S(¢*). The group G (and its subgroup K) acts by automorphisms on the
algebras U(g) and P(g) and K acts by automorphisms on U(¢) and P(¢).
Denote by U(g)%, P(9)¢, U(g)¥, P(g)¥, U(€)X and P(£)X the subalgebras
of invariants. Then U (g)® is the center Z(g) of U(g) and U (&)X is the center
Z(£) of U(t). Knop has proved in [1] the following theorem.

THEOREM 2.1. The multiplication induces an isomorphism of Z(g)® Z(£)
onto the algebra U(g)X and an isomorphism of P(g)¢ @ P(£)X onto P(g)¥.

Denote by N the set of all nilpotent elements of g whose projection
onto ¥ along p is nilpotent in the reductive Lie algebra €, and let H be the
subspace of U(g) spanned by all powers (in U(g)) A*, A € Nk, k € Z,. The
subspace H of U(g) is invariant under the action of K. We have proved in [2]
the following theorem.

THEOREM 2.2. Under above assumptions

(i) The multiplication induces an isomorphism of (U(g)¥, K)-modules
U(g)E @ H onto U(g).

(ii) Let K be the set of equivalence classes of irreducible (finite-dimensional)
representations of K. The multiplicity of any 6 € K in the K-module
H is equal to its degree d(9).

3. WEIRD ACTION OF K ON U(g)

We recall briefly the proof of (i¢) which leads to a weird action of K
on U(g). The inverse of the symmetrization U(g) — S(g) = P(g) maps the
K-submodule H onto the space Hx (g) of K-harmonic polynomials on g :

Hi(g) ={f € P(a); O(u)f =0Vue S (g)"}.

Here 0 : S(g) — D(g) is the usual isomorphism of the symmetric algebra S(g)
onto the algebra D(g) of linear differential operators on P(g) with constant
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coefficients: 9(X) is the derivation in the direction X for any X € g. Further-
more, we denote by S (g)% and P, (g)¥ the maximal ideals (of codimension
1) of the algebras of K-invariants S(g)* and P(g)¥ :

Sy (@) =@ st . P =P Pe)" ={PeP(e) PO)=0}
k>0 k>0

Then the set N of K-nilpotent elements of g is the zero set of the ideal

P(g)P+(g)¥ generated by P (g)X in P(g), i.e.

Nk ={X € g; P(X) =0YP e Py ()"},

Now, by the Knop’s theorem P(g)X ~ P(g)“®@P(£)X. By Harish-Chandra iso-
morphism and by Chevalley’s theorem on Weyl group invariants we know that
the algebra P(g)¢ is generated by ¢ = rank g homogeneous algebraically inde-
pendent G-invariant polynomials fi, ..., f; and the algebra P(£)¥ is generated
by k = rank £ homogeneous algebraically independent K-invariant polynomi-
als ¢1,..., . Thus, P(g)¥ is generated by ¢ + k homogeneous algebraically
independent polynomials f1,..., f¢, ©1,..., % and so

Ng :{ng; fl(X) = ... :fZ(X) :(pl(X) = "':SOk(X) :0}
is a Zariski closed subset of g of dimension dimg — ¢ — k. More generally,
for any (£,1) = (&1,...,&,n1, .-, Mk) in CFF we define a KC-stable Zariski

closed set, of the same dimension (K being the complexification of the group
K)
For the Lie algebras so(n,1) and su(n,1) one finds that dim Nk (&,n) =

dim KC. We saw in [2] that for every (&,7) € C*** the restriction of polyno-
mials to Nk (€,7) induces an isomorphism of K-modules

Hi(g) = PNk (€,m) = R(Nk (& n))-

Here P(S) = {f|S; f € P(g)} for any subset S C g and R(T) denotes the
algebra of regular functions on an algebraic variety 7. In [2] we have proved
that there exists Xo € go such that its stabilizer K§_ in K€ is trivial. Then
the dimension of the KC-orbit Ox, = KX, equals dim K€. For (¢,7) =
(f1(X0), -+, fe(Xo0), 01(X0), - - -, x(Xo)) we have Ox, C Ng (€, n) and the
equality of dimensions implies that Oy, is Zariski open in Nk (&,7n), Thus
the restriction to Ox, is an isomorphism of P(Nk(¢,7n)) = R(Nk (&, 1)) onto
P(Ox,). Using Peter-Weyl and Stone-Weierstrass theorems we have proved
in [2] that in fact P(Ox,) = R(Ox,) ~ R(K®).

Thus, as a K-module, H =~ Hx (g) is isomorphic to the left regular repre-
sentation of K on R(K®). Now R(KC) carries also the right regular represen-
tation of K commuting with the left one. By the isomorphism R(K®) ~ H
we transfer this action of K to H and expand it to U(g) = U(g)X @ H by
leaving U(g)¥ pointwise invariant. The obtained representation of K on U(g)
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we call weird action of K on U(g). In the simplest case s0(2,1) ~ su(1,1)
the compact group K is commutative and thus the weird action coincides with
the adjoint action composed with the inverse map z + z~! in K.

In the cases so(n, 1), n > 3, and su(n,1), n > 2, when K is not commu-
tative, the weird action is not unique: it depends on the choice of Xy € gg
such that its stabilizer K}C(O in KC is trivial. Furthermore, in general the
operators of the weird action are not automorphims of the algebra ¢(g). One
gets automorphisms if the weird action is trivially extended to the localization
U(8)ui(g)x\ {0y and if we consider this localization as an algebra over the field
of fractions U(g )Z/l(g)K\{O} of the integral domain U(g)*

4. WEIRD ACTION FOR go = 50(3,1)

We will compute the weird action in the simplest nontrivial case gy =
50(3,1). Computation will be on P(g) instead of U(g); one passes to U(g) by
symmetrization P(g) = S(g) — U(g).

We choose a basis of g =s0(3,1,C) = £ p as follows:

0 2 0 O 0O 0 -1 0 0 0 1 0
-2 0 0 O 0 O i 0 0 0 2 O
H= 0 0 0 0| E= 1 =i 0 0|’ F= -1 —i 0 0|’
0 0 0 0| Lo 0 0 o0 0 0 0 0
0 0 0 0 T o 0 0 1 [0 0O 0 -1
0 0 O 0 0 0 0 —i 0 0 0 —i
Z2= o0 o0 -2|° X = 0 0 0 O Y= 0 0 0 O
00 -2 0 1 -+ 0 0 L -1 — 0 O
Then {H, E,F} is a basls of ¢ and {Z,X,Y} is a basis of p. The commutators
are

0, [FX]|=2 |[Z X]=-2E,
2X, [F,Z]=2Y, [Z,Y]=-2F,
Z, [F,Y]=0, [X,Y]=—H.

[H,E]=2E, [H X]=2X, I[E X]
[H,F] = —2F, [H,Z]=0, [E, Z]
[E,F]=H, [HY]=-2Y, [EY]

The algebra of G-invariants S(g)“ is generated by two algebraically indepen-
dent homogeneous elements D1, Do € S?(g) chosen as multiples of two Casimir
elements corresponding to two simple factors so0(4,C) ~ s((2,C) x s1(2,C) :

D1:%H2+%ZQ+%HZ+EF+EY—FX—XY,
D,=1H?+17? - HZ + EF — EY + FX — XY.

The algebra of K-invariants S(£)¥ is generated by a multiple Q = H? +4EF
of the Casimir element in S(£). Instead of generators Q, Dy, Dy € S?(g) of the
algebra S(g)% = S(£)X @ S(g)¢ we use Q, A, € S?(g), where

O = H? + 4EF,

A =272 4XY = 2D, + 2Dy — Q,

Y=HZ+2FEY —2FX =D — D».
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Thus, generators of the algebra D(g)® of K-invariant linear differential oper-
ators on P(g) with constant coefficients are

8(9) th + 48?(2)"
9(A) = 4838 J

02
(%) = 8h8z+2868y 2570

Here we have identified P(g) with C[h,e, f, z,z,y|, where {h,e, f,z, z,y} is
the basis of the dual space g* which is dual with respect to the chosen basis
{H,E,F,Z,X,Y} of g.

The adjoint representation of £ on g extends to representation by deriva-
tions of the symmetric algebra S(g). Denote by 7 the represention of ¢ on
P(g) obtained by identification P(g) = S(g) via the nondegenerate trace
form (A, B) — Tr AB on g = s0(3,1,C). The operators of the representation
7 on P(g) can be expressed as linear differential operators of first order:

W(H)——2eae+2faf 2x8z—|—2yay,
m(E) = f8h+2hde_ydz_2zd£’
T(F) =ed — 2ha xaaz—ngy

Let us now determine the K-harmonic polynomials on g :

Hi(g) = {P € Plg); QP = (AP =d(E)P =0} = P Hi(o)

n€EZy
where H% (g) = Hi (g) N P"(g).
By our results in [2] we have P(g) ~ P(g)¥ ®@ Hk(g), thus

dim P"(g) = > _(dim P"(g)*)(dim H}*(g)).

k=0

Since g is 6-dimensional, we have

dim P"(g) = dim S"(g) = (” ;L 5).

Furthermore, we know that the subalgebra of K-invariants S(g)% ~ P(g)%
generated by three algebraically independent homogeneous elements 2, A, Y €
S?(g). Thus, the dimensions of homogeneous spaces of K-invariants are

. nyNK 0 n odd
dim P"(g) { Lk +1)(k+2) n=2k

By induction on n € Z, one gets from these formulas:
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PROPOSITION 4.1. The dimensions of homogeneous spaces of K -harmonic
polynomials on g are

1 n=>0
dim #jc (g) = {4n +2 n>1.

LEMMA 4.2. For any n € Z, define 2n linearly independent homogeneous
polynomials of degree n :

AP ="y, 0<j<n,  Byl=f Ty hy—f2), 1<j<n-1
Then all these polynomials are in HY%(g) and

m(H)A? =2nA?, T(E)A? =0, 0<j<n,
(H)B” ! (2n—2)B" L (E)B” =0, 1<j<n-1.

The proof is by direct calculations with differential operators 9(2), 9(A),
d(%), n(H) and (E).

Now, from the representation theory of ¢ ~ sl(2,C) we see that AY are
highest weight vectors of (2n + 1)-dimensional irreducible subrepresentations
of m and bases of the corresponding invariant subspaces are {m(F )kA”' 0<
k <2n},0 < j < n.Furthermore, B” 1 are highest weight vectors of (2n—1)-
dimensional irreducible subrepresentlons of m and bases of the corresponding
invariant subspaces are {7 (F )’“B;I 50<k<2n—-2},1<j<n-—1. Since
the homogeneous subspaces HY(g) are invariant under the representation
we conclude that all these subspaces are contained in H% (g). The sum of their
dimensions (for n > 1) is

(n+1D2n+1)+ (n—1)2n —1) = 4n? + 2 = dim H'-(g).

Thus, if we denote by 7, the equivalence class of (2n + 1)-dimensional irre-
ducible representations of K, we conclude:

PROPOSITION 4.3. In the representation of K on H}(g) the multiplicity
of the class m, is n + 1 and the multiplicity of the class mp_1 is n — 1. Other
classes do not appear in H}(g).

Note that we have reproved (ii) of Theorem 2.2 in the case go = s0(3,1) :
the multiplicity of 7, is n 4+ 1 in H%(g) and n in H%(g), so all together
2n+1=d(m,) in Hk(g) ~ H.

Now we calculate weird action w of € on P(g). We choose the following
Xo € go = 50(3,1) whose stabilizer K}C(O in K€ is trivial:

0

Xo=| 1

—= O

OO O
[==INen Rl e}
o O O
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The group KC consists of all complex matrices of the form

a1 a2 as 0

by by b3 O
k‘ =

C1 C2 C3 0

0 0 0 1

such that kkt = k'k = I, and det k£ = 1. This means that

aj +a3+a3 =1, a?+ b+ =1,
a1by + asbs +azbs =0, ajas +b1bs + c1co =0,
b3 4+ b3 + b3 = 1, a3 +b3+c3 =1,
aicy + agsce + azcsy = O, aias + b1b3 +cic3 = O,
A+cd+d=1, ai+bi+c3=1,

bici +baca +b3es =0, agaz + babs + cac3 =0,

and
aiby — azby = c3, aice — azc; = —bs, bico — bacy = as,
arbs — azby = —ca, aic3 — ascy = by, bics — bzci = —ao,
asbs — agbs = c1, asc3 — azcy = —by, bacz — bzcy = ay.
Thus we find
0 C3 —bg aq
—1 —C3 0 as bl
(Ad k)Xo = kXok™! =
b3 —as 0 C1
a1 b1 C1 0

We consider the restrictions of polynomials on g to the K-orbit of the element
Xo. We get

h((Adk)Xo) = —%es, e((Adk)Xo) = — (a3 + ibs),

((Ad ]{/‘)Xo) 2(61,3 — ib3), Z((Ad k)Xo) = %Cl,

2((AdR)Xo) = S(as +ib1),  y((Adk)Xo) = —L(ay — iby).
)

For C = hy — fz € P%(g

we get
C((Adk)Xo) = —4(az — ib).

The restriction to the K®-orbit K€ X, is an isomorphism of the space Hx (g)
of K-harmonic polynomials onto the space R(KC.X) of regular functions
on K€ Xy. As the stabilizer of Xy in K is trivial, the action of K gives
rise to the isomorphism k& +— (Ad k)X, of algebraic varieties K¢ — K€ Xj.
Thus we can consider the restriction to the orbit K€.X, as an isomorphism
of Hr(g) onto R(KC). This isomorphism transfers the adjoint representation
of K to the left regular representation of K on R(K®). We want to compute
the representation w of K on Hx(g) obtained by the inverse isomorphism
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R(K®) — Hx(g) from the right regular representation of K on R(K®). For
X € £y and for a K-harmonic polynomial P € Hx(g) we have

d
(@(X)P)((Adk)Xo) = —P((Ad ke'*)Xo)| , ke KC.
t=0
To describe the action w of € on Hx(g) it is enough to compute this action
only on the highest weight vectors A7 and B} for the adjoint representation m
which are defined in Lemma 1. With the introduced notation C = hy — fz €
P?(g) we have

Al =iyl 0<j<n,  B=f"7y7'C, 1<j<n.

Explicit calculation from the definition of the representation w on Hx (g) leads
to:

LEMMA 4.4. The operators w(H), w(E) and w(F) act on the polynomials
f,y and C = hy — fz as follows:

w(H)f = 07 W(E)f = 7Zy - 203 W(F)f = Zy - 203
w(H)y = —4iC, w(BE)y=—if, w(F)y =if,
w(H)C =iy, w(E)C =—1f, w(F)C =—3f.

From the relations among the matrix elements of k € K€ we have
(0,1 — ib1)2 + (CLQ - ib2)2 + (Clg - ib3)2 =
(a2 + a3 4 a2) — (b3 4 b2 4 b2) — 2i(a1by + agby + azbz) = 0.

Using the formulas for the restriction of the polynomials to the orbit K€. X,
we find that on this orbit

C? — f2+y® = j(ag —ib2)? + (ag — ib3)* + § (a1 —ib1)* = 0.
Therefore, we conclude:
LEMMA 4.5. Restricted to the orbit K€ X, one has the identity
2 1 y2.
= 4f

From Lemmas 4.4 and 4.5 we compute the action w on the m-highest
weight vectors in H g (g) :

THEOREM 4.6. The weird representation w of € on Hg(g) acts on the
w-highest weight vectors A7, B} as follows:

w(H)A} = —4ij B},

w(H)B} = —i(j — 1) A} 5 +ij A7,

W(E)A}I —i(n — )A?+1 ijA?—l —2(n - j)B]+17

w(E)B} = —3(n—j + DAF_y + 5(n — j)AJH i(j —1)Bj_1 —i(n — j)Bj,
UJ(F)A;L (’I’L ) J+1 +l.7Aj 1 - 2( )B]+17

W(F)B} = —3(n—j+1)A7_ + 5(n —j)A74 +i(j — 1) B}y +i(n — j)B}y1.
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As the weird action w commutes with the adjoint action 7, one obtains
from Theorem 4.6 the action of the operators w(H), w(FE) and w(F) on the
basis of Hx(g) :

{r(F)*A}; n€Zy, 0<j<n, 0<k<2n}U
{m(F)*B}; neN,1<j<n, 0<k<2n}
The irreducible constituents of the representation w of degree (2n+1) are
acting on the subspaces

Hi(g)" =span {A}, AL, ... A" BY ... .B"}, n(F)*Hg(g)", 1<k<2n.

To find the highest vector for the action w on Hg(g)" (and thus also for
7(F)*Hx (g)™) one has to solve the equation

n n
WH)P=2nP, P=Y ;AT +Y BB,
§=0 j=1

or, equivalently, w(E)P = 0. Using the formulas in Theorem 4.6 one obtains
recursive equations for calculating the coefficients «; and 3;. It turns out that
in the case of even n = 2m the coefficients a; and §; vanish for odd j and

VY Qjm(m+j_1)!a
o = i
(m+j—1)!

Baj = (—1)7 2%

(m = (2 — 11"
1 <7 < m. In the case of odd n = 2m + 1 the coefficients o; and 3; vanish
for even j, and
(m + )
(m—HN2j+ 1)
(m+ )
2m + 1)(m — 7)1(25)!

agjp1 = (—1)72%

ar,

ﬂ2j+1 — (71)]+1Z22j+1 ai,

0 <7 <m. Thus

PROPOSITION 4.7. In the irreducible constituents m(F)*Hx (g)", n € Z,
0 < k < 2n, the highest weight vectors for the weird action w are w(F)kP,,
where

m

Pu = 32(-172%m

=0

(m— i)

- (m+j—1)
—1)J*+1;927; " p2m
MDD e ey o7 VL

j=1
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and

N 102) (m +j)! 2m+1
Poner = 3 _(FY2 oo g AT

Jj=0

m o + )
_1)it1;925+1 (m RB2mt1
T G G-

Thus, expressed through variables h, e, f, z,x,y and C' = hy — fz we have
Py=1,P =y—2iC, P, = f>2—2y% +4iyC, P3 7f2y—é -2 20+ 820,
Py = f4—8f%y* 4+ 8yt +8if*yC —32iy>C, P = fly— 4f2y3+ 16y5 % f4c+
%]@yQC’ — % 4C ete.

The weird action w is extended to P(g) = P(g)¥ @ Hx(g) trivially on
P(g)K, ie. w(®)P(g)® = 0. Our aim was to try to express this action using
some K-invariant linear differential operators on P(g) with polynomial coef-
ficients. Unfortunately, it does not seem possible. Here is the action of the
operators w(H ), w(E) and w(F) on the monomial bases of P(g) and P?(g) :

€

NN N N N N N N N N N N N N N N S

w(H)h =0, w(E)h = —iz + ey + fx, w(F)h =iz + ey + fz,
w(H)e =0, w(E)e = ix — 2hx — 2ez, w(F)e = —ix — 2hx — 2ez,
w(H)f =0, w(B)f = —iy—2hy +2fz, w(F)f =1y —2hy+2fz,
w(H)z = 2iey + 2ifx, w(E)z = —ih, w(F)z = ih,
w(H)z = 4ihz + 4diez, w(E)x = ie, w(F)x = —ie,
w(H)y = —4dihy +4ifz, w(E)y= —if, w(F)y=1if.
w h? =0,
w(H)f* =0,
w he =0,
w fz:—% — 2ih%y + 2ihfz + iefy + if3z,
w hf =0,
w fr = —iz + 2ihey + 2ihfz,
w hz = 12ihey + 122'hf:r7
w(H)fy = —4ihfy + 4if>z,
w h:r:ff:r+21h2x+2zhezfze y—ifz?,
52
h

y = Ly — 2ih%y + 2ihfz +icfy +if’z,

CEEEEEEELLCEERLECERRRS

w(H)zx = dihzx + diez? + 2iexy + 2ifx?,

w e2 =0,

w(H)zy = —4dihzy + 4if2% + 2iey® + 2ifzy,
w(H)ef =0,

w 22 = 8iha? + Siezz,

w(H)ez = ix — 2ih*x — 2ihez + ie*y + ief,
w(H)xy = diezy + 4ifzx,

w ex = 4dihex + 4ie’z,

w(H)y? = —8ihy? + 8ifzy.

w(H)ey = %y — 2ihey — 2ihfx,
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w(E)h? = —4hz+ Ley — L fa + 2hey + 2hfz,

w(E)e? = 2iex — dhex — 4e*z,

w(E)he = ihx —iez — 2h*x — 2hez + ey + efx,
w(E)ex = ie? + ix? — 2ha® — 2ezx,

W(B)hf = —ihy —ifz — 2h%y + 2hfz + efy + f3x,
w(B)f? = =2ify —4hfy+4f°z,

w(E)hz = 21h2 + 2 ef z 2% — sy +ezy + fax,
w(BE)fy = Cif? iyt~ 2hy? 4 2,

w(E)hz = —ie + ih(_a —izx + hzx + ez’ + Sexy + 1 fa,
w(E)2? hz + sey — 5 fu,

w(E)hy = —5f — zhf—i—zzy hzy + 1 ey + f22 + 2favy7
w(E)zx = —zhx + ez,

w(E)ef = $hz — ey + & fao — 2hey — 2hfx,

w(E)zy = —ihy —ifz,

w(E)e,g = —1e—ihe +izx — hax — e2” — Lewy — 1 fa?,
w(E)z* = 2iex,

w(E)ey = 1h + 2’h2 fef + ﬁz2 + % xy —ezy — fzx,
w(E)zy = hz + sey — 3fx,

w(E)fz = 4f —ihf —izy — hzy + fey® + f2° + § fay,
w(B)y" = =2ify.

WE)fr=131h— 20+ Ltef — 2% — lay + ezy + fau,
w(F)h? = %hz — %ey + %fx + 2hey + 2h fx,

w(F)e? = —2iex — dhex — 4ez,

w(F)he = —ihx + iez — 2h*z — 2hez + e®y + ef,
w(F)ex = —ie? — ix? — 2ha? — 2ezx,

w(F)hf =ihy+ifz— 2h2y+2hfz+efy+f2m,
w(F)f? = 2ify —4hfy + 4f z,

w(F)hz = 2lh2 — feer 2,243 :cy+ezy+ fzx,
w(F)fy = if? 4 iy? = 2hy? +2fzy,

w(F)hz = —ie — i_he +izz + hzz + ez’ + sexy + 5 fa°,
w(F)z? = 41hz — ey + 3 fx,

w(F)hy = +ihf —izy — hzy+ Lley? + f22 + fxy,
w(F)zz = zha: —iez,

w(F)ef = f%hz + %ey — %fx — 2hey — 2hfz,

w(F)zy =thy +ifz,

w(F)eg = —te+ihe —izx — hzw — ez® — Jewy — 1 fa?,
w(F)z* = —Ziex

w(Fey = h — tef — &22 — txy —ezy — fam,
w(F)zy = i S hz — fey —|— ifax,

w(F)fz = if +ihf +izy — hzy + sey” + f2° + § fxy,
w(F)y? = 2ify.

w(F)fe=sh+ 2h*+ 22° — Lef + Loy + ezy + fez,

Finally, we note that when inspecting K-invariant linear differential op-
erators on P(g) with polynomial coefficients we found another representation
k of € on P(g) commuting with 7. It is given by the following derivations of
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the algebra P(g) :

K(H) = ha%*eae f8f+28z+m8x+y3y’
P
%R _xae "'yag
(F):ha e{n"‘f

This representation does not commute with 9(Q2), 9(A) and 9(X), but
the space of K-harmonic polynomials is nevertheless k-invariant since the
commutators are

[<(H),0()] =20(Q),  [&(E),0(Q)] = [5(F),0(2)] 2—23( ),

[<(H),0(A)] = =20(4), [x(E),d(A )]**23( ), [&(F),0(A)] =

[x(H),0(%)] = 0, [£(E),0(%)] = =0(Q),  [k(F),0(X)] = 3( )-
The homogeneous subspaces P"(g), thus also H}%(g), are evidently -

invariant. The action on the vectors A;‘ and B}’ i

R(H)AT = (2] — M)A, K(E)A?=(n — )AL, k(F)AT=jA7 1, 0<j <n,
k(H)B} =(2j—n—1)B}, k(E)Bj =(n—j)Bj.1, s(F)Bj=(j—-1)Bj_1,1<j<n.
Thus, we see that the subspace span{A};0 < j < n} is s-invariant and
the corresponding subrepresentation is irreducible of degree n + 1. The same
holds for the subspaces span{m(F )kA” 0 <j<n}, 1<k <2n.Similarly, the
subspace span {BJ'; 1 < j < n} (and also span{m(F)"*B}; 1 < j <n}, 1 <
k < 2n) is k-invariant and the corresponding subrepresentation is irreducible
of degree n.
The subalgebra P(g)¥ of K-invariants is k-invariant. We have P(g)% =
C|w, d, 0], where w, 6 and o are quadratic polynomials:

w=h>+ef, 0=2>—zy, o=2hz+ey— fu.

K acts on them as follows

k(H)w = —2w, K(BE)w =0, K(F)w =0,
Kk(H)d = 26, Kk(E)d =0, Kk(F)0 = o,
k(H)o =0, Kk(E)o = 26, K(F)o = 2w.

Therefore, the subrepresention of x on the 3-dimensional invariant subspace
Clw, 6, 0] = span {w, §, o} is irreducible. Since the representation x of € acts
by derivations, we conclude that all irreducible constituents of x in P(g)¥ are
of odd degree.

The representation x on P(g) is locally finite, thus the corresponding rep-
resention of £, integrates to a representation of a simply connected compact
Lie group with the Lie algebra €j. Since among the irreducible constituents of
k are not only those of odd degree but also those of even degree, this group
is not K = SO(3) but its 2-fold covering group ~ SU(2). Finally, since &,
acts by derivations, the action of the integrated representation on P(g) is by
automorphisms.
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Neobi¢no K-djelovanje na U(g) za so(n,1) i su(n,1)
Hrvoje Kraljevié

SAZETAK. Neka je go ili so(n, 1) ili su(n, 1), g njezina komp-
leksifikacija, K maksimalna kompaktna podgrupa adjungirane
grupe od go, U(g) univerzalna omotacka algebra od g i U(g)™
njezina podalgebra K-invarijanata. Posljedica rezultata iz [2]
je da osim uobicajenog adjungiranog djelovanja od K na U(g)
postoji i drugo djelovanje od K koje komutira s adjungiranim
djelovanjem i ostavlja U(g)™ po tockama invarijantnim. Slucaj
go = s0(2,1) ~ su(1,1) je trivijalan jer je K komutativna i neo-
bi¢no djelovanje od K podudara se s inverzom adjungiranog djelo-
vanja. U ovom ¢lanku detaljno smo proudili neobi¢no djelovanje
od K u najjednostavnijem netrivijalnom slucaju go = s0(3,1).
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