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ON REDUCIBILITY OF REPRESENTATIONS INDUCED
FROM THE ESSENTIALLY SPEH REPRESENTATIONS AND
DISCRETE SERIES
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Dedicated to Marko Tadié¢ on the occasion of his 70th birthday.

ABSTRACT. Let 7 stand for an essentially Speh representation of
the form L(8([v%p,v®t*p)), ..., 8([ve "1 p, votktn=1p])) where p is an
irreducible cuspidal representation of the general linear group over a
non-archimedean local field or its separable quadratic extension, a < 0,
2a +k > 0, and n > 1. Let o denote a discrete series representation of
either symplectic, special odd-orthogonal, or unitary group. We determine
when the induced representation 7 x o reduces.

1. INTRODUCTION

Let p stand for an irreducible cuspidal representation of the general linear
group over a non-archimedean local field or its separable quadratic extension,
and let §([v%p, v°p]) stand for an irreducible essentially square-integrable rep-
resentation attached to the segment [1%p, %p]. The induced representation

6([Vapa Va+kp]) X 6([Va+1pa Va+k+1p]) XX 5([Va+n_1pa Va+k+n—1p])’

where a is a real number, while k and n are non-negative integers such that
n > 1, contains a unique irreducible subrepresentation, which is denoted
by L(§([v%p,v®*p]), ..., 6([vet "L p,votk+7=151)) and called the essentially
Speh representation or shifted Speh representation. We note that, by [20,
Theorem 7.5], the essentially Speh representations have a crucial role in the
classification of the unitary dual of the general linear group.

We denote by o a discrete series representation of either symplectic, spe-
cial odd-orthogonal, or unitary group, and remind the reader that by the
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Moeglin-Tadié¢ classification o is completely described by the so-called admis-
sible triple, consisting of the Jordan block, the partial cuspidal support, and
the e-function.

We describe the reducibility of the induced representation

L(S([v%p, v *p]), ..., 6([v* " Lp, vt tn=1p)) x o

under the assumptions a < 0 and 2a + k£ > 0.

In some restrictive cases an analogous reducibility problem is completely
solved. Taking n = 1 we obtain the generalized principal series case, for which
the reducibility has been described for general a and k in the symplectic and
special odd-orthogonal group case in [18], and in the unitary group case in
[13]. We note that all the results and proofs appearing in [13] can be used
without any change in the symplectic and special odd-orthogonal case. If we
additionally restrict ourselves to the case of the strongly positive o, then the
complete composition series of the generalized principal series follow from [17]
and [9].

Taking & = 0 and general a and n, we obtain the case of representations
induced by the Zelevinsky segment representation and the discrete series,
which has been initially studied in [10], where the reducibility criterion has
been deduced. The complete composition series of the induced representation
of such a form have been described in [11], under an additional assumption
that a is half-integral.

In the case of cuspidal ¢ and positive a, a complete description of the
composition series of L(§([v%p, 2 *p]), ..., 8([vet " Lp,vetE+n=1p])) % o has
recently been obtained in [3]. We also note that for cuspidal o reducibility
of the representations induced from the essentially Speh ones appears as a
particular case of a much more general and important contribution [8].

Finally, reducibility of the induced representations of the form

L(5([v*p, Va+kp])a SERR) 6([1/a+n71p’ Va+k+n71p})) X TA,

for general a,k and n, where m4 stands for an irreducible representation of
Arthur type, is described in [2].

Our main result states that the induced representation L(5([v%p, v2*p]),

L 8([petn—lp, vatktn=1,0)) x o, under the mentioned conditions on a, k

and n, is irreducible if and only if §([**%p, v4+F+ip]) X o is irreducible for all
1€{0,1,...,n—1}.

One can use the results of [18] and [12] to describe the reducibility in
terms of p, k,n, and the admissible triple corresponding to o.

To obtain the reducibility criterion, we adopt the strategy introduced in
[18] and further developed in [19], [10], [12], and [13].

First, if there is an i € {0,1,...,n — 1} such that §([v*+ip, va+*+ip]) x o
reduces, we note that p is a self-dual representation and that the irreducible
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non-tempered representation
L(5([V_a_k_n+1p7 y—a—n+1p])’ o ,(5([U_a_kp, l/_ap}); O’)

is a subquotient of L(§([v%p,v2 % p)), ... s([vetn—1p, vetktn=1p))) x o
Then, taking the minimal ¢ € {0,1,...,n — 1} such that

St p, v T p)) x o

reduces and starting from particular irreducible subquotients constructed in
the reducibility proofs appearing in [12], we provide an inductive construction
of an irreducible non-tempered subquotient of

L(S([v%p, v *p]), ..., 6([v* " Lo, vt =1pl)) w0
which is non-isomorphic to
L(fv= e mHpwme ]y 6 v )5 0).

We note that the mentioned inductive procedure is mostly based on the combi-
nation of the intertwining operators method and the calculation of the Jacquet
modules using the structural formula.

If §([v2Fip, v*+F+ip]) x o is irreducible for all i € {0,1,...,n — 1}, using
the reducibility criterion from [18] and [12], together with [22, Section 7], we
deduce a precise description of the Jacquet modules of . Such a description
enables us to determine the general form of possible irreducible subquotients
of L(§([v%p, v *p]), ..., 8([vet " Lp,vetk+n=1p1)) x 0. Since such a form is
obtained by the calculation of the Jacquet modules, some rather complicated
cases, as the one appearing in Proposition 5.5, need to be handled. We note
that such a case presents one the main obstructions in this study. The ob-
tained general description of possible irreducible subquotients leads us, after
a rather involved calculation, to irreducibility of induced representation of the
studied form.

Let us now describe the content of the paper in more detail. In the
second section we introduce the notation and some preliminaries, while in
the third section we state and prove several technical results which are used
afterwards in the paper. In the fourth section we prove the reducibility of
L(§([vep,v®F*p]), ..., 6([vetm1p, votk+n=151)) 3 & when there exists an i €
{0,1,...,n — 1} such that §([v*p, v2*+ip]) x o reduces, and several cases
are studied separately. In the fifth section we state and prove the irreducibility
results.

2. PRELIMINARIES

Through the paper, we denote by F' a non-archimedean local field. We
fix one of the following series {G,,} of classical groups over F.

In the odd orthogonal group case, we fix an anisotropic orthogonal vector
space Yy over F' of odd dimension and consider the Witt tower based on
Yy. For n such that 2n + 1 > dimY), there is exactly one space V,, in the
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tower of dimension 2n + 1. Let G, stand for the special orthogonal group
of this space. If V,, stands for the symplectic space of dimension 2n in the
corresponding Witt tower, we denote by G, the symplectic group of this
space. We also consider the unitary groups U(n, F'/F), where F’ stands for
a separable quadratic extension of F'. There is also an anisotropic unitary
space Yy over F’, and the Witt tower of unitary spaces V;, based on Y. We
denote by G,, the unitary group of the space V,, of dimension either 2n+ 1 or
2n.

We fix a minimal parabolic subgroup in G,, and consider only the stan-
dard parabolic subgroups with respect to this fixed minimal parabolic sub-
group. When working with the unitary groups, we let F’ denote a sepa-
rable quadratic extension of F', otherwise let F’ denote F. For representa-
tions 0; of GL(n;, F'), i = 1,2,...,k, and representation 7 of G,/, we de-
note by &1 X - -+ X §; x 7 the normalized parabolically induced representation
Indff (01 ®---®d, ®7). We use a similar notation to denote a parabolically
induced representation of GL(m, F").

By Irr(G,,) we denote the set of all irreducible admissible representations
of G,,. Let R(G,,) denote the Grothendieck group of admissible representa-
tions of finite length of G,, and define R(G) = ®,>0R(Gr). In a similar way
we define Irt(GL(n, F')), R(GL(n, F")), and R(GL) = ®,>oR(GL(n, F")).

Let n’ stand for the Witt index of V,, if V,, is symplectic or even-unitary
group, and n’ = n— 3 (dimp (Yy) — 1) otherwise. For o € Irr(G,,) and 0 < k <
n’ we denote by r () (o) the normalized Jacquet module of o with respect to the
parabolic subgroup Py having the Levi subgroup equal to GL(k, F') x G .
We identify 7 (o) with its semisimplification in R(GL(k, F'))® R(G,,—) and
consider

/

po)=1®0+ Y rulo) € R(GL) @ R(G).
k=1

For m € Irr(GL(n, F')) we define m*(w) = > ,_oru(r) € R(GL) ®
R(GL), where r(;)(m) denotes the normalized Jacquet module of m with re-
spect to the standard parabolic subgroup having the Levi factor equal to
GL(k,F") x GL(n — k, F'). We identify r)(7) with its semisimplification,
and then extend m* linearly to the whole of R(GL).

Let v stand for a composition of the determinant mapping with the
normalized absolute value on F. Let p € R(GL) denote an irreducible
supercuspidal representation. By a segment we mean a set of the form
[p,v™p] == {p,vp,...,v"p}, where m is a non-negative integer. The induced
representation v™p x ™ 1p x --- x p has a unique irreducible subrepresen-
tation ([23]), denoted by §([p, v™p]). Representation 6([p, ™ p]) is essentially
square-integrable, and by [23] every irreducible essentially square-integrable
representation in R(GL) can be obtained in this way.
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The essentially Speh representations are irreducible representations of the
form L(81,02,...,6,), where §; = §([voti=1p votkti=1lp)) fori=1,2,...,n,
a real number a, a non-negative integer k, and an irreducible cuspidal repre-
sentation p from R(GL).

For an irreducible smooth representation m € R(GL), let 7 stand for the
contragredient representation of w. If F = F’, we say that 7 is F’/F-selfdual
if r =7 If F# F’, we denote by 6 the non-trivial F-automorphism of F”,
let 7 denote the representation g — 7(6(g)), and say that the representation
mis F'/F-selfdual if 7 2 7.

One of the main ingredients in our Jacquet module calculations is the
following formula ([7, Theorem 2.1]):

THEOREM 2.1. Let p € Irr(GL(m, F)) be a supercuspidal representation.
Suppose that a1,by1,...,am,by are real numbers such that b; — a; is a non-
negative integer for i = 1,2,...,m, and that for i = 1,2,...,m — 1 we have
a; < a;+1 and by < biy1. Then the following holds:

m (LG p, v p)), . 8 p, v p]))) =
S L@ ) S )
(e1,...,cm)ELad
L™ p, v pl), -, 6([v " p, v pl)),

where Lad stands for the set of all ordered m-tuples (c1,...,cm) such that
<< cem,a;—1< ¢ <b; and ¢; — a; is an integer for all i =1,...,m.
We omit §([v°p,v¥p)) if © > y.

We also frequently use the following structural formulas, which follow
from [21], [16, Section 15], and Theorem 2.1:

THEOREM 2.2. Let p € Irr(GL(m, F)) be a supercuspidal representation.
If F = F', let p1 = p, otherwise let p1 = p. Let k,l € R such that k+1 € Z>,
and let o denote an admissible representation of finite length of G,. Write
w(o) =25, 0®0c". Then we have

l l
WG xo) = 3 S S 6 g, v pl) x 61T p v p]) x 8

i=—k—1 j=i 6,0/
®6([" " p, 7 p]) x o',

Suppose that ay,by,...,am, by, are real numbers such that b; — a; is a non-
negative integer for i = 1,2,...,m, and that for i = 1,2,...,m — 1 we have
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a; < aj41 and b; < biy1. Then we have
(L[ p, " p)), ..., 8([vm p, V0™ p]) x 0)) =
> S LS p, P pl), L S v p])) ¢

(¢1y--esCmsd1yeeeydm )€ Lad’ 6,07
L((S([Vicmpla Vﬁampl])a BERE) 5([V781p17 Vﬁalpl])) X0
QL[ p,v™pl), .., 6([vert p, v pl)) x o,

where Lad’ stands for the set of all ordered 2m-tuples (c1,...,¢m,d1, ... ,dpy)
such that ¢c1 < -+ < ¢, d1 < -+ < dp, a; — 1 < ¢; < d; <b; and ¢; — a;,
d; — a; are integers for alli=1,...,m. We omit §([v"p',v¥p’]) if x > y.

We briefly recall the subrepresentation version of the Langlands classifi-
cation for general linear groups.

For every essentially square-integrable representation § € Irr(R(GL)),
there is a unique e(§) € R such that v~°°)§ is unitarizable. Note that
e(§([vep,v°p])) = (a + b)/2. Suppose that d1,da,...,d; are irreducible essen-
tially square-integrable representations such that e(d1) < e(da) < ... < e(dg).
Then the induced representation §; X do X - -+ X d has a unique irreducible
subrepresentation, which we denote by L(d1,d2, . ..,0x). This irreducible sub-
representation is called the Langlands subrepresentation, and it appears with
multiplicity one in the composition series of §; X d3 X - - - X ;. Every irreducible
representation m € R(GL) is isomorphic to some L(d1,0d2,...,J;) and, for a
given 7, the representations d1,ds, ..., are unique up to a permutation.

We also use the subrepresentation version of the Langlands classification
for classical groups, since it is more appropriate for our Jacquet module con-
siderations. We realize a non-tempered irreducible representation 7 of G,, as a
unique irreducible (Langlands) subrepresentation of an induced representation
of the form &1 X 9 X -+ X 0 X 7, where 7 is an irreducible tempered rep-
resentation of some Gy, and 61,09, ..., € R(GL) are irreducible essentially
square-integrable representations such that e(d1) < e(dg) < -+ < e(d) < 0.
In this case, we write m = L(d1,d2,...,0%; T).

We will use the following result ([5, Lemma 5.5]) several times.

LEMMA 2.3. Suppose that m € R(G,,) is an irreducible representation, A
an irreducible representation of the Levi subgroup M of G, and 7 is a subrep-
resentation of Indf[ (N). If L > M, then there is an irreducible subquotient p
of Ind%;(\) such that 7 is a subrepresentation of IndS™ (p).

By the Moeglin-Tadi¢ classification of discrete series [14,16], which holds
unconditionally, due to [1], [15, Théoréme 3.1.1] and [4, Theorem 7.8], a dis-
crete series o € GG, corresponds to an admissible triple which consists of the
Jordan block, the partial cuspidal support, and the e-function. More details
on this invariants can be found in [16, 18] and in [6], where slightly different
approach, which also covers the classical group case, has been used.
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Note that, if a twist by a character of the form v*, with x € R, of some
irreducible unitarizable cuspidal representation p € R(GL) appears in the
cuspidal support of a discrete series o € R(G), then p is an F’/F-selfdual
representation.

Through the paper, we fix a discrete series o and we denote the corre-
sponding admissible triple by (Jord(c), ocysp, €,). For an irreducible F’/F-
selfdual cuspidal representation p; of GL(ni,F’), let Jord, (o) = {z :
(x,p1) € Jord(o)}. If Jord,, (0) # @ and = € Jord,, (o), denote z_ =
max{y € Jord,, (¢) : y < z}, if it exists.

3. SOME TECHNICAL RESULTS

In this section we state and prove several technical results which are often
used in the paper.

Through this section we fix an irreducible F’/F-selfdual cuspidal repre-
sentation p € R(GL).

LEMMA 3.1. Let a,b denote real numbers such that b—a is a non-negative
integer, and let n stand for a positive integer. Suppose that 7 is an irreducible
subquotient of

L(S([v*pv°p))s -+, ([ p, P pl)) < S([0 7 p, 77 ).
Then either
w2 L(S([vp, v°p)), o, O([p T p, ), S([0 T p, P )
or
™2 L(3([vp,v°p)), ., 6([v* "2, P2 ),
([t p, P p]) B([p " p, P p))).

PRrOOF. Using the Langlands classification, we write 7 as a unique irre-
ducible subrepresentation of

S([v™ p, v p]) x - x 6([v* p, ¥ pl).

If x; > @41 for some i € {1,2,...,1—1}, then e(d([v™ p, v¥ip])) < e(d([v* i+t p,
vYi+ipl)) implies y; < yit1, S0 0([71 p, v¥ip]) x §([vTi+t p, v¥i+1p]) is irreducible
and isomorphic to §([v*i+t p, v¥i+1pl) x §([v"ip,v¥ip]). Thus, we can assume
21 < xg < -0 < xy. It follows that 1 = a and m*(7) > o([v%p, V¥ p]) ®
L(s([v™2p,v¥2p]), ..., 0([v" p,v¥ p])), so y1 € {b,b+ n}.

Let us suppose that y; = b+n. Using Theorem 2.1 we obtain that a+n <
b+ 1 and L(6([v*2p,v¥2p]),...,0([v" p,v¥ p])) is an irreducible subquotient
of L(8([v**tp, " p]), ..., o([w = p, " =1 p])) > 6([v 47 p, 0 p]).

Now we have xo = a+ 1 and m*(L(§([v"2p,v¥2p]), ..., 0([v" p,v¥p]))) >
S([votp, v¥2 p)QL(S([v2 p, v¥2 p)), . . ., 8([v¥ p, v¥1 p])). Tt directly follows that
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1Yo = b+ 1, which gives

w2 L(S([vp, v p]), 8([v"H o, ")), (72 p, v ), 6([07 o, Y )
> ([, 7 ) x 8([p, 0 p]) X L[, 195 ) ., 6(7 p, )
= 5([p"H p, " p]) X 8([Wp, T p]) X L(S([v7 p, v p), -, (V7 p, ¥ ),

and the Frobenius reciprocity implies that m* () contains an irreducible con-
stituent of the form v®+! p @ ', which is impossible for n > 2.

Consequently, y1 = b and L(6([v*2p,v¥2p]),...,d([v" p,v¥ p])) is an irre-
ducible subquotient of

L(S([v " p, " pl), o 8 p, T pl)) xS p, P ).

Continuing in the same way, we obtain z; =a+i—1land y; =b+7—1
fori=1,2,...,n—1, and

L(&([v*rp, v pl), ..., 6([v" p,v¥ p])) <
([ o, M pl) < S([p T p, P ).
From the composition series follows
L[ p, v pl), ... 6([v" p, v p])) €
(LG o, L)), ([0 p, 1)),
B[V p, P p]) x ([ p ) ),
and hence [ = n + 1, so the lemma is proved. ]

LEMMA 3.2. Suppose that x and y are such that x+y is a negative integer.
Suppose that L(5([v" p,v¥1p)),...,0([v" p,v¥ip]); T) is an irreducible subquo-
tient of L(6([v* p, v pl),...,0([v*p,v™ p])) X 7', where T and 7' are irre-
ducible tempered representations, and for alli =1,...,1 we have z; +w; > 0,
w; < —x. Also, suppose that x +y < x1 +y1. Then

L(o([v"p,v¥pl), 6([v* p, v pl), - .., 0 ([ p, v ) T)
is an irreducible subquotient of
L(6([v™ p, v pl), -, 6([v7 p, v pl)) > L(S([v7 p, ¥ p]); 7).
PRrROOF. In R(G) we have
L[, "p]), 67 9, 7 p]), ., 8([07 9, 7 )5 T)
< o([v*p,v¥pl) x L(6([v* p,v¥ p]), ..., 6([v* p, v p]); 7)
< (v, v¥p]) x L(6([v™ p, v p]), .. 6([v™ p, v p])) = T
= L(6([v* p, v p]), ..., 8([v* p, ™" p])) x O([v"p, v¥p]) x 7'

From the semi-simplification in R(G) follows that there is an irreducible sub-
quotient 7 of 6([v*p, v¥p]) x 7/ such that

L(6([v"p,v¥p]), 6([v"  p, ¥ pl), - - o, O([" py ¥ p))5 T)
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is a subquotient of L(6([v*p, v pl),...,0([v*p,v™ p])) x 7.
Since L(6([v*p,v¥p)), 6([v™ p,v¥ p]), ..., 6([v" p,v¥ p]); T) is a subrepre-
sentation of
§([v*p,v¥p]) x L(§([v* p, v p)), ..., 6([V* p, v p)); 7)),

using the Frobenius reciprocity we conclude that

w (L(O([v*p, v p)), 0([v™ p, ¥ pl), .., 6 ([ p, Y p]); 7))

contains

o([v"p, vVpl) @ L(6([v™ p, ¥ pl), .., O ([0 oy Y pl); 7).
Consequently, p*(L(6([v* p, v pl), ..., §([v*p, v p])) x 7) contains an irre-
ducible constituent of the form &([v*p, v¥p]) ® 7’. Since we have z; +w; > 0
and w; < —z for all i =1,...,1, it follows that p*(7) contains an irreducible
constituent of the form &([1”p, v¥ p])@7’, for & </ < y. Using temperedness
of 7/ and Theorem 2.2, one can easily see that only irreducible constituent of
such a form appearing in p*(0([v"p, v¥p]) x 7') is 6([v* p, vYp]) @ 7/, which ap-
pears with multiplicity one and is contained in p*(L(§([v"p,v¥p]); 7')). Thus,
m =2 L(§([v*p, v¥p]); 7)) and the lemma is proved. d

LEMMA 3.3. Suppose that L(6([v* p,v¥ p)),...,0([v" p,v¥p]);T) is an
trreducible subquotient of
L(8([vp, v?p])s 6V p, v hp]), o 6 o, ™)) a7,
where T and 7' are irreducible tempered, | > 1, and c+d > 0. If —d—c—2l <
x4y, then L(6([v= " p,v="p]), 8([v™1 p, ¥ p)), . .., ([ p, v¥ p]); T) is an
irreducible subquotient of
L(S([vp,vp)), 6o p, v hp]), o 8 p, v p])) a7

Proor. In R(G) we have

L(S(v= " o, v p)), 8([W" p, v pl), -, 6([0" o, ¥ p]); 7)

< S(v= o, v pl) 3 L(S([™ p, v ), - B([V7 o, v pl); )
S([v= o, v o)) x L(S([v°p, vp)), -, S([H o, T p])) a7
= L(6([v°p, v o)), -, ([T p, ™)) e ([ p, v p]) a7
= L(6([v p,vpl), -, (T o, T p])) xS p, v p]) a7
Thus, there is an irreducible subquotlent 7 of
L(S([vop,vp)), -, 6 o, v p])) x 6([H p, v p])

such that L(6([v=4 " p,v="p]), 6([v™ p, ¥ p)), . . ., 6([v% 1 p, ¥ p]); T) is & sub-
quotient of ™ x 7/. By Lemma 3.1, either

™2 L(S([vop,vp)), ..., 6([v p, v p]))

IN
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or
w2 LG([vopv?pl), - 82 p, v 2 p)),
S p, ™)), ([ p, v p)))
It
w2 LO([vp, v7p)), . 6([H 2 p, v 2 p)),
St p, v p]), (e o, v p))),
we have

L= o, v o)), ([ p, v ), ., 8([7 p, v¥p))i 7) <
L(S([vop,vp)), ., 0([v 2 p, =2 p])) x
St p, v ™ p]) x S([vH o, v p]) 2 7

Using the Frobenius reciprocity, we obtain that

(LS o= ), 6([v o, v p)), - ([ pa v p]); 7))

contains

5= tp, vt p]) @ L(S([v™ p, ¥ pl), ..., 6([v™ o, ¥ p]); 7).

Since —d — I < ¢, using Theorem 2.2, together with temperedness of 7/, one
can conclude that

W (L0, vp]), ., 82, 2] x
S p, v p]) x 8([ v p]) i 7)

does not contain an irreducible constituent of the form §([v =4/ p, v~ p])@7’,
a contradiction. Thus,

w22 L(6([v°p, vp)), 8V o, v p)), . 6 p, v p))
and the lemma is proved. ]

The following two lemmas are direct consequences of [22, Section 8] and
the proofs of [12, Lemmas 3.2, 5.2]:

LEMMA 3.4. Let 01 € R(G) denote a discrete series such that Jord,(o1) #
(. Suppose that a and b are such that a + b is a positive integer and a — x is
an integer for 2z +1 € Jord,(o1).

(1) Suppose that a < 0 and 2b+ 1 ¢ Jord,(o). If (—2a + 1,2b+ 1) N
Jord,(0) # 0 and 2z + 1 = max({(—2a + 1,20 + 1) N Jord,(0)), then
L(§([v=%p,v™%]); 02) is an drreducible subquotient of §([v%p,°p]) x o1,
where oy stands for the unique discrete series subrepresentation of
o([v*tp, vp]) x o1
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(2) Suppose that a < 0, —2a + 1 € Jord,(0), and (—2a + 1,20 + 1] N
Jord,(0) = 0. Let oy stand for a unique discrete series subrepresenta-
tion of 5([v=Fp, vbp]) x o1, and let T stand for an irreducible tempered
subrepresentation of 6([v*p, v *p]) X o2 which is a subrepresentation of
an induced representation of the form §([v= tp, vPp]) x w. Then T is an
irreducible subquotient of 6([v%p,°p]) x o7.

(3) Suppose that a > 0 and 2b+1 ¢ Jord, (o). If[2a—1,2b+1)NJord,(c) # 0
and 2z +1 = max([2a—1,2b+1)NJord, (o)), then L(5([v=*p,v~%p]); 02)
is an irreducible subquotient of 6([v%p,v’p|) x o1, where oy stands for the
unique discrete series subrepresentation of §([V™T1p,1Pp]) x o7.

LEMMA 3.5. Let o1 € R(G) denote a discrete series such that Jord,(o1) #
(0. Suppose that a and b are such that a + b is a positive integer, a < 0, and
a—x is an integer for 2z +1 € Jord,(o1). Suppose that —2a+1 ¢ Jord,(o),
(—2a + 1,2b + 1] N Jord,(01) # 0, and let 2o + 1 = min((—2a + 1,2b +
1N Jord,(o1)). Then there is a unique discrete series oo such that o1 is a
subrepresentation of 5([v%F1p, v%p]) x 0.
(1) If v < b, then L(5([v="p,v%p]); 02) is an irreducible subquotient of §([v%p,
vPp]) X o1
(2) Suppose that x = b, and let T stand for an irreducible tempered subrepre-
sentation of 5([v~"p, 1°p]) x oy which is a subrepresentation of an induced
representation of the form §([v**ip, vPp]) x 6([v2tp, v0p]) x 7. Then T
is an irreducible subquotient of §([v®p,v’p]) x 7.

In the following several lemmas we treat the tempered case. Through
the rest of this section, o1 € R(G) stands for a discrete series such that
Jord,(01) # 0. Let a and b denote the real numbers such that a + b is a
positive integer and a — « is an integer for 2z + 1 € Jord,(o1).

Until said otherwise, let ¢ > 0 be such that ¢ — b is a positive integer and
2c¢+1 ¢ Jord,(o1). Let 2z, + 1 stand for the maximal element of Jord,(o1)
such that z,, < ¢. We denote by 7 a unique irreducible subrepresentation of
d([v~°p, v°p]) x o1 which is not a subrepresentation of an induced represen-
tation of the form §([v®mtLp, v¢p]) x §([v*mTLp, vep]) x .

LEMMA 3.6. Suppose that 2b+ 1 ¢ Jord,(o1), but (—2a + 1,2b + 1) N
Jord,(o1) # 0, and let 2y+1 = max({(—2a+1,2b+1)NJord,(o1)). We denote
by oo a unique discrete series subrepresentation of 6([v¥ 1 p, v°p]) 1oy, and let
7' stand for a unique irreducible subrepresentation of 6([v—°p, v°p]) X o2 which
is not a subrepresentation of an induced representation of the form §([v*Tp,
vepl) x §([v**p, v°p]) x 7 for z = max{b,x,,}. Then L(6([v=Yp,v=p));7")
is an irreducible subquotient of &6([v®p,vp]) x T.

PRrRoOOF. Note that 7’ is a subrepresentation of

S([H p,vp]) x 8([v = p,vop]) X o1
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Since y > —a, a simple commuting argument implies that L(5([v Yp,
v~ %l); ') is a subrepresentation of
([ p, Pp]) x 6([v Y p, v %)) x (v p,vp]) % 01

Thus, p*(L(6([v~Yp, v~ %));7’)) contains an irreducible constituent of the
form §([v¥+p,vbp]) ® .

On the other hand, by Lemma 2.3, there is an irreducible subquotient 7"
of §([v=¢p, v°p]) x o1 such that 7/ is a subrepresentation of §([1¥+1p, vp]) x7".
It is well-known that §([v“p,v°p]) x o1 is a direct sum of two mutually
non-isomorphic irreducible tempered representations, and by [22, Section 4],
exactly one of them is a subrepresentation of an induced representation of the
form

(3.1) 5(["m+ p,vp]) x 31w p, v pl) .

Suppose that 7" is a subrepresentation of an induced representation of the

form (3.1). Then we have
7 < ([ p, wPp]) X ([, v5p]) X ([P, vp])
If ,, > b, we have z = xp,, Ty, +1 > b+ 1, s0
S p, v p]) x 8([™mHp,vp]) X S([p ™ p, vp])
([ *p,vop]) x ([ p,vop]) x ([ p, 00 p]) X,

contradicting the definition of 7'.
If ,,, < b, we have y = x,,, and z = b, so

B p v p)) x B([ ) x B([m ) e
B[+ p,u]) x 8([1Am L p, 2p]) x B((wm L, b)) 3w
([, 0%0]) x ([P, v2p]) X 8(rPm L p, bPp]) ¢
S([vmt p, v p]) x ([ p, P p]) 2,

which again contradicts the definition of /. Consequently, 7"/ = 7. This leads
to

([ep,v¥p]) x 7'
([v*p,v¥p]) x 6([v¥ T p, 7)) » 7.

LO([™p,vpl);7') <0
<94
Thus, there is a w € {6([v%p, V%)), L(3([v%p, vV p]), 5([1¥+1p,v°p]))} such that
L(6([v=Yp,v~%p]); ') is an irreducible subquotient of 7 x 7.

Obviously, m*(L(§([v%p,v¥p]), 8([v¥1p,°p]))) does not contain an irre-
ducible constituent of the form &([v¥*1p,vip]) @ 7/, for y +1 < t.

On the other hand, if §([tYT1p,vip]) @ 7', for y + 1 < t, is an irreducible
constituent of p*(§([r~°p,v°p]) x o1), using Theorem 2.2, we conclude that
either t = c or 2t + 1 € Jord, (o). From the description of Jord,(o;) we get
t>b
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Consequently, yu*(L(3([v"p,v*p]),d([v*p,1°p])) x 7) does not contain
an irreducible constituent of the form §([v¥*1p, %)) @ 7.

Since p*(L(6([v~Yp, v~ %p]);7')) contains an irreducible constituent of
such a form, we obtain 7 = 6([v%p, v°p]). This ends the proof. d

LEMMA 3.7. Suppose that a < 0 and [—2a + 1,20 + 1] N Jord,(o1) =
{—2a+1}. Let oo be a unique discrete series subrepresentation of §([v=*1p,
vPp]) x a1, and let 7' stand for a unique irreducible subrepresentation of
([v*p, v %)) x 6([vp, v°p]) X 02 which is a subrepresentation of an induced
representation of the form 6([v=t1p,vPp]) x 7 and is not a subrepresentation
of an induced representation of the form §([v*T1p,v¢p]) x §([v*H1p,v°p]) x 7
for z = max{b, z,,,}. Then 7' is an irreducible subquotient of 5([v®p,v°p]) x T.

PROOF. Since —2a+1,2¢+1 ¢ Jord,(o2), it follows from [19, Section 1] or
[13, Theorem 2.2.(i)], that §([v*p, v %p]) X 6([v~p, v°p]) X o9 is a direct sum
of four mutually non-isomorphic irreducible tempered representations. We
denote by 7" an irreducible tempered subrepresentation of §([vp, v°p]) x o9
such that 7’ is a subrepresentation of ([v*p,v=%p]) x 7.

Using [19, Section 1], or [13, Theorem 2.2.(iii), (iv)] we deduce that
§([v*p, v %)) x 7" is a direct sum of two mutually non-isomorphic irreducible
tempered representations.

Note that 7’ is a subrepresentation of §([v=%"1p, vbp]) x §([v~p, v°p])
o1. Since 7' is not a subrepresentation of an induced representation of the
form §([v*T1p,v°p]) x §([v*T1p,v°p]) x 7, in the same way as in the proof of
the previous lemma we deduce that 7"/ is an irreducible subrepresentation of
S([v= ot p, vPp]) x 7.

Since [—2a + 1,2b 4+ 1] N Jord,(01) = {—2a + 1}, it follows that u*(o)
does not contain an irreducible constituent of the form v¥p @« for y € {—a +
1,—a+2,...,b}. Using ¢ > b and the structural formula, we conclude that
§([v=%*1p, vbp]) @7 is a unique irreducible constituent of p*(§([v =+ p, v0p]) x
7) of the form §([v="1p,vbp]) ® 7, and appears there with multiplicity one.

It follows from [19, Section 1] or [13, Theorem 2.2.(iii)], that the induced
representation ([v%p, v~ %p]) x 7 is irreducible, so 7’ is a unique irreducible
tempered subrepresentation of §([v*p,v~%p]) x 7" which contains an irre-
ducible constituent of the form §([v=2"1p,1%p]) ® 7 in the Jacquet module
with respect to the appropriate parabolic subgroup.

From

T ([ p, v p]) x 8([v  p, v p)) xT
we conclude that either
= 8([ep, v0p)) X7
or

= L(6([vp, v p]), 6([v =" p,vPp))) .
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Since 1*(7') contains an irreducible constituent of the form &([v=*!p,%p]) ®
m, ¢ > b, and [—2a + 1,2b + 1] N Jord,(01) = {—2a + 1}, we obtain 7/ <
§([v*p,v*p]) x 7. This ends the proof. O

In the rest of the section, suppose that a < 0, and let ¢ > 0 be such that
—a — c is a positive integer and 2c¢ + 1 ¢ Jord,(o1). Also, let 2z, + 1 stand
for the minimal element of Jord,(c1) such that z,, > ¢, and denote by 7 a
unique irreducible subrepresentation of d([v~°p, v°p]) X 1 such that 7 is not a
subrepresentation of an induced representation of the form §([v°tp, v®m p]) x
T.

LEMMA 3.8. Suppose that 2a + 1 ¢ Jord,(o1), but (—2a + 1,2b+ 1) N
Jord,(o1) # 0, and let 2y + 1 = min((—2a + 1,2b + 1) N Jord,(o1)). Let
oo stand for a unique discrete series such that o1 is a subrepresentation of
S([v=*F1p,v¥p]) x o2, and let 7' stand for a unique irreducible subrepresen-
tation of 6([v~Cp,v°p|) X o9 which is not a subrepresentation of an induced
representation of the form §([v°tip,v7p]) x m for 22 + 1 = min{2x + 1 €
Jord,(o2) : © > c}. Then L(56([v=tp,v¥p]); 7') is an irreducible subquotient of
5([vp, gl 7.

Proor. Note that z = =z, if x,, < y, and z = —a otherwise, i.e., if
T = Y.
Since —a > ¢, we have the following embeddings and an isomorphism:
T 0([vp,vp]) @ 01
< 8([vp,vop]) X ([v= " p, 1Y p]) X o
= §([v ", vYp]) x 8([v™Cp,vp]) X oo

By Lemma 2.3, there is an irreducible subquotient 7 of §([v~°p,v°p]) % o
such that 7 is a subrepresentation of §([v=%T1p,¥p]) x 7. Let us prove that
m = 7/, Otherwise, 7 =& 7", where 7 is a unique irreducible subrepresen-
tation of §([v~¢p,v°p]) x oo which is also a subrepresentation of an induced
representation of the form §([vTtp,v?p]) x «’. This gives an embedding

7= 6 T, p)) x 6([vFp, vEp]) .
If z,, <y, we have z = x,, and z < —a, s0
S([v= " p, v pl) x 8([vep, 7 p]) 2 6([vH p,v7p]) x ([v ™ p, 1)),

and 7 is a subrepresentation of §([vT1p, v*p]) x §([v =% 1p,v¥p]) x 7, a con-
tradiction.
If x,, =y, we have z = —a and, by Lemma 2.3, either

7 ([t p, v p]) X 7’
or
7= LO([v " p,v=p)), 6([v =" p, v p])) 2 .
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If 7 is a subrepresentation of L(§([v°T1p,v=%l]),d([v= 2 p,v%mp]) x ', it
follows that p*(7) contains an irreducible constituent of the form v=%p ® 7",
which is impossible since ¢ < —a and —2a + 1 ¢ Jord,(o1). Thus, 7 is a
subrepresentation of §([v°Ttp,v®mp]) x 7/, a contradiction.

Consequently, 7 is a subrepresentation of §([v=*1p, v¥p]) x 7/

Since 7’ is a subrepresentation of §([v " p,vp]) X 02, ¢ < —a, and
[—2a + 3,2y + 1] N Jord,(02) = 0, it follows from Theorem 2.2 and [16,
Lemma 3.6] that p*(7’) does not contain an irreducible constituent of the
form v¥p @ ' for d € [~a + 1,y]. It is now easy to see, using Theorem 2.2
again, that §([v=*"1p, v¥p])®7’ is a unique irreducible constituent of the form
S([v=*1p,v¥p]) ® 7’ appearing in p*(5([v= 1p,v¥p]) x 7'), and it appears
there with multiplicity one. Thus, 7 is a unique irreducible subquotient of
§([v=**1p,1¥p]) x 7/ which contains an irreducible constituent of the form
§([v=*tp,v¥p]) @ 7' in the Jacquet module with respect to the appropriate
parabolic subgroup.

We have

L(S([v="p,v¥p]); ') = (v =" p, v p)) x 8([v="p, v %p]) x 7'

= 8([vp,v’p]) x &(
so the Frobenius reciprocity implies that u*(L(5([v=tp,1¥p]);7’)) contains
an irreducible constituent of the form §([v=2T1p, v¥p]) @ 7. There is an irre-
ducible subquotient 7 of ([~ p, 1Y p]) x 7’ such that L(6([v=p,v¥p]);7") <
§([v%p,°p]) x 7", Since b > y, Theorem 2.2 implies that p*(7”) contains an

irreducible constituent of the form §([v=*1p,1¥p]) @ ', so " = 7, and the
lemma is proved. 0

= p,v¥p]) x 7,

LEMMA 3.9. Suppose that [—2a + 1,20 + 1] N Jord,(o1) = {2b+ 1}. Let
oo stand for a unique discrete series such that o1 is a subrepresentation of
§([v=9t1p,vbp]) x 09, and let 7' stand for a unique irreducible subrepresenta-
tion of §([v=p,v%p]) x §([v~p,v°p]) X 0o which is a subrepresentation of an
induced representation of the form §([v=%Ttp,vbp]) x 6([v= 2t p,v0p]) x 7,
and is not a subrepresentation of an induced representation of the form
S([vettp,vPpl) x m for 2z +1 = min{2z + 1 € Jord,(o2) : > c}. Then
7' is an irreducible subquotient of §([v%p,°p]) x T.

PROOF. By [22, Theorem 8.2.], there is a discrete series o3 such that oo
is an irreducible subrepresentation of d([v°*1p,v%p]) x o3. Note that 2c+1 €
Jord,(03), so §([v~%p,v°p]) X o3 is irreducible. Since p*(o3) does not contain
an irreducible constituent of the form vYp @ 7 for y € {c+ 1,¢+2,..., 2},
Theorem 2.2 implies that §([v°+1p, v*p]) @ 6([v=p, v°p]) x o3 is a unique irre-
ducible constituent of u*(§([v~¢p, v¢p]) x02) of the form §([v°+! p, v%p])@7 and
appears there with multiplicity one. Thus, there is a unique irreducible tem-
pered subrepresentation of §([v~¢p,v°p]) X o2 which contains an irreducible
constituent of the form §([v°T1p, v7p]) @7 in the Jacquet module with respect
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to the appropriate parabolic subgroup. It can be seen in the same way as in
the proof of [22, Lemma 4.1] that such an irreducible tempered subrepresen-
tation is also a subrepresentation of an induced representation of the form
o[t p,v7p]) x .

Since 7/ is a subrepresentation of §([v=?p, v’p]) x 6([v—Cp,v°p]) x 72, by
Lemma 2.3 there is an irreducible tempered subrepresentation 7”7 of §([v¢p,
v°p]) x o3 such that 7/ is a subrepresentation of §([v=tp,%p]) x 7.

If 7”7 is a subrepresentation of an induced representation of the form
§([vetip,v7p]) x 7, using z < b and an easy commuting argument we obtain
that 7/ is also a subrepresentation of an induced representation of such a
form, contrary to our assumption. Thus, 7 is a unique irreducible tempered
subrepresentation of §([v~¢p, ¥°p]) X oo which is not a subrepresentation of
an induced representation of the form §([v°p,v?p]) x 7.

We have

T <6 lp o)) 1T < 8([vp, v p]) x ([ p, vp]) 2 T

and there is an irreducible subquotient 7, of 6([v =% 1p,vp]) x 7”7 such that
7' is contained in §([v%p,vPp]) x . Since p*(7') contains an irreducible
constituent of the form §([v=%1p, 1%p]) x 6([v =1 p,vPp]) @7, we deduce that
w*(m1) contains an irreducible constituent of the form &([v=**1p,v’p]) ® 7.
On the other hand, we have the following embeddings and an isomor-
phism:
T 0([v™p,v]) X 01
< 6([v=p,vop]) x 8([v " p, 1)) 1 o2
= 5([v= o, p)) x 6([vp, v°p]) ¥ 02,
and there is an irreducible subquotient mo of §([v~“p,v°p]) X oo such that 7
is a subrepresentation of §([v=%1p, 1°p]) X Ta.
Suppose that mo % 7”. Then we have
7 §([v= 4, vbp]) x ([t p, v7p]) X m,

for some irreducible representation .
If 2 < —a, we have z = x,,, and

S([v= " p, v p]) x 8([eH p, v p]) 2= 8([ve o, v p]) x B[ p, v0p)),

which contradicts the definition of 7.
If z = —a, we have x,, = b and either

7= L[ p,vp)), 6™ p,v™mp]))

or

7 6([vTp, v"mp]) x 7.
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Since 7 is a subrepresentation of §([v°p,v°p|) X 01, ¢ < —a, and —2a+ 1 ¢
Jord, (o), it follows that p*(7) does not contain an irreducible constituent of
the form v=%p®7’. This leads to 7 < §([v°Tp, v®m p]) x 7, contradicting the
definition of 7. Consequently, 7 is a subrepresentation of §([v =+ p, 1°p]) x 7"

Since [—2a + 1,2b + 1] N Jord,(o2) = 0, we obtain that p*(7”) does not
contain an irreducible constituent of the form vYp® 7’ for y € {—a+1,—a +

.,b}. An easy application of Theorem 2.2 implies that 6([v =% !p,1%p]) ®
7" is a unique irreducible constituent of p* (§([v =+ 1p, vbp]) x ) of the form
§([v=**1p,vbp]) ® 7, and appears there with multiplicity one.

Using the Frobenius reciprocity we conclude that 7 is a unique irreducible
subquotient of §([v =%+ p, v p]) x 7"/ which contains an irreducible constituent
of the form §([v=*1p,vbp]) ® 7 in the Jacquet module with respect to the
appropriate parabolic subgroup, so m; = 7 and the lemma is proved. 0

4. REDUCIBILITY

Through this section we fix an irreducible cuspidal F’/F-selfdual repre-
sentation p € R(GL), and a discrete series 0 € R(G). Let a > 0 be such that
VP X Ocysp Teduces. We also fix a negative real number a such that a — o is
an integer, and positive integers k and n such that a + k > —a.

Note that in R(G) we have

L(([r =R, L)) (v R, v )i o)
L([m o 7 o, v ), ([ v %))
L(S([v*p, v p]), o S p, R p])) o
In this section we prove that the induced representation
L(8([v*p, v p]), ([ + o, ™)), 0t p, v R ) o

reduces when there is an i € {0,1,...,n—1} such that §([2 T p, v*HF+ip]) x o
reduces, by showing that in such a case there is an 1rreduc1ble subquotient of
L(§([v2p, v®TFp]), ..., 6([vetm 1 p, votktn=1p])) x o different than

L(S([vm b p e ], (v p, v %)) 0).

Thus, suppose that there is an i € {0,1,...,n — 1} such that the induced
representation &([v+ip, v*t*+ip]) x o reduces and let us denote the minimal
such ¢ by m.

Let us first consider the case m = 0. This is handled in the following
proposition:

PROPOSITION 4.1. Suppose that §([v2p, v**¥p]) x o reduces. Then the in-
duced representation L(5([vep,v®**pl]), ..., (vt Lp,vetktn=1p)) x o also
reduces.
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PROOF. We construct an irreducible subquotient of
L p ™)), ..., 8([w ™ p, 41 p])) g
different than
LO(r=h = p, == L)) 6 (v R, v )i o),
using a case-by-case consideration.
e Suppose that [—2a + 1,2(a + k) + 1] N Jord, (o) = 0.

By the classification of discrete series, d([v%p, v *p]) x ¢ contains two mu-
tually non-isomorphic discrete series, which we denote by o1 and oo. Let w
stand for

L((S([V_a_k_n+1p, V—a—n+1p])’ o (S([l/—(z—k—lp7 y_a_lp]); 0_1>.
e Suppose that [-2a + 1,2(a + k) + 1] N Jord,(0) # 0 and —2a + 1 ¢
Jord, (o).

Let 2z, + 1 = min([—2a + 1,2(a + k) + 1] N Jord, (o)), and let ¢’ denote
a discrete series such that o is a unique irreducible subrepresentation of
S([v=attp,v®mpl) x o', If 2, < a+ k, let 7 stand for

L(S([pv= = = p == ) (R o)), ([ o, v pl)s o).

,0
By the proof of [12, Lemma 3.2], L(6([v=%p,v™ p]); 0’) < 6([v%p, v*FFp]) x
o.
If z,, = a+ k, let w stand for

L(6([V_a_k_"+1p, u‘“‘”"’lp])7 . ,5([V_“_k_1p, V_“_lp]); T),

where 7 is an irreducible subrepresentation of §([v=2*p, v%t*p]) x ¢’ such
that p1* (7) contains an irreducible constituent of the form &([v=%*1p, v2+¥ p]) x
§([v=at1p, va* p]) @7, By the proof of [12, Lemma 3.2], 7 < §([v%p, v*¥p]) x
o.

e Suppose that [-2a+1,2(a+k)+1]NJord, (o) # 0 and —2(a+k)+1 ¢

Jord, (o).

Let 2zp + 1 = max([—2a + 1,2(a + k) + 1] N Jord, (o)), and let ¢’ stand
for a unique discrete series subrepresentation of §([p*¥*+1p, ve+kp]) x o, If
Ty > —a, let 7w stand for

L(a([yfafkfnJrlp’ l/fafn+1p])’ . 6([1/7117]@71'0’ l/iailp]), 6([1/7EM,0, Via,OD; 0,/).
By the proof of [12, Lemma 3.2], L(6([v = p,v=%p]);0") < §([v%p, v2*p]) %0
If zp; = —a, let 7 stand for
L(d([y—a—k—n—o—lp7 V—a—n+l)0D7 L ,(5([V_a_k_lp, V_a_lp]); 7_)’

where 7 is an irreducible tempered subrepresentation of §([v%p,v=p]) x o’
such that p*(7) contains an irreducible constituent of the form &([v=2"1p,
v2**pl) @ ©’. By the proof of [12, Lemma 3.2], 7 < §([v%p, v2T*p]) x 0.
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e Suppose that {—2a+1,2(a+k)+1} C Jord,(o) and there is 20+ 1 €
Jord, (o) N (—2a + 1,2(a + k) + 1] such that (22 + 1)_ is defined and
e((2x+1)_,p), 2z +1,p) =1.

We denote by 2y + 1 the minimal element of Jord,(c) N (—2a+1,2(a+ k) +1]
such that (2y + 1)__ is defined and e, (((2y +1)_, p), 2y + 1,p)) = 1.

If (2y+1)_ = —2a+1, let 7 denote an irreducible tempered representation
such that o is a subrepresentation of §([v=p,v¥p|) x 7. If y < a+k, let 7
stand for

L((S([V_a_k_n+1p, V—a—n—&-lp]), . 5([V_a_k_1p, l/_a_lp]), 5([1/_a_kp, Vyp]); 7_)7
By the proof of [12, Lemma 3.4], L(5([v=*%p,v¥p]); 7) < 6([v%p, v*+Fp]) x 0.
If 2y+1) = —2a+1andy = a+k, let 7 denote an irreducible tempered
representation such that o is a subrepresentation of §([v=%T1p, 9% %p]) x 7
and let 7’ stand for a unique irreducible tempered subrepresentation of

§([v=Fp, vt *p]) x 7 such that p*(7') contains an irreducible constituent
of the form 6([v=%Fp, v2*p]) x 6([v=2F1p, vo+*p]) @ 7'. We define

m=L(6([v~ kTt p, e ]y (R ) 7).

By the proof of [12, Lemma 3.4], we have 7/ < §([v%p, v**p]) x 0.

Let us now suppose that (2y + 1) > —2a+ 1 and let 2y + 1) =
2x + 1. We denote by ¢’ a discrete series such that o is a subrepresentation
of §([v="p,v¥p]) xo'. f y < a+k, let 7w stand for

L(([pmem g pmemmtl ) P ")),
3([v=""p,vp]), 8 [V “pl); o),
By the proof of [12, Lemma 3.4], L(5([V‘“_kp, vp)), 6([v"p, v %));0") <
3([vep, v tp]) x 0.

If y = a+k, let 7 denote a unique irreducible tempered subrepresentation
of §([v**1p, v % p]) x o, given by [12, Lemma 3.3], and let 7 stand for

L(5([V‘“"“‘"“p, v, (R v ] ([ p, v ) T),

By the proof of [12, Lemma 3.4], L(§([v=p,v~%p]);7) < d([v*p, v *p]) x 0.

It can be seen, using a repeated application of Lemma 3.3, that 7 is an
irreducible subquotient of L(§([v%p,v***p]),..., §([v*tn—tp,vathtn=1p])) x
o, details being left to the reader. O

([ —a—k—1

b

)+
(

Let us now consider the more interesting case m > 1. It follows that
Jord, (o) # 0, since otherwise §([v®p, v*+*p]) x o reduces by the classification
of discrete series.

Using [12, Theorems 3.5, 4.6, 5.4], we deduce the following:

(1) 2(a+k+i)+1 € Jord,(o) fori =0,1,...,m—1and —2(a+i)+1 € Jord, (o)
fori=0,1,...,m — 1 such that a +7 <0,
2) e(2a+k+i)+1,2(a+k+i)+3)=—1fori=0,1,...,m—2,
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(3) ex(—2(a+1i)+1,-2(a+14) +3) = —1for s = 0,1,...,m — 2 such that
a+1 <0,

(4) e((2(a+k)+1)_,2(a+k)+1)=—1,

(5) €s(—2a+ 1,22+ 1) = —1 for 2z + 1 € Jord,(o) such that (22 +1) =

—2a + 1.

Since §([v*+™p, va+E+T™p]) % o reduces, some of the following also holds:

(1) 2(a+k+m)+1¢ Jord,(o),

(2) —2(a+m)+1¢ Jord,(o) and a+m <0,

(3) 2(a+k+m)+1 € Jord,(o) and e,(2(a+k+m)—1,2(a+k+m)+1) =1,

(4) —2(a+m)+1 € Jord,(0), a+m < 0, and €, (—2(a+m)+1, —2(a+m)+3) =

1.

In the sequel, we prove that the induced representation

L(S([vp, v p]), o 8([p 7 p, vt R ) Mg
reduces considering each of the cases (1) — (4) separately.

PROPOSITION 4.2. Suppose that 2(a + k + m) + 1 ¢ Jord,(o). Then
L(§([vep, v2F*p]), ..., 6([vetn—Lp,vetktn=1p))) x o reduces.

PROOF. Let us denote (2(a + k) + 1) by 2z + 1. We consider two
possibilities separately.

First we assume that 2z 4+ 1 > —2a + 1.

We define 0 = ¢ and, for i = 1,2,...,m let o stand for a
unique discrete series subrepresentation of potktm—itl, s (=1 " which
can be obtained using the proof of [13, Lemma 3.2], based on [22, Theo-
rem 8.2]. Also, let o(m+1) denote a unique discrete series subrepresentation
of 6([* 1 p, v2*p]) x o™ also given by the proof of [13, Lemma 3.2].

It follows that ¢(?) is a subrepresentation of

Va+k+m—i+1p N Ua+k+m
for i =1,2,...,m, and that ¢tV is a subrepresentation of

S([ L p, v™HEp)) x @R s patRE Y, s o

Using €, (2(a+k+i)+1,2(a+k+i)+3) = -1 fori=0,1,...,m—2, e,((2z +
1,p),(2(a+k)+1,p)) = —1, together with [22, Theorem 8.2, Proposition 7.2],
we obtain that for 5 = 1,2,...,m, pu*(¢¥)) contains neither an irreducible
constituent of the form 6([v*+!p,v*T*p]) ® 7 nor an irreducible constituent
of the form WYp@mfory e {a+k+1l,a+k+2,...,a+k+m—j}.

We prove that

L(S([v= e g, =@ ) (TR g T ),
5([V_a_k_m+1p, V—a—mp]), s 6([V—a—kp7 V—a—lp])7 5([V_$p, V_ap]); O,(m+1))
is an irreducible subquotient of

L(S([v2p, v pl), o 60" p, vt p])) o

pXO
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First, it follows from the first part of Lemma 3.4 that L(§([v "p, v %p]);
o(m*1)) is an irreducible subquotient of §([v%p, v®+¥p]) x o™ . We proceed
inductively, and suppose that for every I € {0,1,...,m — 1} we have

LG (v o w7 ], 6 o™ T p]), 8([ v p])s 0 D)
< LS p, v o)), 6([ o, v ), L ([ p, vt p])) 30 g,

Using Lemma 3.2 we obtain

LG o ), 6 (v R p v ), (v T p, v ) 0 D)

S L(S([vp, v pl), o 60  p, v TR p])) 0
L(S([v* " p,vm 1 p]); M D),

Since o™~ is a subrepresentation of vtk +1y 5 ¢(m=1=1) "it follows from
parts (1) and (2) of Lemma 3.4 that L(5([v="*~!p,v=2"=1p]); (™~V) is an

irreducible subquotient of §([p@H+1p, patktitlpl) 5 glm=1=1),
Thus,

L((S([y*a*k*lp’ Vfaflflp])’ s 5([1/7[17]@,0, l/iailp]), 5([1/71% lliap]); O_(m+1))
is an irreducible subquotient of
L((S([Vap, Va+kp]), e (5([Va+lp, l/a+k+lp]>) X6([Va+l+1p, Z/a+k+l+1pD ><]0_(m—l—1).
Consequently, there is an irreducible subquotient 7 of
L((S([l/ap, Va+lcp])7 o ,(5([Va+lp, l/a+k+lpD) % (5([Z/a+l+1p, Va+k+l+1p])

such that

(4.1)

L@ T )8 (e v T ), 6 v pl)i oY)
is an irreducible subquotient of 7 x (™= and Lemma 3.1 implies that we
have either

w2 L(S([v*p, v pl), o 6([ v TR ) S([p H p, v TR )
or
w2 L(S([vp, v pl), . 0([ T p, vt TR ),
3([v ™ p, v L) ([ g, TR ).
Since ¢(™*+1) is a subrepresentation of an induced representation of the
form § ([ p, v¥HFp]) x @ HhH g xpa R+ p i’ and 24+1 > —a+1, using
standard commuting argument and the Frobenius reciprocity we conclude that

the Jacquet module of the representation (4.1) with respect to the appropriate
parabolic subgroup contains an irreducible representation of the form

(s([ljfafkflp7 Vfaflflp]) ® (5([1/I+1p, Va+kp]) ® Va+k+1p ®R - ® Va+k+mp ® —
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Suppose that
72 L[, ™)), 6,y L),
([ p, ya TGy §([patiHp, patht )
< L([" p, v pl), o, ST p, T ) ) x
S([paH p, ATy 5 §([patitly pathtl )
Then the Jacquet module of
L p, v Fpl), o (T p, w T L)
([ p, yIHRHFL ) 5 5[+ p, etk ) g p(m=1=1)

with respect to the appropriate parabolic subgroup contains an irreducible
representation of the form

(;([ijafkflp7 Vfaflflp]) ® (5([1/‘T+1p, Va+kp]) ® Va+k+1p ®R - ® Va+k+mp @7

Applying the structural formulas appearing in Theorem 2.2, together with
the square-integrability of ¢(™~!=1) on the induced representation

L(S([vp, v p]), o 6 ot p]))
(5([Va+lp7 Va+k+l+1p]) % 5([z/a+l+1p, l/a+k+lp]) w g(m=1=1)
we deduce that an irreducible representation of the form
6([VI+1p, VaHCp]) ® Va+k+1p ® - ® Va+k+mp Q'
is contained in the Jacquet module of

L(S([v2p, v p]), o 8([pH T p, vt R ) x

(5([ a+l a+k+I1+1 (m—1-1)

v p, v pl) X o

with respect to the appropriate parabolic subgroup. Since —a < a + k,
p*(o™=1=1)) contains neither an irreducible constituent of the form &([v**p,
vatFpl) @7 nor of the form v¥p@7’ fory € {a+k+1,a+k+2,...,a+k+I+1},
and a repeated application of Theorem 2.2 implies that an irreducible repre-
sentation of the form
VaJrkJrlp R ® l/a+k:+mp ® 7TI
is contained in the Jacquet module of
L[, ™ D), 6™ p, v Epl), 0[]
5([l/a+lp I/a+k+l+1p]) “ O_(m—l—l)

with respect to the appropriate parabolic subgroup, which is impossible.
Thus,

m = L([vp, v pl), o, 8 p, v p]), ([ p, T ],
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It follows that
L(6([p= okt p vmampl) L 6(v ™ p, v ), 8([v % p, v %)); oY)
is an irreducible subquotient of

L[ p, v p]), o ([0 p, v p])) M 0,

and the claim of the proposition can be obtained using a repeated application
of Lemma 3.3.

Now we consider the second possibility, 2x +1 = —2a + 1, i.e., z = —a.
Again we define 0(® = ¢ and, for i = 1,2,...,m let 0(* stand for a unique
discrete series subrepresentation of @ T*+tm=itl, s o(i=1)  Tet ¢(m+1) denote
a unique discrete series subrepresentation of &([v =" p, v*+t¥p]) x (™) and let
7 be an irreducible tempered subrepresentation of §([v%p, v~%p]) xo(™+1) such
that p* (7) contains an irreducible constituent of the form 6([v =% 1 p, v*+Fp])®
7. Then we have 7 < 6([v=2p, v*+¥p]) x §([v%p, v%p]) x a(™).

From the part (2) of Lemma 3.4 follows that 7 is an irreducible subquo-
tient of 6([v%p, v*T*p]) x 0™ and it can be proved in the same way as in the
case 2z +1 > —2a + 1 that

L(Cs([Vfafkfn#»lp7 VfafnJrlp])’ o 5([Vfafkfm71p’ Vfafmflp])7
Skt v )y S T p])sT)
is an irreducible subquotient of
L(S([vp, v pl), o 6" p, TR ) ) Mo
O

PROPOSITION 4.3. Suppose that a+m < 0 and —2(a+m)+1 ¢ Jord,(o).
Then L(6([v%p, v*tFp]), ..., 6([vat" Lp, votk+n=1p])) x o reduces.

PRrROOF. We denote (2(a+k)+1)_ by 2z+1 and consider two possibilities

separately.
First we assume that 2z +1 > —2a + 1.
Let us define ¢(®) = ¢ and, for i = 1,2,...,m, let 0¥ denote a unique

discrete series such that ¢(*=1 is a subrepresentation of v=*~"+ip x g0
which can be easily obtained using the proof of [13, Lemma 3.2]. Also,
let ¢(™*1) denote a discrete series such that ¢("™) is a subrepresentation of
S([v=*t1p, v p]) x o™+ which can also be obtained using the proof of [13,
Lemma 3.2].

Using €,(—2(a+14)+1, —2(a+i)+3) = =1 fori =0,1,...,m—2, €, ((—2a+
1,p), 2z + 1,p)) = —1, together with [22, Theorem 8.2, Proposition 7.2], we
obtain that for ¢ = 0,1,2,...,m —1, u* (a(i)) contains neither an irreducible
constituent of the form &§([v=*1p,v%p]) ® 7 nor an irreducible constituent of
the form vWpmforye {—a—m+i+2,—a—m+i+3,...,—a}.



306 I. MATIC

We prove that
L(E([r=o= =4 p, == g L 6([p ek g el g,
Sy p = L) L B([ R, ), 8 ([ R p, v ] )
is an irreducible subquotient of
L(S([v*p, v p)), o 6 p, R p])) o

First, it follows from the first part of Lemma 3.5 that L(5([v=2%p,v%p]);
o(m*1) is an irreducible subquotient of §([v%p, v2*p]) x (™).

We proceed inductively, and suppose that for every [ € {0,1,...,m — 1}
we have

LG v p]) (e ), 6 v p)); oY)
< L(S([v" p, v p]), 6 p, v T p)), L S([ o, v TR p])) e gD,
Using Lemma 3.2 we obtain
LG o)), (v ), 6 v p)); 0 D)
< L(3([vp, ™ pl), o 60 p, v TR )
ML v T p]) oY),
and, using the first part of Lemma 3.5,
LG o)), (e ) 6 v p)); 0 D)
< L(3([" 0, v p]), . S([0" o, v p]))
([t p, path L gLy g g(m=1=1)
Using Lemma 3.1, we deduce that there is a
7 € (L@ p, v Fpl), .. S p R ),
L(3([° p, v ), ., ([ p, o hH =1 ),
S+ p, otk gy §([paH p, pat kAL )

such that
(4.2)
LG p )8 T ). 6 oY)

is an irreducible subquotient of  x g(" =1,

Using Frobenius reciprocity and a standard commuting argument, we
obtain that the Jacquet module of the representation (4.2) with respect to
the appropriate parabolic subgroup contains an irreducible representation of
the form

5([V_a_k_l_1p, U_a_lp]) ® V—a—l+1p ® V—a—l+2p ® - ® V_ap®
S, vop)) @7,



SPEH REPRESENTATIONS AND DISCRETE SERIES 307

Suppose that
72 L(3([0° p, v Fpl), .. ([0 g ),
S([r ) 5 ([ p, v R p]))
< LO(Wep, v o)), - 6([p T o, vt TR )

5[ p v R ) s ([t p, R ),

Using Theorem 2.2, the square-integrability of o™=~V and the fact that
p*(0™=1=1)) does not contain an irreducible constituent of the form v¥p®@ "
forye{—a—-1l+1,—a—1+2,...,—a}, we conclude that

pELS( o, o pl), o ([ o, TR ] )
(5([Va+l+1p, Va+k+lp]) 0 O_(m—l—l))

contains an irreducible representation of the form §([v =1 p, 1% p]) @ 7', which

is impossible since —a — 1 —1 < —a+ 1, z < a + k, and p*(c™~1=1) does
not contain an irreducible constituent of the form §([v=*1p,v%p]) @ .

Consequently, ™ 22 L(5([v%p, votEp]), ..., §([v@ i+ p petktitlpl)) and it
follows that

L(S([r= e mp e ) 6 R v ),
(S([I/_a_kp, I/'Lp]), O_(?n-i—l))

is an irreducible subquotient of L(&([v%p, vt ¥ p]), ..., 8([v2T™p, vatktmpl)) x
o. Now a repeated application of Lemma 3.3 can be used to prove our claim.

Let us comment on the case 2z + 1 = —2a + 1. Again we define ¢(©) = ¢
and, for i = 1,2,...,m, let ¢(? denote a unique discrete series such that
o(=1 is a subrepresentation of vty x g0,

Let o(™*1) denote a discrete series such that o™ is a subrepresentation
of §([v=*t1p, v *p]) x o™+ and let 7 denote an irreducible tempered
subrepresentation of §([v=*Fp, v@t¥p]) x o™+ 1) such that p*(7) contains an
irreducible constituent of the form §([v =21 p, va+kp]) x §([v =4+ p, v2T* p]) @
By [22, Corollary 4.2], this is equivalent to the fact that 7 embeds into an
induced representation of the form §([v =" p, V2% p]) x §([v =21 p, v2* p]) xir.

We prove that

L((S([V_a_k_n+1p, V—a—n-{—lp])’ o 5([V—a—k—m—1p’ V—a—m—lp])7
(5([V_a_k_mp, V—a—m—&-lp]), o ,(5([U_a_k_1p, Z/_ap]); T)
is an irreducible subquotient of
L(S([v"p, v p]), ., ([ p, v TR p])) x o

By the second part of Lemma 3.5, 7 is an irreducible subquotient of §([v%p,
v*tkpl) x o™ Note that, for i = 0,1,2,...,m — 1, u*(c?) contains neither
an irreducible constituent of the form &([v =21 p, v*** p])@7 nor an irreducible
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constituent of the form vYp@m, fory € {—a—m+i+2, —a—m+i+3,...,—a}.
Now the rest of the proof can be obtained following the same lines as in the
proof of the previously considered case 2z + 1 > —2a + 1, using the fact that
the Jacquet module of

L(( 1w ), B o)) )

with respect to the appropriate parabolic subgroup contains an irreducible
representation of the form

5([Vfafkflflp’ I/iailp]) ® VfaflJrlp R ® Vfap®
S p, v o p]) x §(v T p, v T p) @ 7.
0

PROPOSITION 4.4. Suppose that 2(a + k + m) + 1 € Jord,(o) and
eo((2(a+k+m)—1,p), (2(a+k+m)+1,p)) = 1. Then L(5([v*p,v***p]),...,
S([petn=lp, vathtn=1,0)) x o reduces.

PROOF. We denote (2(a+k)+1)__ by 2x+1 and consider two possibilities
separately. First we consider that case 2z + 1 > —2a + 1.

Let (1) stand for a discrete series such that o is a subrepresentation of
(<)‘([l/—a—k—m-‘rlp7 Va+k:+7np]) X 0.(1).

If m = 1, we denote by 7(!) a unique irreducible tempered subrepre-
sentation of §([y=2*=1p, vot*+1p]) x o) such that 7(1) is not a subrep-
resentation of an induced representation of the form &([v*!p, vat*+1p]) x
5([v™ 1 p, v p]) i .

If m > 2, we denote by 7(1) a unique irreducible tempered subrepresen-
tation of §([y=2"*=™p, vatk+m o) 5 61 such that 7(1) is not a subrepresen-
tation of an induced representation of the form §([path+tm=1p pathtm 1y o
5([Va+k+m71p’ VaJrkerpD X .

We note that uniqueness of 7(1) can be obtained using [22, Section 4].

By [12, Theorem 5.4], the induced representation v2+*k+m p x oW is irre-
ducible, so we have

7_(1) < 5([Vfafk7mp’ Va+k+mp]) 0 0,(1)

N 5([V—a—k:—1’n—i-1p7 Va—i—k—i—mp]) % l/—a—k—mp « 0_(1)
5([Vfafkfm+1p’ Va+k+mpD NG,
~ Va+k+mp % 6([1/7a7k7m+1p’ Va+lc+mp]) « 0_(1)’

a+k+m

1

px oD

so there is an irreducible subquotient 7 of §([p— k=1 p petktm gy 5 (1)
such that 7(1) is contained in v*t*+™px 7. Since 7! is also a subrepresenta-
tion of @ tktmp x patktm, s §([pa—k—mtl, patktm=1,1) 5 51 it follows
that u*(7) contains an irreducible constituent of the form v2+*+mp @ 7/,
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Since §([p—e~k=m+1p potktm=1,1) 551 is a length two representation, it
easily follows that p*(5([v—e~F=m+1p, patktmpl) s (M) contains exactly two
irreducible constituents of the form v**t*tmp®7’. By the classification of dis-
crete series, &([v—¢~k=m+1p potktm )y 56 has two irreducible subrepresen-
tations, which are both in discrete series. Frobenius reciprocity implies that
7 is a discrete series subrepresentation of §([p—¢~k=m+1y patktm gy s o(1),

Also, by the classification of discrete series, if o’ is a discrete series sub-
representation of §([y—a=k=m+1, patktm ) 5 5(1) such that e, (((2(a+ k +
m)—1)_,p),2(a+k+m)—1,p)) = —1, we have 0/ = 0.

Using a definition of 7(Y), following the same lines as in the proof of
[13, Lemma 3.5], we conclude that e, (((2(a+k+m)—1)_,p), 2(a+k+m)—

1,p)) = —1. Consequently, 7 & o, i.e., 7 is an irreducible subquotient of
poatktm, s o
For m >2andi=2,3,...,m, we let 0(Y) denote a unique discrete series

subrepresentation of p*th+m=i+1, 5 5(=1) and let 7() denote an irreducible
tempered subrepresentation of §([v=2"*=™p, vaTk+m o) s () such that 7 is
not a subrepresentation of an induced representation of the form v*T*+7p x
patktmy s

Let o™t gtand for a unique discrete series subrepresentation of
S([v™ttp, vot*pl) x o™ and let 7™+ denote an irreducible tempered
subrepresentation of §([y=*"F=™p vathtmpl) s ¢+ guch that 7+ s

not a subrepresentation of an induced representation of the form v T*+mp x
k+m
vt

PN
It can be seen in the same way as in the proof of Proposition 4.2 that,
for j =1,2,...,m, p*(70)) contains neither an irreducible constituent of the

form §([*+1p, 2% p]) @ m nor an irreducible constituent of the form v¥p @,
forye{a+k+1l,a+k+2,....,a+k+m—j}
We prove that

L~y ) (R ),
([ T p T ]S v T p]), 8([ T v p])s Y
is an irreducible subquotient of
L(S([v*p, v p]), o S p, R p]) o
F(irs)t7 by Lemma 3.6 we have L(6([v=%p,v=%p]); 70" +1)) < §([v%p, v@tFp]) x
' Note that 7(m*+1) is a subrepresentation of an induced representation of

the form

(5([I/x+1p, Va+kp]) X Va+k+1p X Va+k;+2p N Va+k+m71p X T



310 I. MATIC

Following the same lines as in the proof of Proposition 4.2, just using Lemma
3.6 instead of Lemma 3.4, we deduce that for [ =0,1,...,m — 1 we have

L o ), 8 v T ), 6 v ] )
< L(5([v7p, v p]), ..., 8([v*H p, ¥ HFHLp))) 50 (M=),
In particular, for = m — 1 we get
LG 2o 0™ ) S([ p  ) 6( T T )i T )
< L[ p, v p)), . 8T, TR ) % +
< L p, ™), ST p T ) ) T g,
so there is an irreducible subquotient 7 of
L((S([l/ap, Va+ka7 o ,5([Va+m—1p’ Va+k+m—1p])) % Va+k+mp

such that
(4.3)
LG T T o T T ) S T T T ) (T p v ) 7Y

is an irreducible subquotient of m x o. Obviously, either

T L(S([vp, ]/a+kp])7 - ,5([Va+m—1p’ l,a+7€+m—1p])’ ]/a+k+mp)
or
w%L(cS([Vap, ya+k,0])7 . ,5([ya+m72p’ Va+k+mf2p])’ 5([Va+m71p, Va+k+mp])).

Since p* (o) contains neither an irreducible constituent of the form §([v**1p,
v+ p]) ® ©' nor an irreducible constituent of the form v¥p @ n', for y €
{a+k+1l,a+k+2,...,a+k+m— 1}, a repeated application of Theorem
2.2 can be used to see that the Jacquet module of

L((S([l/ap, Ua+kp]), o 5([1/a+m72p, Va+k+m72p]), 5([l/a+m71p, Va+k+mp])) X o

with respect to the appropriate parabolic subgroup does not contain an irre-
ducible representation of the form

6([1/17+1p7 I/a—i-kp]) ® I/a-l-k-‘rlp ® l/a+k+2p R ® Va+k+m—1p ® ﬂ_l'

Consequently, 72 L(§([v%p, v®*Fp]), ..., 6([patm—Lp, vatktm=1,)) pathtm gy
This leads to

LG g]), 8 ), B v pl)s )
< L(é([yap7 Va+kp]), ey 6([Va+m—1p7 l/a+k+m_1p}), I/a+k+mp)><
(o, v ) o,
and there is an irreducible subquotient 7’ of
L(o([v*p, V“Jrkp}), o 8t T, y“*“m*lp])’ Va+k+mp) %

St p, vy R )
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such that
(4.4)
LG 0 ) 6 ), Bl v )i 7 Y)

is contained in 7’ x o. Since the Jacquet module of the representation (4.4)

with respect to the appropriate parabolic subgroup contains an irreducible

constituent of the form §([v=¢=F=m+1p p=a=mpl) @ 7" and 7’ is contained

in

L[, v p)), ..., ([ ™1 p, pathtm=1 5]y pathtm )

St p, T ) < L(S([1% p, v o)), B[ T p TR )

My s S ([T, pat ML gl =
L(S([vp, v p]), o S p, SR )  §([ ™ p, v TR p])
L(3(["p, v Fpl), o ([ p, T gl )

L(3([vtmp,pethtm=tp)) potktmp),

using Theorem 2.2 we obtain

' S L(S([p o, v pl), o ST p, T ) ) S ([ p, AR ).

Using the same reasoning as before, we conclude

w2 L(S([vp, v* T p]), . B[ T p, vt R ) S ([ T p, R ),

Now the rest of the proof in the case 2z + 1 > —2a + 1 follows by a repeated
application of Lemma 3.3.

Let us shortly comment on the case 2z + 1 = —2a + 1. We define
oW @ gmt) and 7 7@ 70m) in the same way as in the previ-
ously considered case 2z + 1 > —2a + 1.

We denote by 7(™*1 an irreducible tempered subrepresentation of

([ p, TR ]y o S ([v o, v p]) 30 gD

which is a subrepresentation of an induced representation of the form
§([v=**1p, v*t%p]) x m and is not a subrepresentation of an induced rep-
resentation of the form v TF+mp x patktm ;o 1,

By Lemma 3.7, 7(m*1) is an irreducible subquotient of §([v%p, v***p]) x
7(m) Tt can now be proved in the same way as in the previously considered
case 2x +1 > —2a + 1 that

L(([ g ), (R ),
S ) RO [ S V]  ER )
is an irreducible subquotient of
L(3([vep, v p]), ..., 0([vetLp, vaTF =1 0])) x 0.
This ends the proof. 0
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PROPOSITION 4.5. Suppose that a +m < 0, —=2(a +m) + 1 € Jord, (o),
and e, ((—2(a+m)+1, p), (=2(a+m)+3,p)) = 1. Then L(§([v*p, v *p]), ...,
S([petn=lp, vathtr=1,0)) x o reduces.

PROOF. Let us denote by 2z + 1 an element of Jord,(c) such that (2z +
1) = —2a+1. Then 2z +1 < 2(a+ k) + 1. First we discuss the case
2r+1<2(a+k)+ 1.

From €,(—2(a + m) + 1,—2(a + m) + 3) = 1, by the classification of
discrete series follows that there is an irreducible tempered representation
71 such that o is a subrepresentation of v=*~™*+1p 5 7(U Then 71 is
a subrepresentation of &([v*t™p, =" p]) x ¢V, for a discrete series o(!)
such that o is a subrepresentation of &([v*t™p, =4+ p]) x oM. Since
—2(a +m) + 3 ¢ Jord,(cW), it follows that v~=2~"*+1p @ (1) is a unique
irreducible constituent of p*(v=*"™* 1y x 7)) of the form v= 2" p @ 7.
Thus, o is a unique irreducible subquotient of v~%~™%1px (1) which contains
an irreducible constituent of the form v~ ™*1p ® 7 in the Jacquet module
with respect to the appropriate parabolic subgroup.

Let 2y + 1 denote an element of Jord,(o) such that (2y +1) = —2(a+
m) + 3. Note that y =z if m =1, and y = —a — m + 2 otherwise. Then 71
is an irreducible tempered subrepresentation of §([v*T™p,v=4""p]) x o}
which is not a subrepresentation of an induced representation of the form
S([v=a=mHTLp 1Y) x 7, since otherwise we would have

,a7m+1p % 5([1/7a7m+1p’ l/yp]) X T

> §([v e p vVp]) x vy o,

o —V

leading to €,((—2(a +m) + 3,p), (2y + 1, p)) = 1, a contradiction.

For i = 2,3,...,m, we define ¢(¥ as a unique discrete series such that
=1 is a subrepresentation of v~ ip x oD Also, let o™ denote
a discrete series such that ¢(™ is a subrepresentation of §([v=2*1p, v*p])
o(m+1),

Note that for i = 2,3,...,m + 1 we have —2(a +m) + 3 € Jord,(c(?),
and let 7(9 for i = 2,3,...,m+ 1, denote an irreducible tempered subrepre-
sentation of §([v%+™p, v=2"™p|) x ¢(*) which is not a subrepresentation of an
induced representation of the form v=¢="+1p x 7.

It can be observed directly from the definitions of o and ¢(?) that, for

i=1,2,...,m—1, u*(¢) contains neither an irreducible constituent of the
form §([v=2"1p,v"p]) ® 7 nor an irreducible constituent of the form v¥p ® T,
forye{-a—m+i+2,—a—m+i+3,...,—a}.

We prove that
L(S([v™F g e ) S T T ),
6([l/—a—k—mp’ V—a—’m—i—lpD7 o ,(5([V_a_k_lp, V—ap])7 (5([1/—<1—kp7 pr]); T(m-i—l))
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is an irreducible subquotient of

L(3([vep, v p]), ..., 6([vet " Lp, vaTF 1)) x 0.
First, by Lemma 3.8 we have

L(3([=" p,v7p]); 70D < 3([v"p, v o)) 0 7).

Following the same lines as in the proof of Proposition 4.3, just using
Lemma 3.8 instead of Lemma 3.5, we deduce that for [ = 1,2,...,m — 1 we
have

L((S([I/_a_k_lp, V—a—l—i—lp])7 o ,(5([V_a_k_lp, Z/_ap]), 5([1/_a_kp, VzPD§ 7_(m+1))
< LW p, v Hp)), - 8 T p, v TR p)) e £ (D
In particular, for [ =m — 1 > 1 we have
L(S([pm o mmHpum e 2p]) (v M v ),
S Fp, v p]); 7)<
L[ p, v p))s o 5[ T o, p TR ) s (1),
Consequently, using Lemma 3.2 we deduce
L(S([v= e mp a7 ]y 6 R v ),
S Fp, vt p]); 7)<
L(5([Vap, Va+kp]>, o 75<[Ua+m_1p, I/a+k+m—1p]))
ML(S([v= " T p, e gl (),
Note that L(§([v=2*="p, v~ "+1p]). 7()) is an irreducible subquotient of

St p, v TR ) v

Thus, there is an irreducible subquotient 7 of v p x 71 such that
L(§([p=F=mp,v=a=m+1p]): 7(1) is an irreducible subquotient of §([v*T™p,
vatkEmoly sy

Since p* (L(3([v=2F=™p, v~ p]): 7())) contains an irreducible con-
stituent of the form v=2"™%1p @ 7, it follows that p*(m1) also contains an
irreducible constituent of such a form. Thus, 71 = ¢ and

L(S(v= " p, = ], 6 R ),
(5([1/_a_kp, pr]); 7_(m+1)) <

L(O([vep, v p]), ..., 6([veT ™ p, va ML) s § ([ p, v o)) w6

)

7a7m+1p «q 7_(1).

—a—m-+1

Since p*(0) contains neither an irreducible constituent of the form §([r=21p,
V" p]) ® m nor an irreducible constituent of the form vYp@m, for —a—m+2 <
y < —a, and the Jacquet module of

LG o™ T ), s (T w0 p)), 8 v ) T Y)
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with respect to the appropriate parabolic subgroup contains an irreducible
representation of the form

5([1/7a7k7mp, U7a7m+1p]) ® Vfa7m+2p R ® I/iap ® 5([1/7a+1p, V:ch Qm,
it can be concluded in the same way as in the proof of Proposition 4.3 that

LS(v™ o, ]y, 8 (T o)), 6 p, v p]); 7Y
< L 0, R al), S, )

The rest of the proof in the case 2x + 1 < 2(a + k) + 1 follows by a repeated
application of Lemma 3.3.

Let us comment on the case 22 + 1 = 2(a + k) + 1. We define discrete
series representations o), ..., o(™) and irreducible tempered representations
7M., 70" in the same way as in the case 2z + 1 < 2(a + k) + 1.

Let o(™*1) denote a discrete series such that o(™) is a subrepresentation of
S([v=2t p, v p]) x oY) "and let 70 *+1) stand for an irreducible tempered
subrepresentation of

5[V, ) x (R, v p]) 0 )
which is a subrepresentation of an induced representation of the form
S p, v p]) x ([ p, v o p]) o

and is not a subrepresentation of an induced representation of the form
voammtly g

By Lemma 3.9, 70™+1) is an irreducible subquotient of &([v%p, v%+*p]) x
7(m) Tt can now be proved following the same lines as in the case 2z + 1 <
2(a+ k) + 1 that

a+k

L((S([l/iaikin#?lp, VfafnJrlp])’ o 5([Vfafkfm71p’ Vfafmflp])7
S Fmmp, v ) S R wp)); D)
is an irreducible subquotient of
L((" p v ], ..., 8([ ™ p, 41 p])) g

This ends the proof. ]

From Propositions 4.1 - 4.5 we deduce the main result of this section.

THEOREM 4.6. If there is an i € {0,1,...,n — 1} such that the induced
representation 0([v* i p, v tFTipl) 1 o reduces, then the induced representa-
tion L(3([v* p, v *p]), 8([5 1 p, v+ p]), . 5([ g, KL g])) s
reduces.
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5. IRREDUCIBILITY

We fix an irreducible cuspidal representation p € R(GL), a negative real
number a, and positive integers k and n such that a + k > —a.
The aim of this section is to prove that

L(S([v*p, v p]), o 6 p, v ) x o

is irreducible if §([1%+ p, v9 + p]) 4o is irreducible for all i € {0,1,...,n—1}.
We start with the following lemma:

LEMMA 5.1. Suppose that 7 € R(G) is an irreducible tempered repre-
sentation and let 6; stand for §([v*ip;,v¥ip;]), where p; € R(GL) is an ir-
reducible cuspidal representation and z; +y; < 0, fori = 1,2,...,m. If
01 X -+ X 0y X T has an irreducible subrepresentation w, which is also an ir-
reducible subquotient of L(§([v%p, 2 *p]), ..., 8([vet" Lp,vetktn=lp))) x o,
then for i =1,2,...,m we have p; 2 p if F' = F, and p; = p otherwise.

PROOF. We comment only the case F’ = F, since the other case can
be treated in a completely analogous manner. Suppose that there is an
1 € {1,2,...,m} such that p; % p, and let us denote the minimal such ¢
by imin. Then for j € {1,...,imim — 1} we have 0; x 0 = b X 05,
and using a commuting argument, together with the Frobenius reciprocity,
we get that u*(L(5([v%p, v *p]), ..., 8([vet " Lp,vetk+n=1p])) x o) contains
an irreducible constituent of the form 0 ([v%iminp; , ,v¥iminp; 1) ® 7', Since
Tipin T Yinm < 0, using the square-integrability of o and Theorem 2.2, we
obtain p;_, = p, a contradiction. |

Tmin

The following lemma is a direct consequence of the square-integrability
criterion, [12, Theorems 3.5, 4.6, 5.4] and [22, Proposition 7.2]:

LEMMA 5.2. Suppose that p is F' | F-selfdual and that §([v®+p, vaT*+1 p]) %
o is irreducible for all i € {0,1,...,n —1}. If p*(o) contains an irreducible
constituent of the form §([v°p,vep]) ® m, then c+d > 0, 2d + 1 € Jord, (o),
and one of the following holds:
(1) d>a+k+n—1,
(2) d< —a—n+1,
(3) —a+2<d<a+k, c> )43

First we consider the more complicated case and, until said otherwise, we
assume that p is F'/F-selfdual and a — o € Z for a unique non-negative «
such that v%p X gcysp reduces.

PROPOSITION 5.3. Suppose that §([v+p, vaT*+p]) x o is irreducible for
alli € {0,1,...,n —1}. If §([v"p,v¥p]) ® m is an irreducible constituent of
W (LS ([v2p, vtk p)), ..., 0([vetn=tp, vatkn=1p1)) % o), where z +y < 0,
then one of the following holds:
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(1) y=—a—-n+1, -z <a+k+n-1,
7 < L0, v, . ([ 2,y A2
S([v==Hp, a1 0Y) s o
(2)y=a+k,a+n—-1<-zx<a+k+n-1,
T < L(8([vpov= ")), ([ o, v T ), S ([ R p, 2 ),

5([V—x+1p’ Va-i—k-i—n—lp])) 9o

PROOF. Since the Jacquet module of §([v"p,¥p]) with respect to the
appropriate parabolic subgroup contains 1Yp ® 1Y~ 1p ® --- ® v%p, it follows
directly from Theorem 2.2 that there are ¢ and d such that a +n —2 < ¢ <
a+k+n—1,a—1<d < a+k, and an irreducible constituent ¢’ ® o’ of
w* (o) such that

([ p, v p]) < 8([v = p v " p]) x S([ ™ p, v p)) x
and
T < L(§([Vap, Vdp]), (5([Ua+1p, Va+k+1p]), o 75([Va+n—2p’ Va+k+n—2p]),

5([1/0—&-1/)7 Va+k+n—1p])) o

Since, by the square-integrability criterion, there is no constituent of u*(o) of
the form vip®@n’ for t < 0, we obtain ¢ > a+n—2,s0x = —c > —a—k—n-+1
and y > —a —n+ 1.

If y > a+k, it follows that pu*(o) contains an irreducible constituent of
the form 0([v* p,¥p]) @ 7’. From Lemma 5.2 follows 3 > a+k +n— 1, which
is impossible since z +y < 0.

If -a—n+1<y<a+k, wehave d = a + k, so p*(0) contains an
irreducible constituent of the form §([v=2="*2p, 1Yp]) ® 7/, contradicting the
third part of Lemma 5.2. Thus, y € {—a—n+1,a + k}.

Ify=—a—n+1,wehaved = a+kand o’ 2 o. If y = a+k, thend < a+k
and, using the third part of Lemma 5.2 again, we deduce d = —a —n + 2 and
o’ = ¢. This ends the proof. d

PROPOSITION 5.4. Suppose that §([v+p, v %+ p]) x o is irreducible for
all i € {0,1,...,n — 1}. Suppose that 6([v*p,v¥p]) @ m, x +y < 0, is an
irreducible constituent of

‘u* (L(5([Vap, l/aJrkp]), o 75([Va+n7t71p, Va+k+n7t71p])’
STt p, R pl) ([T p, v TR ) X ),
where 1l <t <n,y>—-a—-—n+t, —a—k—m+i <z <a+n-—i for

1=1,2,...,t, and x; < x;qq fori=1,2,...,t —1. Then one of the following
holds:
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(1) y=—a—-n+t+1, s, <a+n—t—2, 3 <z,

7 < L((S([l/ap, l/a+kp]>, o 76<[V(J,—',-7z—t—2p7 Va+k+n—t—2p])7
([ p, T ) ([ p )
(5([V_xl+1p, Va+k+n—1p])) X 0,

(2) y=a-+k, thereis ani € {1,2,...,t} such thata—1<z;—1<a+k,

ri1<-—a—k—1 Z'fiZQ, Ti—1 < X,

T < L((S([Vap, l/ar:i—lp])7 (5([Va+1p, Va+k+1p]), o 75([V11—',-7z—t—1p7 Va—&-k—&-n—t—lp]),
B[y p ) (e p i)
(5([1/_x+1,0, I/a+k+n—ip])) (5([V_xi’1+1p, Z/a+k+n—i+1p])) o

6([V—9c1-‘,-1p7 Va+k+n—1p])) X 0,

(8)y=a+k,a—1<—-a—-n+t+l<a+k, —z:—1>a+k o <uz,

T < L((S([Vap p—a—ntt ]) ([l/a+1 a-i—lc+1pD7 ol

5([Va+n—t—2 a+k+n t—2 ]) ([ a+k+n t— 1pD7

PV
A P IR

PROOF. Since the Jacquet module of §([v”p,¥p]) with respect to the
appropriate parabolic subgroup contains vYp ® - - - @ v*p, using Theorems 2.1
and 2.2 we deduce that there is an irreducible representation 7y of the form

L6 p,v™ 1)), 8([w¥p, v ™)), ([t p, v @ ),

where y; < y;41 for i =1,2,...,t, adsuch that a — 1 < d < a+ k, and an
irreducible constituent ¢’ ® ¢’ of pu*(o) such that

5([v*p,v¥p]) < m x S([v* T p, v R p)) x &

Since z + y < 0 and ¢ is square-integrable, some of the segments

xr1—1 xe—1 —a—n+t+1

plsees WY p, v ™ ) [ o, ol

have to be non-empty. Lemma 5.2 implies that p*(o) contains neither
an irreducible constituent of the form d([v*ip,v¥p]) ® o” for z; < y <

W p,v

i1 — 2, ¢ € {1,2,...,t — 1}, nor an irreducible constituent of the form
([v™tp,v¥p]) ® 0" for s <y < —a — n +t. Consequently, exactly one of the
segments [ p, v 7], [WYep, vt ), [VYeHt p, v 4TI g is non-empty,

since otherwise m* (71 x ([v¥t p, v¥+F p]) x §) does not contain 1¥p®- - -@v7p,
by Theorem 2.1 and multiplicativity of m™*.

Thus, either there are ¢ and d such that a+n—t—1<c¢< —z; — 1 and
a—1<d<a+k, and an irreducible constituent 8’ ® ¢’ of u*(o) such that

(51) 5[, p]) < ([ Cp, v T p]) x S([ g, v HRp]) x
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and
T < L((S([Vap, Vdp]), (5([Va+1p, ya+k+1p]), o (5([Z/a+n—t—2p7 Va+k+n—t—2pD7
B([H L p, y R ) ([ p )

5([1/711%»1'07 Va+k+n71p])) % O'I,

geeey

or there is an i € {1,2,...,t}, c and d such that —z; — 1 < ¢ < —x;1 — 1,
with zg = —a—k—n,a—1 <d < a+k, and an irreducible constituent ¢’ ® o’
of p*(o) such that

(5.2) 8 p,v¥p)) < (v p, v pl) X ST p, v TR p]) x &
and

T < L((S([Vap, Vdp]), (5([Vﬂ+1p, Ua+k+1p]), . (5([Z/a+n—t—1p7 Va+k+n—t—1pD7
([, p]) G L etk
5([Z/C+1p, l/a+k+n—ip]), 6([V—z7~,_1+1p’ Z/a+k+n—i+1p])

5([1/7951%»1,07 Va+k+n71p])) X o

geeey

In the same way as in the proof of Proposition 5.3 we deduce —a—n+t+1 <
y<a+k Ify=—-a—n+t+1, we conclude at once that d = a + k and
o 2o If—a—n+t+1<y<a+k, thend=a+kand pu*(o) contains an
irreducible constituent of the form §([v*p,vYp]) ® ¢” for z < —a —n 4+t + 2,
which contradicts the third part of Lemma 5.2.

It remains to consider the case y = a + k. Using Lemma 5.2 we deduce
d<a-+k.

If (5.1) holds, d > —a—n-+t+1 implies &' = §([v=*""+*2p, 1v9p]), which
is impossible by the third part of Lemma 5.2. Thus d = —a —n+¢+ 1 and
o’ = ¢. Note that this case appears when z; < —a — k — 1.

Suppose that (5.2) holds and note that there is a unique i € {1,2,...,t}
such that z; — 1 > a—1 and a +k < —x;_1 — 1. Let us suppose that
d > x; — 1. This implies § = §([% p,v%p]), so 2d + 1 € Jord,(c). Since o is
square-integrable, we have d > —=z;.

If a+n—1> 0, we have 2241 ¢ Jord, (o) for z < —a and, by Lemma 5.2
and [22, Proposition 7.2], u*(o) does not contain an irreducible constituent
of the form &([v% p,vep]) ® o’ for z; <0 and d < a + k.

On the other hand, if a +n — 1 < 0, we have d > —a — n + 4, and
2d + 1 € Jord,(c) implies d > —a. Since d < a + k and x; < 0, this is
impossible by the third part of Lemma 5.2. Thus, d=x; —1and ¢/ & o. 0O

PROPOSITION 5.5. Suppose that §([v+ip, va+*+p]) x o is irreducible for
all i € {0,1,...,n — 1}. Suppose that §([v*p,v¥p]) @ 7, z+y < 0, is an



SPEH REPRESENTATIONS AND DISCRETE SERIES 319

irreducible constituent of
w (L@ o™ pl), -, (T o ™ ), S o, v T ),
5([Va+n7t7rfsflp’ Va+k+n7t7rfsflp]), 5([V7y5+1p, Va+k+n7t7rfsp])
S+ p kR )y ([t ekt
5([1/_21“/), I/a+k+n_r_1p]), 5([]/—wr+lp7 I/a-i-k-',-n—rp])7 o

([ p, L)) 3 ),

ey

where y > a+k+1t—1, r,s,t are non-negative integers such thatt > 1 and
2t +s+1r <n, and

(1)a+i—-2<uz <a+k+i—-1fori=12...t x; < xiy1 fori =
1,2,...,t—=1, ifx; >0 then z; = —a—n+r+1i, and if x; < 0 then
r;<a+n—r—i—1,

(2) —a—k—n+t+r+i<y;<at+n—t—r—ifori=1,2,...,8, ¥ < Yit1
fori=1,2,...,5s—1,

(8) —a—k—n+r+i<zi<—a—-k—i+1fori=1,2...t, z; < zjy1 for
1=1,2,...,t—=1, z; <x; fori=1,2,...,t,

(4) —a—k—-—n+i<w <a+n—ifori=12...,7r w < wgys for
1=1,2,...,r—1,

(5) 1 >w, ifr>1, andy; >z + 1 if s > 1.

Theny=a+ k+t, and one of the following holds:

e s=0,a+t—1<—-a—n+t+r+l<a+k+t, zz < —a—n+t+r+2,
and

T < L((S([V P pr— 1p])7 o ,5([Va+t_1p ymt—lp])75([ a+tp V—a—n+t+r+lp])’

5([Va+t+1 a+k+t+1p])’ o 5([ at+n—t—r—2 a+k+n7t7r72p])’

p,v
+k+n—t—r

p, V" pl),-

S([y= =, pa =l S ([prtp ptTRER T ]

§([vrtlp, v thtn=lpl)) o,

ey

5([sz+1p’ Va+k+n7t7r71p]) ([ —z¢+1

9

e s>l,a+t<y1<a+k+t, and

7 < L(E([ pov™ ), (0, p]), B[, ),

5([Va+t+1 a+k+n7t77‘7571p})7

P,V
(5([1/7y5+1p Va+k+n t—r—s }

at+k+n—t—r— lp])’ 5([ —zt+lp I/a+k+n—t—rp])’ s

PV

[
a+k+t+1 ]) ’5([ at+n—t—r—s—1
T ()

(v p,v
6([V—z1+1p at+k+n—r— lp]) ([ —w7+1p Va+k+n_Tp])7 o
1%

5([V—w1+1 a+k+n— lp])) o,

)

)
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PROOF. In the same way as in the proofs of previous two propositions we
conclude y = a + k + t. Using Theorems 2.1 and 2.2, we obtain that there is
an irreducible representation 7y of the form

L[ p, v pl), .-, 6([W7 o, v pl), S0+ p, v TR p])),

where b; < b;41 fori =1,2,... ¢, an irreducible representation mo of the form
L(3([v=p, v 7)), o, 8([pertetep, vt Thp]), §([wertetesip, pma T TS,
where ¢; < ¢;4q for i =1,2,...;r 4+ s+t + 1, and an irreducible constituent

0’ ® ¢’ of u*(o) such that

at+k+t

([v*p,v p)) <mp X mo x4

The segment [vP+1p, v2Fk+tp] is obviously non-empty, and since x + a +
k 4+t < 0 and o is square-integrable it follows that at least one of the
segments [Vp, 1 pl L, [poriete p Vs T p] [yeretiit p pmaT TS ]
is also non-empty.

Conditions (1) — (5), together with Lemma 5.2, imply that if 4*(o) con-
tains an irreducible constituent of the form §([v%p,v92p|) @ o for dy < do
and dy € {wy,...,Wr,21,.--,2t,Y1,---,Ys}, then do > a + k + t. Using the
condition (1) and Lemma 5.2 we conclude that p* (o) does not contain an irre-
ducible constituent of the form 6([v"T1p, vip]) @ " for z;+1<d < a+k+t
and 7 € {1,2,...,t}. Consequently, ¢’ = o.

Also, for all ¢ € {1,2,...,t} we have z; < —a—k and z; > a —1 >
—a—k—1. Thus, all the segments [V p, v¥171p], ..., [ver+tp, v*~1p] are also
empty.

If s > 1, then conditions (1) and (5) imply y1 —1 >a+t—1 and b; > z;
fori=1,2,...,t. Consequently,

S([v" p, v pl) < L(S([or+ertp, v pl), o S([ e p v ),
§([pertetent p ym @RS 1)) o G([W0H p, v TR ),

and the claim directly follows.
If s = 0, we have at once

S(["p, v TR pl) < §([werreer p,pm TR Ol o G([V0 p, v TR ),

and it is easy to see that the claim also holds in this case. ]

THEOREM 5.6. Suppose that §([v*+p, vk +ip]) x o is irreducible for all
i€{0,1,...,n—1}. Then L(6([v%p,v***p]),...,6([vo " Lp, vathtn=1p])) x
o is irreducible.

PROOF. Suppose that &([v%p, v p]) and §([v*2p,v*2p]) are irreducible
representations such that a; + b1 < as + by and by > bs. Then we have
ai < a2, SO

([ p, ™ p]) X 8([v2 p, %2 p]) 22 6([v°2 p, %2 p]) X O([v* p, ™ p)]).



SPEH REPRESENTATIONS AND DISCRETE SERIES 321

Let us denote an irreducible subquotient of L(5([v%p, v***p]), ..., (v " 1p,
vatktn=151)) s ¢ by m. If 7 is tempered, using the cuspidal support con-
siderations and the fact that 2(a + kK +n — 1) + 1 € Jord,(c), we con-
clude that 7 is a subrepresentation of an induced representation of the form
§([p—a—k—ntly patktn=l,l) s 7. which is impossible since

wE (LS p, v p)), o S o, v 1)) % o)

does not contain an irreducible constituent of the form vo+F+n=1p g x/.

Using the Langlands classification, together with Lemma 5.1 and the dis-
cussion from the beginning of the proof, we conclude that there are 1, do, . . .,
Sm, 0i = 8([v%p,vdip]) such that ¢; +d; < 0 fori =1,2,....m, d; < diy1
fori=1,2,...,m — 1, and an irreducible tempered representation 7 € R(G)
such that 7 is a unique irreducible subrepresentation of 01 X dg X « -+ X &, X 7.

Let 7(™) = 7. Using the Frobenius reciprocity, together with the tran-
sitivity of Jacquet modules, we deduce that there exist irreducible represen-
tations 7(1), ... 7(m~1) ¢ R(Q) such that p*(7) contains 6; @ 71, p*(7®)
contains ;41 @ 70D for i = 1,...,m — 2, and the Jacquet module of 7(*)
with respect to the appropriate parabolic subgroup contains ;11 ®- - -®6,, T,
fori=1,...,m—1.

Using Proposition 5.3, we obtain an irreducible representation L, €
R(GL) such that 7)) < L; x . If m > 2, using either Proposition 5.4
or Proposition 5.5, we obtain an irreducible representation Ly € R(GL) such
that 7 < Ly x 0.

Continuing in the same way, using a repeated application of Propositions
5.4 and 5.5, we conclude that 7 is an irreducible subquotient of the induced
representation L,, X o, where L,, is a representation of the form

L(S([v o, v p)s o 6" p, v p]), 6([p " p, v ]
5([Va+n—s—1p, Va+k+"_s_1p]), 5([V_ys+1p, Va+k+n—sp]), o

(5([V—y1+1p7 V“+k+"_1p])),

where s and t are non-negative integers such that s+t >n,a+t—1 <0,
a—i1—2<xz;<a+k+i—1,andifr;<a+k+i—1thenz; < —a+1i+2
fori=1,2,...,t,z; <xjp1,fori=1,2, ...t -1, —a—k—n+i+1<y <
—a—n+i+2,fori=1,2,...,8 y; <yiy1 fori =1,2,...,5s — 1.

Suppose that 7 2 ¢ and let x be such that v*p appears in the cuspidal
support of L,, and for every v¥Yp appearing in the cuspidal support of L,, we
have |y| < |z|. Then |z| € {a+k,,...,a+k+n—1,—a,...,—a—n+ 1}, so
2|z| + 1 € Jord, (o). Using the cuspidal support considerations we conclude
that 7 can be written as a subrepresentation of an induced representation of
the form 6([v~*lp, ¥l p]) 7/, Using Theorem 2.2, the square-integrability of
o, and Theorem 2.1, we conclude at once that p*(o) contains an irreducible
constituent of the form §([v%p, v/*!p]) @ 7/, for —|z| < 2 < |z|. By Lemma 5.2
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this is possible only if |z| = a+ k, and Theorem 2.2 implies z < —a+ 1, which
contradicts the part (3) of Lemma 5.2. Thus, 7 & 0.

Ifc;=—a—n+ifori=1,2,...,m, using a repeated application of the
first part of Proposition 5.4 we get

w2 LO([= M e )8 ([ T v ))s ).

If there is an i € {1,2,...,m} such that ¢; # —a—n+1i, using the second
and the third part of Proposition 5.4, and Proposition 5.5 repeatedly, we de-
duce that d; < d;41 fort=1,2,...,m—1, and there are non-negative integers
t1,ta, 0<t; <ty <m—1suchthatec¢,, =—a—k—tyandd,, =a+k+t;. By
[12, Theorem 3.2], the induced representation §([v="k~t2p pathttipl) x o is
irreducible so

Skt p, R ) s o 22 ([T TR, TR ) o

Since d; < a+k+ts < a+ k+t; — 1, an easy commuting argument
shows that 7 is a subrepresentation of an induced representation of the form
vatktta 5o 1 but it follows directly from Theorem 2.2 and Lemma 5.2 that
w (LS ([v2p, vtk p]), ..., 0([v* T 1p, v2Tk+n=11])) % &) does not contain an
irreducible constituent of the form v**t*+t2p @ 71

Consequently, every irreducible subquotient of

L(6([v%p, v *p]), ..., 6([v* " Lo, vt 1oy o

is isomorphic to L(§([p~a=k=n+lp p=a=ntlpl)  §([v=2*p,v™%]); 0), and
it is an easy consequence of Theorem 2.2 that it appears in the composition
series of L(§([v%p,va %)), ..., 6([v2T" Lp, vatktn=1p])) x o with multiplicity
one. Thus, L(§([v%p, 2 *p]), ..., 8([vet"Lp, vetktn=1p])) x o is irreducible.

O

In the rest of this section we shortly comment the remaining cases. We
begin by recalling a well-known result.

LEMMA 5.7. (1) If u*(o) contains an irreducible constituent of the form
vp1 @7, for an irreducible cuspidal representation p1 € R(GL), then py
is F'/F-selfdual.

(2) Suppose that p1 € R(GL) is an irreducible cuspidal F'/F-selfdual repre-
sentation and let o be such that v*p1 X O¢ysp reduces. If p* (o) contains
an irreducible constituent of the form v¥p; @ w then r — o € Z.

THEOREM 5.8. Suppose that p is not F'/F-selfdual. Then
LO([vep, v p)), ... 0([ve Lo, va 1)) ) o
is irreducible.

PROOF. Inspecting the cuspidal support of
L(S([wp, v p]), o 8([p 7 p, vt R ) Mg
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we conclude that it does not contain an irreducible tempered subquotient.

Using Lemma 5.1, in the same way as in the proof of Theorem 5.6 we
write an irreducible non-tempered subquotient m of L(§([v%p, % *p]), ...,
S([vetn=lp,v@tk+n=1pl)) x o as a unique irreducible subrepresentation of
61 X 0y X ==+ X 6y X T, fOr 81,09,...,0m, 6; = §([v%p1,v%p;]) such that
¢ +d; <0fori=1,2,....m,d; <djy; fori =1,2,...,m —1, and an
irreducible tempered representation 7 € R(G). Here p; = p if F = F’, and
p1 = p otherwise.

Using the first part of Lemma 5.7, in the same way as in the proof of
Propositions 5.3 and 5.4 we deduce that for ¢ = 1,2,...,m we have d; =
—a—n+iand ¢ < ¢i4q fori =1,2,...;m—1. Thus, m < n and 7 is an
irreducible subquotient of

L((S([I/ap, Ua+kp]), L 75([Va+n_m_lp, Va+k+n_m_1p]),

([ ) S g R ])) e

Using the cuspidal support considerations again, we conclude m = n and ¢; =
—a—k—n+ifori=1,2,...,n. Now irreducibility of L(5([v%p,v*"*p]),...,
S([petn=lp,vetF+n=150)) s o can be obtained in the same way as in the proof
of Theorem 5.6. O

THEOREM 5.9. Suppose that p is F' | F-selfdual and for a such that v™p x
Ocusp Teduces we have a — o ¢ Z. Then

L(S([v%p, v *p]), ..., 6([v* " o, vt n=1p)) w0
is irreducible.

PRrROOF. If 2a ¢ Z, the proof follows in the same way as the one of Theo-
rem 5.8.

Suppose that 2a € Z. Then the induced representation L(§([v%p, 2% p]),

L 8([petn—lp petktn=1,0)) % o does not contain a discrete series subquo-
tient.

Since v*t*+n=15 appears in the cuspidal support of L(5([v%p, v2*p)),. .,
S([petn=lp,vathtr=1,0)) x o exactly once, and for x # a + k +n — 1 such
that v p appears in the cuspidal support of L(&([v%p, v**Fp]),...,6([v2 " 1p,
vatEtn=1p)) we have |z| < a+k+n—1, it follows that L(5([v%p, v*Fp)), ...,
S([petn=1lp,vetF+n=150)) x o does not contain an irreducible tempered sub-
quotient.

We note that in the considered case the statements of Propositions 5.3,
5.4 and 5.5 also hold, and can be proved in an analogous way, just more easily,
using the second part of Lemma 5.7 instead of Lemma 5.2. Now the rest of
the proof follows in the same way as in the one of Theorem 5.6, details being
left to the reader. O

a+k
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O reducibilnosti reprezentacija induciranih iz esencijalno Spehinih
reprezentacija i diskretnih serija

Tvan Matié

SAZETAK. Neka je 7 esencijalno Spehina reprezentacija
oblika L(6([v%p, v*p]),...,8([v* T o, v T*t"=1p])), pri emu
je p ireducibilna kuspidalna reprezentacija opce linearne grupe
nad nearhimedskim lokalnim poljem ili njegovim separabilnim
kvadratnim prosirenjem, a < 0, 2a + k > 0 te n > 1. Neka je
o diskretna serija simplekticke grupe, specijalne neparno ortogo-
nalne grupe ili unitarne grupe. Proucavamo kada se inducirana
reprezentacija m X o reducira.
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