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Abstract: The paper outlines a finite elements refined mathematical model of the stress-strain state of single shaft gas turbine engine that can be used in ground or floating 
power plants. The mathematical model, built on the basis of special contact finite elements takes into consideration the contact thermoelasticity problem in the joint area of 
disk and blades. On the basis of the developed mathematical model the fields of turbine rotor dynamic stresses and displacement have been found too. To make the clear 
decision about the developed mathematical model adequacy mostly loaded impeller dynamic stresses field has been found and verified by comparison with the calculated 
results without contact and experimental data. The divergence between the calculated data and experimental results is less than 8%. The turbine rotor displacements and 
dynamic stresses have been found for different forced vibration modes for the wide range of harmonic indexes changing from 0 to 4. The obtained results along with the 
previous studies of this rotor fluid flow and thermal state could be used in further studies of the turbine rotor creep and fatigue strength and blades crack researches. 
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1 INTRODUCTION 

In modern conditions of gas turbine engines 
construction development, it is extremely necessary to 
increase the engine's capacity, durability and reliability. To 
ensure the required level of reliability of the developed gas 
turbine engines, we need to solve a number of problems in 
different areas, such as fluid flow dynamics, heat transfer, 
mechanics of solid deformable body etc. On the other hand, 
all of these problems are interconnected, because the 
results of one problem solution are used as initial data for 
the other problems solution. Thus for the purpose of the 
modern single shaft three stages turbine rotor stress-strain 
state study the results of the fluid flow and thermal state 
analysis for this rotor are used as initial data [1, 2]. In the 
working process of gas turbine rotors, which are used in 
modern turbines, various mechanical and thermal loads of 
high intensity are constantly present. All these factors 
seriously influence the rotor impellers stress-strain state. 
For their stress-strain state determination it is absolutely 
important to take into account the thermal and mechanical 
conditions in the impellers contact area. Also the basic 
contact conditions of the impellers are not always the same 
[1]. In the vast majority of papers each impeller and even 
the whole rotor is considered as one monolith solid body 
but this assumption does not fully correspond to the real 
working conditions. This means that each pair of contact 
surfaces has its own specific pairing conditions. But during 
the workflow, pairing conditions can change quickly. This 
fact causes changes in the nature of mechanical contact. 
Therefore, we can also observe changes in the heat flow 
parameters on the contact surfaces inside each impeller and 
between the impellers [2]. Therefore, the mathematical 
model used to solve the problem of thermoelasticity of gas 
turbine engine rotors must take into account all these 
mechanical and temperature changes on the contact 
surfaces of the parts forming the rotor. There are two main 
approaches that are used to solve contact problems of solid 
mechanics by the finite element method (FEM). The main 
idea of the first approach is to use a contact layer with a 
certain thermal conductivity, which is located between the 
surfaces of the blades and disk, forming the impeller [3]. 
The finite element model of the contact layer is based on 

finite elements similar to those of impeller's parts [3]. But 
it should also be mentioned that it is extremely difficult to 
calculate the deformation of the layer caused by the 
thermal gradient on the contacting surfaces. The second 
main approach is to use a layer of special contact elements 
that clearly defines the relationship between the heat flux 
and the displacements of the finite element nodes located 
on the contact surfaces [3-6]. But there are several 
important requirements. The first is the condition of 
non-penetration of the contacting parts into each other; the 
second is the condition of equality of the normal and 
tangential force components for each pair of nodes of 
contacting finite elements [4-9]. In paper [5] the authors 
have studied the thermal stress-strain state of the turbine 
blades, but did not take into consideration the contact 
problems. In paper [6] special attention has been paid to the 
problems of solid continuum meshing, but yet the problems 
of the turbine blades vibration have not been studied. In 
papers [7-9] the thermo-mechanical problems have been 
considered, but there is a lack of attention to the issues of 
the thermo-mechanical contact between the blades and 
disk. The issues of the whole rotor stress-strain state are 
studied slightly too. Based on the analysis of the above 
sources, it can be concluded that at the moment there are 
still a number of unsolved problems regarding the design 
of highly loaded single shaft marine GTE rotors through 
numerical methods. One of them is the turbine rotor    
stress-strain state determination taking into consideration 
contact thermoelasticity problem. This study would be held 
on the basis of FEM, using the layer of special contact 
finite elements. 

2 THE AIM AND OBJECTIVES OF STUDY 

The research object is the turbine rotor stress-strain 
state taking into consideration the contact between the 
blades and disks. The whole rotor should be considered as 
an assembly of three impellers, connected together. Each 
impeller also is an assembly that consists of the disk and 
working blades of the same shape and geometric 
characteristics. The research subject is the influence of 
contact in the joint of rotor blades and disks on its fields of 
dynamic stresses. Thus the aim of the research is to develop 
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a refined mathematical model for calculating the gas 
turbine rotor stress-strain state taking into account the rotor 
contact thermoelasticity problem solution. To achieve this 
aim, the following tasks must be solved: 
- Develop a refined mathematical model of the turbine 
rotor on the basis of FEM, using the layer of contact finite 
elements between the blades and disks surfaces. 
- Determine the contact finite elements displacement 
and temperature fields. 
- Determine the field of rotor dynamic stresses, taking 
into account the results of contact thermoelasticity problem 
solution. 
 
3 FORMULATION OF THE PROBLEM 
 

The rotor of the gas turbine engine under study is 
located in the right rectangular Cartesian coordinate system 
XYZ with the center at point O. The X axis is normal to the 
turbine rotor axis of rotation of the shaft; the Z axis 
coincides with this axis (Fig. 1). The entire coordinate 
system rotates at a constant angular velocity Ω together 
with the rotor. 
 

 
Figure 1 Gas turbine rotor in the Cartesian right-handed coordinate system 

 
3.1 Main Dependences for the Rotor Stress-strain State 

Study 
 

According to the generalized Hooke's law [3, 10, 11] 
the solid body stress-strain state can be described by the 
next matrix dependence: 
 

        TD                                                           (1) 

 
where {σ} is stress matrix-vector; {Ɛ} is elasticity 
deformation vector; {ƐT} is thermal elasticity vector; [D] is 
elasticity matrix of the turbine rotor material. As the 
turbine rotor is located in Cartesian coordinate system, its 
elasticity deformation vector has the following 
components: 
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where δX, δY, δZ are components of the generalized 
displacement vector. The rotor material is a special        
nickel-titanium alloy. The vector of the rotor thermal 
deformation is represented by the Eq. (3) [8, 11-14]: 
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where α is thermal extension coefficient of the rotor 
material; TX, TY, TZ are the rotor temperature field 
projections on the X, Y, Z coordinate axis. Thus on the basis 
of Eq. (1) to Eq. (3) we see that solution to the turbine rotor 
stress-strain state problem depends on the correct finding 
of the rotor displacement and temperature fields, taking 
into account the contact between the blades and disks in 
impellers. 
 
4 SOLUTION TO THE PROBLEM AND ITS VERIFICATION 
4.1 Mechanical Contact Problem 
 

The energy state of the impeller's contact area can be 
described using the Lagrange variation principle in the 
following way: 
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where L is Lagrange function; П is the rotor contact 
deformation potential energy; W is the contact forces work. 
Between the contacting surfaces of blades and disk we 
need to insert a layer of special two nodes contact elements 
(EL2) (Fig. 2). The whole impellers are approximated by 
the eight nodes hexagonal finite elements (EL8) [3, 15, 16]. 
 

 
Figure 2 Scheme of the contact between the disk and blade in impeller and the 
special contact element EL2: u, v, w-displacement of the contact finite element 

 
So, after the FEM approximation the potential energy 

of the finite element contact deformation can be formed as 
follows [12, 19]: 
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where [Be] contact finite element gradient matrix;            
{δe} contact finite element displacement vector; Ve finite 
element volume; m number of the contact elements EL2. 
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where [N] finite contact element shape functions matrix;      
i number of finite contact element nodes. The contact 
forces work [17]: 
 

   
1, ..., 

T
e e eW F

e m




                                                                        (7) 

 
where {Fe} vector of the finite element contact forces. 
Substituting Eq. (5) and Eq. (6) into Eq. (4) and 
differentiating by displacement we receive: 
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As it has been known from [1, 3, 5, 18]: 

       d
T

e e e e
Ve

K B D B V  , where [Ke] the finite 

element stiffness matrix. The vector of contact forces for 
the contact element AB (Fig. 2) is formed as follows: 
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where pn and pτ are normal and tangential components of 
contact pressure, that are formed by the mounting tightness 
in the process of impeller parts conjugation; {δAB} is vector 
of the contact element displacement discrepancy.
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. Thus on the basis of dependences        

Eq. (4) to Eq. (9) the mechanical contact problem for the 
turbine rotor is represented by the next matrix equation: 
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It also should be mentioned that the contact elements 

obey the law of non-penetration for the contacting surfaces. 

4.2 Thermal Contact Problem 
 

The thermal state of the impeller's contact area can be 
described by the next functional: 
 

0KJ                                                                                 (11) 
 
where JK is thermal functional. The subsequence of such 
thermal functional minimization and its FEM 
approximation are given in paper [11]. Thus we obtain: 
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where [ΛKTe] is matrix of the contact finite element thermal 
conductivity;{TKe} is vector of the contact element 
temperature; {QKe} is intensity of the heat flow passing 
through the contact elements. The intensity of contact heat 
flow is given by the next dependence: 
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where λk is contact thermal conductivity. 
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where λ is the impeller material thermal conductivity;             
lAB is length of the contact finite element; TAB is contact 
element temperature discrepancy. Thus on the basis of 
dependences Eq. (11) to Eq. (14) the thermal contact 
problem for the turbine rotor is represented by the next 
matrix equation: 
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Using the matrix dependencies Eq. (10) and Eq. (15) 

we can find the fields of displacement and temperature on 
contact surfaces of rotor disks and blades. These data is 
needed to use the dependencies Eq. (1) to Eq. (3) and thus 
to solve the turbine rotor contact thermoelasticity problem. 
After solving this problem we use the obtained data and the 
data given in papers [2, 18, 19] to determine the refined 
stress-strain state of the whole turbine rotor. 
 
4.3  Verification of the Developed Mathematical Model 
 

For the verification of the developed mathematical 
model an experimental investigation has been held. On the 
surface of the most hardly loaded first impeller the special 
sensors have been mounted. The digital data from sensors 
have been transmitted to a special decoder and compared 
with the calculated results. The experiment has been 
carried out with a steady air flow that corresponds with the 
real conditions of the turbine rotor working process as a 
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part of a GTE. The description of experimental equipment 
and experiment order are given in papers [12, 17]. The 
results of the maximum dynamic stresses definition for 
experimental and both numerical types (taking and without 
taking into consideration the contact problem) are given in 
Tab. 1 and Tab. 2. 
 

Table 1 The first impeller maximum dynamic stresses without taking into 
account the contact problem 

Harmonic 
index k 

Maximum dynamic stresses σ / MPa Divergence / 
% Calculated data Experimental data 

0 431.71 419.9 2.6 
1 481.96 455.9 5.4 
2 528.34 489.8 7.3 
3 650.18 596.8 8.2 
4 769.26 708.5 7.9 

 
Table 2 The first impeller maximum dynamic stresses taking into account the 

contact problem 
Harmonic 

index k 
Maximum dynamic stresses σ / MPa Divergence / 

% Calculated data Experimental data 
0 426.20 419.9 1.53 
1 473.12 455.9 3.77 
2 502.83 489.8 2.66 
3 628.39 596.8 5.29 
4 754.12 708.5 6.04 

 

Analyzing the data, represented in Tab. 1 and Tab. 2, 
we can conclude that the divergence between the calculated 
results and experimental data is less than 10%. But it also 
should be highlighted that the value of the dynamic stresses 
in Tab. 2 is lower as well as closer to experimental data. 
Thus the developed mathematical model which takes into 
account the mechanical and thermal contact problems in 
the blades and disk joint is more adequate and accurate due 
to the less divergence with the experimental data. So its 
usage is more preferable. 
 
5 RESULTS AND DISCUSSION 
 

The power of the turbine under study P is 15 MW. The 
temperature of the working fluid at the flow path entrance 
T is 1410 K; the total pressure at the first stage entrance p 
is 1.4 MPa; the rotor angular velocity ω is 11330 rev/min. 
As it was shown in Tab. 1 and Tab. 2 the turbine rotor 
dynamic stresses increase with the increase of the rotor 
forced vibration frequency. So, we need to show correctly 
the fields of rotor displacements / mm and stresses / MPa. 
for the first four harmonic indexes. These results for both 
components are given in Fig. 3 to Fig. 6.

 
 

   
                                               (a)                                                                                      (b)                                                                              (c) 

Figure 3 Turbine rotor displacement (a, b) and dynamic stresses (c) fields. Harmonic index k = 0, vibration frequency f = 537.06 Hz 
 

   
                                                   (a)                                                                                    (b)                                                                                 (c) 

Figure 4 Turbine rotor displacement (a, b) and dynamic stresses (c) fields. Harmonic index k = 1, vibration frequency f = 929.16 Hz 
 

Analyzing data represented in Fig. 3 to Fig. 6 we can 
see that with the increase of the turbine rotor vibration 
frequency the level of its dynamic stresses increases too. 
The biggest displacement in these directions is nearly        
50 mm on the top of the third impeller blades peripheral 
section for the vibration frequency of 1040 Hz. It can be 
explained by the influence of gas flow and centrifugal force. 
The third impeller blades according to their geometric 
characteristics are more malleable than the first impeller 
blades. Dynamic stresses, caused by the complex influence 
of gas flow and centrifugal force, increase with the increase 

of the rotor vibration frequency. The gap between the 
highest stresses for harmonic index 0 and harmonic index 
3 is nearly 400 MPa. Furthermore, the drop of dynamic 
stresses is present even between the different parts of the 
blade, because the gas flow influences more blade feather 
peripheral part and it is hot up more than the blade root part. 
We also need to take into consideration that the level of the 
rotor maximum dynamic stresses for the vibration mode 
with the harmonic index k = 3 nearly reaches the rotor 
ultimate strength.
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                                          (a)                                                                                  (b)                                                                                        (c) 

Figure 5 Turbine rotor displacement (a, b) and dynamic stresses (c) fields. Harmonic index k = 2, vibration frequency Ω = 954.33 Hz 
 

   
                                                   (a)                                                                                   (b)                                                                                  (c) 

Figure 6 Turbine rotor displacement (a, b) and dynamic stresses (c) fields. Harmonic index k = 3, vibration frequency Ω = 1040 Hz 
 
6 CONCLUSIONS 
 

The study of the modern single shaft gas turbine rotor 
stress-strain state has been held. To solve the 
aforementioned problem a refined mathematical model 
based on the solving of contact thermoelasticity problem in 
the joint area of blades and disk was developed. The 
reliability and adequacy of this mathematical model are 
confirmed by comparison with the calculation data 
(without contact problem) and experimental data. Using 
the developed mathematical model, the rotor fields of 
displacement and dynamic stresses have been studied too. 
It has been shown that the increase of the rotor forced 
vibration frequency causes the increases of the rotor 
dynamic stresses level. Such stresses are caused by the 
influence of gas flow and centrifugal forces. The sharp 
temperature gradient between the peripheral part of the 
blade, its root part and the disk is also one of the main 
reasons for such gap in dynamic stresses for different part 
of the blade and disk. The big temperatures of the gas flow 
[2] and the dynamic stresses level are the reasons for the 
new studies in the fields of the turbine rotor plasticity and 
creep. All the obtained results together with the data given 
in [1, 2] and methodology given in [20] would be used for 
further studies of the modern GTE rotor creep and fatigue 
strength. The findings of the work are applicable in the 
areas of the power plants engine building, aircraft and 
marine engine building too. 
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