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MEROMORPHIC COEFFICIENTS
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ABSTRACT. In this paper, we investigate the relationship between
small functions and differential polynomials g(z) = daf” + d1f' + dof,
where do (2),d1 (2),d2 (2) are meromorphic functions which are not all
equal to zero with p(d;) < n (j =0,1,2) generated by some second order
linear differential equations with meromorphic coefficients.

1. INTRODUCTION AND STATEMENT OF RESULT

Throughout this paper, we assume that the reader is familiar with the
fundamental results and the standard notations of the Nevanlinna’s value
distribution theory (see [8, 10]). In addition, we will use A (f) and A (1/f) to
denote respectively the exponents of convergence of the zero-sequence and the
pole-sequence of a meromorphic function f, p (f) to denote the order of growth
of £, X(f) and X (1/f) to denote respectively the exponents of convergence of
the sequence of distinct zeros and distinct poles of f.

Consider the second order linear differential equation

(1.1) I+ A1 (2) PB4 A (2) QB =0,

where P (z), @ () are nonconstant polynomials, A; (), Ao (2) (# 0) are en-
tire functions such that p(A;) < deg P (z), p(Ao) < deg@ (z). Gundersen
showed in [7, p. 419] that if deg P (z) # deg @ (z), then every nonconstant
solution of (1.1) is of infinite order. If deg P (z) = deg @ (2), then (1.1) may
have nonconstant solutions of finite order. For instance f (z) = e*+ 1 satisfies
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f"+e*f —e*f =0.1In [9], Ki-Ho Kwon has investigated the hyper order of
solutions of (1.1) when deg P (z) = degQ ().

In [4], Z. X. Chen and K. H. Shon have investigated the case when
deg P (z) = deg @ (z) and have proved the following results:

THEOREM A ([4]). Let Aj(z) #0) (j =0,1) be meromorphic functions
with p(A;) <1 (j=0,1), a, b be complex numbers such that ab # 0 and
arga # argb ora = cb (0 < ¢ < 1). Then every meromorphic solution f(z) £
0 of the equation

(1.2) "4+ AL (2) e f + Ay (2) e f =0
has infinite order.
In the same paper, Z. X. Chen and K. H. Shon have investigated the

fixed points of solutions, their 1st and 2nd derivatives and the differential
polynomials and have obtained the following result:

THEOREM B ([4]). Let A;(z) (j =0,1), a,b, ¢ satisfy the additional hy-
potheses of Theorem A. Let dy,di,ds be complex constants that are not all
equal to zero. If f(z) £ 0 is any meromorphic solution of equation (1.2),
then:

(i) f,f',f" all have infinitely many fized points and satisfy
Af=2)=X(f—2)= X" —2) = oo,
(i) the differential polynomial
g(2) =dof" +dif' +dof
has infinitely many fived points and satisfies X (g — z) = oc.

Recently Theorem A has been generalized to higher order differential
equations by the first named author as follows (see [2]):

THEOREM C ([2]). Let Pj(z) Zawzi (j=0,..,k—1) be noncon-

stant polynomials where ag j, ..., an, ; (j = 07 1,....k — 1) are complex numbers
such that an jano #0 (j=1,...k—1), let A; (2)(£0) (j=0,...,k—1) be
meromorphic functions. Suppose that argan,; # argan,o OT Gnj = Cln,o
O<e<l)(G=1,....k—=1), p(4;) <n (j =0,..,k—1). Then every mero-
morphic solution f (z) % 0 of the equation

(1.3) £+ Ap 1 (2) P @ p Ay (2) PB4 Ay (2) P F =0,
where k > 2, is of infinite order.

The main purpose of this paper is to study the relation between small
functions and differential polynomials generated by second order linear differ-
ential equation (1.1). For some related results of linear differential equations
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with entire coefficients, we refer the reader to [3]. In fact we will prove the
following result:

n n
THEOREM 1.1. Let P(z) = Y a;2* and Q (z) = Y. b;2* be nonconstant

i=0 i=0
polynomials where a;, b; (i =0,1,...,n) are complex numbers, a,, # 0, b, # 0
such that arg a, # argb, or an = cby, (0 < c < 1) and A1 (2), Ao (2) (Z0) be
meromorphic functions with p (A;) < n (j=0,1). Let do(2),d1(2),d2(2)
be meromorphic functions that are not all equal to zero with p(d;) < n
(1 =0,1,2), p(z) £ 0 is a meromorphic function with finite order. If f (2)
% 0 is a meromorphic solution of (1.1), then the differential polynomial

g(2) =dof” +dif +dof satisfies X (g — ) = 0.

REMARK 1.2. Setting n = 1, ¢(2) = 2z and do,dy,ds are complex
constants that are not all equal to zero in Theorem 1.1, we get Theorem B.

From Theorem 1.1, we obtain the following corollary:

COROLLARY 1.3. Suppose that P (z), Q(z), A1 (z), Ao (2) satisfy the
hypotheses of Theorem 1.1. If () # 0 is a meromorphic function with finite
order, then every meromorphic solution f (z)# 0 of (1.1) satisfies A (f — ¢) =

A =) =A(f" —¢) = oo
2. PRELIMINARY LEMMAS
We need the following lemmas in the proofs of our theorem.

LEMMA 2.1 ([6]). Let f be a transcendental meromorphic function of
finite order p, let T' = {(k1,41), (k2,72) sy (km, Jm)} denote a finite set of
distinct pairs of integers that satisfy k; > 7; >0 fori=1,....m and lete > 0
be a given constant. Then the following estimations hold:

(1) there exists a set E1 C [0,27) that has linear measure zero, such that

if ¢ € [0,2m) — Eq, then there is a constant Ry = Ry () > 1 such
that for all z satisfying argz = ¢ and |z| > Ry and for all (k,j) € T,
we have

< |Z|(k—j)(p—1+6) )

(k) (5
o) ‘f ()

7O (2)
(ii) there exists a set Es C (1,00) that has finite logarithmic measure,
such that for all z satisfying |z| ¢ E2U[0,1] and for all (k,j) € T, we
have

70 (2)

LEMMA 2.2 ([1]). Let f(z) be a transcendental meromorphic function
of order p(f) = p < +oo. Then for any given € > 0, there exists a set
E5 C [0,27) that has linear measure zero, such that if 1y € [0,2mw)\Es3, then

< |Z|(k*j)(/7*1+€) .

(k) (5
) ‘f ()
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there is a constant Re = Ra (1) > 1 such that for all z satisfying argz = in
and |z| = r > Ra, we have

(2.3) exp {1t} < |f (2)] < exp {r*)

LEMMA 2.3. Let P (2) = apz"+...4a0, (an = a + 6 # 0) be a polynomial
with degree n > 1 and A (z) (#0) be a meromorphic function with p (A) < n.
Set f(2) = A(2)eP®), 2 = re, §(P,0) = acosnf — Bsinnb. Then for any
given € > 0, there exists a set E4 C [0,27) that has linear measure zero,
such that if 0 € [0,27)\ (B4 U E5), where E5 = {6 € [0,27) : § (P,0) = 0} is
a finite set, then for sufficiently large |z| = r, we have

(i) if 6 (P,6) >0, then

(2.4) exp{(1—=2)0(P0)r"} <|f(2)] <exp{(1+e)d(P,0)r"},
(ii) if 6 (P,6) <0, then
(2.5) exp{(1+¢)d(P,0)r"} <[f(2)| <exp{(1—¢)d(P,0)r"}.

PROOF. Set f(z) = h(z)e@t®=" where h(z) = A(z)ef»1*) and
P,_1(z) = P(z) — (a+1i0) 2™ Then p(h) = A < n. By Lemma 2.2, for any
given ¢ (0 <e <n— M), there is E4 C [0,27) that has linear measure zero,
such that if € [0,27)\ (F4 U E5), where E5 = {0 € [0,27) : § (P,0) = 0},
then there is a constant R (6) > 1, such that, for all z satisfying argz = 6
and r > Ry, we have

(2.6) exp { "} < |h(z)| <exp {r*e}.

By ‘e(o‘“ﬁ)(”w)n = PO and (2.6), we have

(2.7) exp {8 (P,0)r" — e} < |f (2)] <exp {6 (P,0)r" + 1t} .

By 0 ¢ E5 we see that:

(i) if6(P,0) >0, then by 0 < A+ < n and (2.7), we know that (2.4)
holds for a sufficiently large 7;

(i) if6(P,0) <0, then by 0 < A+¢e < n and (2.7), we know that (2.5)
holds for a sufficiently large r.

O

LEMMA 2.4 ([5]). Let Ao, A1, ..., Ak—1, F £ 0 be finite order meromorphic
functions. If f is a meromorphic solution with p (f) = oo of the equation

(2.8) FE 4 Ay f* D 4+ A f + Aof = F,
then X(f) = A(f) = p(f) = oo
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n n
LEMMA 2.5. Let P(2) = Y a;2" and Q(2) = Y. biz" be nonconstant
=0 =0

=
polynomials where a;, b; (i =0,1,...,n) are complex numbers, a,, # 0, b, # 0
such that arga, # argb,, or a, = cb, (0 < c <1). We denote index sets by

Alz{O;P}7

A2:{05P5Qa2P7P+Q}

(1) If H;j(j € A1) and Hg # 0 are all meromorphic functions of orders
that are less than n, setting

Uy (2) = ZHj (z)ej,
JjEM

then Wy (2) + Hge® # 0.
(1) If H; (j € A2) and Hag # 0 are all meromorphic functions of orders
that are less than n, setting

Uy (2)= Y Hj(2)¢,
JEA2
then U5 (2) + Haqe?? # 0.
PROOF. The proof of (i) and (i) are similar, we prove (i7) only. We
divide this into two cases.

CAse 1: Suppose first that arga, # argb,. Then arga,, argb,,

arg (an + by,) are three distinct arguments. Set p (Hp) = < n. By Lemma

2.2, for any given e (O < & < min (%, n— ﬁ)) , there is a set E; that has linear

measure zero such that if argz = 6 € [0,27) \ Fy, then there is R= R (6) > 1
such that for all z satisfying argz = 6 and |z| = r > R, we have

(2.9) |Hp (2)| < exp {rﬁ"’a} .

By Lemma 2.3, there exists a ray argz = 0 € [0,27)\E1 U Ey U Ey, Es,
Ey C [0,27) being defined as in Lemma 2.3, F5 having linear measure zero,
FEy being a finite set, such that

d(2P,0) =26 (P,0) <0, 6 (P+Q,0) <0, §(2Q,0) =20(Q,0) >0
and for the above e, we have for sufficiently large |z| = r
(2.10) ‘H2Q€2Q| >exp{(1—¢)20(Q,0)r"},
(2.11) [Hge?| < exp{(1+¢)6(Q,0)r"},
(2.12) |Hpiqe" 9 <exp{(1—¢)d (P+Q,0)r"} <1,
( ) ‘H2P€2P‘ <exp{(1—¢)20(P,0)r"} <1,
( ) ‘HP@P‘ <exp{(1—¢)d(P,0)r"} < 1.
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If Uy (2) + Hage?@ = 0, then by (2.9) — (2.14), we have

exp{(1 —¢)25(Q,0)r"}
< }H2Q62Q| < exp {rﬁ“} +exp{(l+¢)0(Q,0)r"} +3
(2.15) <3exp {r’"}exp{(1+¢)5(Q.0)r"}.

By2(1—¢)—(14+¢)=1-3c>1 wehave

(2.16) exp {%5 (Q,0) 7’"} < 3exp {7’6“} .

This is a contradiction by 8+ & < n. Hence Wy (2) + Hage?? £ 0.
CASE 2: Suppose now a,, = cb, (0 < ¢ < 1). Then for any ray argz = 6,
we have

6(P,0) =cd(Q,0),  6(2P0)=2c0(Q,0),

S(P+Q,0)=(1+¢)4d(Q,0), 5(2Q,0) =26(Q,0).
Then by Lemma 2.2 and Lemma 2.3, for any givene (0 < ¢ < min{%, n—0})
there exist E; C [0,2m) (j =0,1,2) that have linear measure zero, where
Ey, E; and E5 are defined as in the case 1 respectively. We take the ray
argz = 6 € [0,27) \E1 U B3 U Ey such that ¢ (Q,0) > 0 and for sufficiently
large |z| = r, we have (2.9) — (2.11) and

(2.17) ‘HP@P‘ <exp{(1+¢)cd(Q,0)r"},
(2.18) ‘Hp+QeP+Q‘ <exp{(1+e)(1+¢)d(Q,0)r"},
(2.19) ‘ngeQP‘ <exp{(1+¢)2c(Q,0)r"}.

If Uy (2) + Hage?@ = 0, then by (2.9) — (2.11) and (2.17) — (2.19) we have

exp{(1—¢)20(Q,0)r"} < |H2Q62Q| < exp {rﬁ"’a}

(2.20) +2exp{(1+e)(1+0)d(Q,0)r"} +2exp{(1+¢€)2c(Q,0)r"}.
By 8+ ¢ <nand 4 < 1 — ¢, we have, as 1 — 400

exp {rﬁ"’E}

(2:21) exp{(1—¢)2§(Q,0)r"} -0
exp{(l+¢)(1+0)3(Q.0)r"}

(2.22) exp{(1—¢)26(Q,0)r"} 0

(2.23) exp{(l +¢)2¢0(Q.0)r"}

exp{(1—-¢)25(Q,0)r"}

By (2.20)—(2.23), we get 1 < 0. This is a contradiction, hence ¥y (2)+ Hage?@
£ 0. O
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LEMMA 2.6. Let \1120 (Z) s \1121 (Z) s \1122 (Z) s ‘1123 (Z) s ‘1124 (Z) have the form
of Wy (z) which is defined as in Lemma 2.5 (ii) and Hag # 0 is a meromorphic
function of order p (Haq) < n, ¢ (2) # 0 is a meromorphic function with finite
order. Then every meromorphic solution w # 0 of the following equation

¢ (2)
¢ (2)

(224) +(SZ((§)) \1121 (Z) + \1120 (Z) + H2Q€2Q)'w =0

Way (2) w” + (Va3 (2) + Was (2))w'

is of infinite order.

PROOF. Suppose that w # 0 is a meromorphic solution of (2.24) with
p(w) < oo. Set p =max{p(w),p(p)} < oco. Then by Lemma 2.1, for any
given € > 0, there exists a set E C [0,27) that has linear measure zero, such
that if € [0,27) — E, then there is a constant R = R (#) > 1 such that for
all z satisfying argz = 60 and |z| > R, we have

(k) (k)
) | <o | B <ppete 1),
w(2) v (2)
It follows that on the ray argz =60 € [0,27) — E,
w®) (2) »
H;(z)él =1,2;j€A
’U.)(Z) ](2)6 (k ) 7.76 2)7
' () w' (2) » ¢ (2) : :
H;(2)el (j €Ay), H;(z2)¢e jeA
(e Geh), TEH () (e

keep the properties of H; (z) ¢/ (j € A2) which are defined as in (2.9), (2.11)—
(2.14) or (2.9),(2.11), (2.17) — (2.19) . By using similar reasoning to that in
the proof of Lemma 2.5 (i7), we obtain a contradiction. Then p (w) = co. 0O

3. PROOF OF THEOREM

We first prove p(g) = p(dof” +d1f' + dof) = oo. Suppose that f(z) #
0 is a meromorphic solution of equation (1.1). Then by Theorem C we have
p(f) = oo. First we suppose that d (z) # 0. Substituting f” = —Ael f' —
Age? f into g, we get
(3.1) g=(d1 —dyAre”) '+ (do — d2Aoe®) f.
Differentiating both sides of equation (3.1) and replacing f” with f” =
—Ajel ' — Age® f, we obtain

g = [d2A}e®” — ((daA1) + P'doAr + di A1) e¥ — daAge® +do + d}] f

(32) 4 [d2AgA1e”T? — ((d2Ag) + Q'd2Ag + d1 Ag) €@ + dj] f.
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Set
(3.3) a1 = di—doArer, ag=dy— dsAye®,
B = o) +ag—aidel
= dyAle?” — ((daA1)' + P'dy A1 + diAy) e”
(3.4) —dyAge® + do + dj,
Bo = af—ajAge? =dyAgA el tQ
(3.5) — ((d240)" + Q'd2Ag + d1Ag) € + dj,.

Then we have

(3.6) af' +af =g,
(3.7) Bif' +Bof =4
Set

h = aifo — aob
= (di — d2Are") [daAoA1e” TP — ((d2Ag) + Q'd2Ag + dyAg)e? + df]
— (do — d2Age?) [daAe®? — ((d2 A1) + P'da Ay + diAy)e”
(3.8) —daAge® +do +di].
Now check all the terms of h. Since the term d3 A% Ape?P*@ is eliminated, by
(3.8) we can write h = Wy (2) —d3A2e2?, where U5 (2) is defined as in Lemma

2.5 (ii). By d2 # 0, Ag # 0 and Lemma 2.5 (ii) we see that h # 0. By (3.6),
(3.7), we obtain

(3.9) hf = a9 — Py,

(3.10) hf' = —aog + Pog-
Differentiating both sides of equation (3.10) we obtain
(3.11) (hf') = —aog” + (Bo — ap) g’ + Bog.

On the other hand by (1.1), (3.9) and (3.10)
(hf") = Wf +hf" = —hAel) f —hAge?f

(— — A1€P) (—aog’ + Bog) — Aoe? (a1g’ — Prg) -

(3.12) -

Equating (3.11), (3.12) and applying (3.5) yields

h h
(3.13) apg”—ao (E - Alep) g+ {ﬂo (E - A16P) + B1Age? — 56] g=0.
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Hence by (3.3), (3.4), (3.5), we can write (3.13) in the form

h (z
Wy (2) 9" + (‘1/23 (2) + %‘1’22 (2)) g
h (2

(3.14) + ( h ((z)) Uay (2) + Uag (2) + H2Q€2Q ) g=0,
where

‘1124 (Z) = Q= do — dQAer,

‘1123 (Z) = A1€P040 = doAleP — d2AQA1€P+Q,

‘1122 (Z) = —Qp — dQAer — do,

oy (2) = Bo=deAgAre"™@ — ((dQAO)I +Q'd2Ag + dle) eQ + dj),

W (2) + Hage?@ = B1Age? — BoAre” — )
= (0/1 +ap — alAleP) Ape® — (0/0 - alAOeQ) Aref — )
= 0} Ape? + apApe®? — ap At — )
= OzlleeQ + (do — dgAQ@Q) Aer - O/OAleP — ﬁé
= 0o} Ape? + dpAge®? — apArel — B — dy AZe*€.
But p(h) <n, Uoy £ 0, d2 A3 % 0 and by Lemma 2.6, we obtain p (g) = co.
Ifdo=0,dy #£0,then g=di f'+dof and ¢’ = dy f"' + (d} + do) [ +d}f.
Since d; # 0, we conclude p (¢') = oo by using a similar argument as for the
case dg # 0. Thus p (g) = .
Now we prove \ (g — ¢) = oo. First we suppose that da(z) # 0. Set
w = g — ¢, then p(w) = oo, A(w) = A(g— ). Substituting g = w + ¢,
g =w+¢, ¢g" =w"+¢" into (3.14), we obtain

Woy (Z) w"” + <\I/23 (Z) + };;((5)) oo (Z)) w’

+ (h/ ) o (2) + Wao (2) + HQQeQQ) w

h(2)
= - [‘1’24 (2) " + (‘1/23 (2) + %‘1’22 (Z)) ¢
(3.15) + <%\p21 (2) + Uy (2) + H2Q€2Q> 4 .

Since ¢ (z) # 0 is a finite order meromorphic function, Lemma 2.6 implies

Wi () + <\1/ () + M)y, <z>) %

h(2)
h (z)

+ (W\PQI (z2) + Ua (2) + HngQQ ) p % 0.
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Hence by Lemma 2.4, we A (w) = A (w) = p (w) = co. Then X (g — ¢) = 0.
B Suppose da = 0, dy # 0. Using a similar reasoning as above we get
A(w) = p(w) = oo.

Finally, if do =0, d; =0, dg # 0 then we have w = do f — ¢, p (w) = 0.
By substituting

_ﬂﬁ /_ﬂl (’;/ //_ﬂ” Si”
(316) Td dy / _(dO) +(do) A (do) +(do)

into equation (1.1) we obtain
(3.17)

w " w I w QD " QD I QD
— Are? [ — Age®— = — [ [ = Al [ = Age® .
(do) + Aze (do) + Age do <d0) + Aje <d0> + Age d

Writing (3.17) in the form

" /
(3.18) w4+ By + Bow = —do | [ 2) + A" [ 2) + Age?Z- |,
do do do
where ®; (2) and ®q () are meromorphic functions with p (®1) < n, p (Pg) <

n. Since dy % 0 and ‘5(52) is a finite order meromorphic function so by Theorem
C we have

" /
(3.19) do <<d£> + AgeP <dﬁ> +A0eQdﬁ> £ 0.
0 0 0

Hence by Lemma 2.4, we have X (w) = p(w) = co. Then X (w) = oo, i.e.,
Adof — ) = o0.
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