
A Method for Determining the Envelope of Induced
Electric Field on a Simple Human Head Model by

Peaks Detection
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Abstract—This paper is on the use of a hybrid boundary
element method/finite element method (BEM/FEM) to determine
the induced electric field in spherical human head models
exposed to high-frequency plane electromagnetic (EM) wave. The
geometrically simplified models include the homogeneous one and
the non-homogeneous one, featuring compartments such as skin,
skull, CSF, and brain. Both models are illuminated by plane EM
wave at frequencies including 900 and 1800 MHz, 3500 MHz
pertaining to 5G communication systems and also 6000 MHz
representing the transition frequency related to the EMF safety
standards. The numerical results for the electric field induced
in both human head models are presented, while the emphasis
is on the electric field along the propagation axis. The novelty
of this work is related to the subsequent post-processing of the
sampled induced field along the model axis by using two different
numerical filtering techniques. It is shown that using the peak
detection algorithm, the spline interpolation could be used to
estimate the signal envelope. The exponentially decaying nature
of the envelope allows to assess the penetration depth of the
EM radiation within the biological tissue. Moreover, it is shown
that the analytically calculated penetration depth, derived for
the unbounded medium, is well reproduced by the numerical
computation of EM field.

Index Terms—Computational dosimetry, human exposure to
EMF, hybrid BEM/FEM, high-frequency dosimetry, numerical
filtering.

I. INTRODUCTION

The assessment of human exposure to high-frequency (HF)
electromagnetic fields (EMF) requires the use of computa-
tional dosimetry models since experimental procedures are
often difficult to implement [1]. There are many computational
methods utilised to facilitate this, but also to aid in the
development of exposure standards related to human safety
due to EMF exposure [2]. The latest documents related to
human EMF exposure include the revised IEEE standard
from 2019 [3] and the ICNIRP guidelines from 2020 [4],
respectively, specifying the exposure limits in terms of basic
restrictions serving as a substitute for the temperature increase
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in the HF range. These documents specify the dosimetric
quantity in terms of the specific absorption rate (SAR) at
frequencies below 6 GHz (considered transition frequency)
and the absorbed power density (APD) above 6 GHz. Both
SAR and APD are calculated in the post-processing stage from
the output of electromagnetic dosimetry model, i.e. the induced
electric field. The resulting temperature rise [5], [6] in the
exposed human body can be determined using the subsequent
thermal dosimetry model using the calculated SAR or APD as
inputs [7], [8].

One important and well known characteristic of the electro-
magnetic wave exposure in the HF range is the low penetration
depth, inversely proportional to the frequency of the EM wave.
In the GHz range, the penetration of EM wave is limited to
superficial layers. For example, in the case of the mm-waves
from the higher frequency spectrum of the latest generation
(5G) of wireless communication systems, the penetration depth
is limited to skin tissue, resulting in the use of a simplified
planar skin models such as one-dimensional stratified mod-
els [9], [10], or stratified block models [11], [12]. It should
be noted that the ongoing work of the standards organisations
such as the IEEE International Committee on Electromagnetic
Safety (ICES) is currently focused on extending the dosimetric
models to spherical and cylindrical geometries [11].

Compared to geometrically simple dosimetry models, the
use of anatomically precise geometrical models of the human
body or body parts [13] is limited in the high-frequency range,
due to low penetration depth but also due to computational re-
quirements. This is especially difficult when the computational
method is based on the integral equation approach such as
surface integral equation (SIE) [14]. From the computational
resources point of view, the main limit of SIE is related to
the discretisation of HF problem, resulting in a large fully
populated system matrix. The excessive time requirements
of numerical full-wave techniques is recognised even when
considering the accuracy of telecommunication channel mod-
eling [15]. However, the restriction on the matrix size could be
somewhat curtailed by employing the hybrid method such as
boundary element method/finite element method (BEM/FEM),
which has previously been used in the human exposure HF
assessment [8]. This work is on the use of a hybrid BEM/FEM
to determine the induced electric field in the several human
head models irradiated by high-frequency EMF. The subse-
quent post-processing of the numerical results is carried out
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to correlate with the exponentially decaying field and the
analytically calculated penetration depth. The first step is to
test whether numerical filtering techniques, such as the moving
root mean square or the peak detection approach could be
utilised to this end. If it can be shown on the anatomically
simple models, it is conceivable to be useful even in the
case of the geometrically complicated models, thus alleviating
some computational burden when HF dosimetry problems are
considered.

This work should be considered an extension of authors ap-
proach used in [16] by additional post-processing and analysis
of the induced electric field results by applying two numerical
filtering techniques. The main contribution of the paper is
in the use of a spline interpolation algorithm to estimate
the envelope of the induced electric field in the canonical
human head geometry. Also, it is demonstrated that the peak
detection approach is not suitable to this end. In addition to
transverse-magnetic (TM) polarization [16], transverse-electric
(TE) polarization has been considered in this work, as well as
post-processing using the proposed approach of the induced
electric field obtained at several additional frequencies.

The organisation of the paper is as follows: following
the introductory part, mathematical background related to the
utilised EM computational dosimetry model is given as well
as it’s verification. Also, brief description of the used human
head models is given. The numerical results for the induced
electric field is presented in the next section. Moreover, the
results of the subsequent post-processing at several frequencies
is given in order to correlate with the penetration depth at the
particular frequency. The concluding remarks are given in the
final section, while derivation of the analytical expression for
penetration depth is given in the Appendix.

II. MATHEMATICAL BACKGROUND

A. Electromagnetic Dosimetry Model

The human head exposed to incident electromagnetic radia-
tion can be treated as a classical scattering problem. In case of
a time-harmonic field, the problem can be specified using the
following integro-differential expressions. The exterior domain
is treated by the Stratton-Chu integral equation facilitating the
rephrasing of both electric and magnetic fields in terms of their
tangential components [17]:

αE⃗′
ext = E⃗′

inc +

∮
∂V

n̂× (∇× E⃗ext)GdS+∮
∂V

[
(n̂× E⃗ext)×∇G+ (n̂ · E⃗ext)∇G

]
dS (1)

where n̂ represents the normal on the problem boundary ∂V
(between interior and exterior region), V is domain of the
problem while α is the solid angle subtended at the observation
point. The total electric field and the incident electric field are
denoted by E⃗ext and E⃗inc, respectively, while G represents
the free space Green’s function:

G = G(r⃗, r⃗ ′) =
e−jkR

4πR
; R = |r⃗ − r⃗ ′| (2)

where R is the distance from the observation point to the
source point, r⃗ and r⃗ ′, respectively, and k is the wave number.

The interior domain of the problem (human head) is gov-
erned by the following equation [17]:

∇×
(

j

ωµ
∇× E⃗int

)
− (σ + jωε)E⃗int = 0 (3)

where int denotes the interior domain, while ε, σ, µ are
the parameters of the inhomogeneous domain, namely electric
permittivity, conductivity, and magnetic permeability, respec-
tively. Finally, ω = 2πf denotes the angular frequency.

The expressions (1) and (3) can be coupled and numerically
solved using a hybrid BEM/FEM method. The interested
reader could find details on the applied BEM/FEM procedure
in [8], [17].

B. EM Model Verification

Verification of the utilised EM model based on the hybrid
BEM/FEM approach has been performed using the geometry
of the metallic slab covered by two different dielectrics, illu-
minated by plane EM wave, as depicted on the inset of Fig. 1.
The calculation of the bistatic RCS has been carried out in both
E plane and H plane, respectively. The results were compared
with the results obtained by hybrid VSIE formulation [18]
and also with the well known commercial software FEKO,
based on the traditional conformal MoM/FEM formulation.
The results for the bistatic RCS in E plane, given in Fig. 1a),
show very good agreement between the hybrid BEM/FEM and
other two approaches. Similarly very good agreement between
hybrid BEM/FEM and FEKO is obtained for the bistatic RCS
in H plane, as depicted in Fig. 1b), while the results for the
hybrid VSIE formulation are offset by 0.5-0.8 dB.

It should be noted that the additional extensive verification
of the hybrid BEM/FEM model used in this work has been
carried out in [17].

C. Spherical Head Models

The numerical results for the induced electric field in the
human head, presented in the following section, are obtained
using the two spherical head models. The first model (non-
homogeneous) consists of four compartments (tissues), includ-
ing the outer head layer (modeled as the skin), the boneous
skull, the cerebrospinal fluid (CSF), and the brain, while
the second model is a homogeneous one, with the same
dimensions, as depicted in Fig. 2a).

The frequency dependent electrical properties of the model,
namely, the conductivity σ and the relative permittivity εr are
given in Table I. The values for a dry skin tissue are used as
parameters of the homogeneous head model. All parameters
were taken from study by Gabriel [19].

It should be noted that meshes of both homogeneous and
non-homogeneous models are identical, the only difference
being in the tissues properties assigned to specific finite
element used to discretise the head. This will enable the
subsequent comparison using the thermal dosimetry models,
not reported in this work.
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a)

b)
Fig. 1. Bistatic RCS in: a) E plane and b) H plane for metallic slab covered
with two different dielectrics. Comparison with commercial software FEKO
(MoM/FEM) and VSIE (RWG/SWG) by [18]

TABLE I
HOMOGENEOUS MODEL FREQUENCY DEPENDENT PARAMETERS (DRY
SKIN TISSUE VALUES): CONDUCTIVITY σ, RELATIVE PERMITTIVITY εr ,

WAVELENGTH λ AND PENETRATION DEPTH δ [16].

f [GHz] σ [S/m] εr λ [mm] δ [mm]
0.9 0.86674 41.405 50.714 40.23
1.8 1.1847 38.872 26.416 28.252
3.5 2.0249 37.005 13.946 16.102
6.0 3.8912 34.946 8.34 8.1734

10.0 8.0138 31.29 5.2291 3.7979
30.0 27.099 15.51 2.2937 0.85351
60.0 36.397 7.9753 1.5245 0.47805
90.0 38.989 5.9364 1.1878 0.38183

The human head model is discretised using 12.251.851
tetrahedral finite elements, while the head is enclosed in the
surrounding box of air (representing the domain boundary)
whose surface (related to BEM) is meshed using 7.472 trian-
gular elements. The finite element mesh of the head model
interior is depicted in Fig. 2b).

The Intel Pardiso direct solver was used to solve the
resulting sparse matrix system. It took around 20 hours of
computational time to complete the filling of the system matrix
and solving it.

D. The Penetration Depth

The penetration depth (or skin depth) δ represents the
distance to which an incident electromagnetic wave penetrates

HEAD-SCALP (SKIN)

SKULL

CSF

BRAIN

TE

TM
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90 mm

85 mm

80 mm

79 mm
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b)

AXIS
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Fig. 2. Simplified human head model: a) non-homogeneous model with
corresponding dimensions and the direction of incident electric field (TE
and TM polarization), and b) Finite element mesh of the spherical model
(only quarter of model depicted). The dotted line (AXIS) depicts the points
where electric field is calculated and later post-processed. The electric field
is sampled at 2000 points along this axis.

the medium. The skin depth is usually defined as the depth
at which the amplitude of the plane wave electric field or
magnetic field in a homogeneous unbounded half-space de-
creases to a factor 1/e of its surface value, assuming maximum
amplitude E0 at the surface, as illustrated in Fig. 3.

The above definition of the skin depth is usually asso-
ciated with the plane wave propagating in the unbounded
medium [20], [21], however, the concept of plane wave skin
depth is also applied to study the effective skin depth due to
large circular loop and horizontal electric dipole sources [22].
Even in cases such as large source-receiver distances and/or
high frequencies and half-space conductivities, the effective
skin depth tends to the plane wave skin depth.

The penetration depth δ for the homogeneous isotropic
dielectric medium with losses can be calculated using the
following expression:

δ =
c

ω

√√√√εr
2

[√
1 +

σ2

ω2ε20ε
2
r

− 1

] (4)
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Fig. 3. Illustration of skin depth and the associated envelope of a signal
(dashed line) [16].

where c is the wave velocity in free space, and ε0 is the
permittivity of free space. The derivation of the expression
(4) can be found in the Appendix.

The values of penetration depth at several frequencies of
interest are given in Table I. As evident from Table I, the
penetration depth at 6 GHz corresponds to 8 mm, while at
30 GHz, it is less than 1 mm. This is the reason the term
millimeter-wave is used in this frequency range.

As evident from Fig. 3, the oscillating amplitude of the
signal (the electric field along the propagation axis) can
be represented by a smooth exponentially decaying curve
that smoothly encloses the signal. This curve is termed the
envelope of the signal and is represented by the dashed line
in Fig. 3.

The wavelength of the electromagnetic wave propagating in
the homogeneous lossy dielectric can be determined using the
following expression:

λ =
λ0√√√√εr

2

[√
1 +

σ2

ω2ε20ε
2
r

+ 1

] ; λ =
λ0√
εr

(5)

where λ0 is wavelength in free space, and εr is relative
permittivity of the material. The corresponding values of λ
are given in Table I, while derivation of (5) can be found in
the Appendix.

III. NUMERICAL RESULTS

The EM dosimetry model based on hybrid BEM/FEM,
introduced in the last section, was used to obtain the numer-
ical results presented in this one. The plane EM wave with
Seq = 10 W/m2 power density is incident on the human
head model. The side of the spherical model where EM wave
enters the head will be termed anterior side, as later on we
will focus on the results along the propagation axis (from the
anterior side). The following frequencies of the EM wave are
considered: 900 MHz, 1800 MHz, 3500 MHz and 6000 MHz.

The last two correspond to operating frequency of 5G systems
in Croatia (3.4 - 3.6 GHz), and to the transition frequency (6
GHz) from the safety standards [8], respectively. The results
are presented in Figs. 4-12.

A. Electric Field Induced in Human Head

The first set of results, presented in Figs. 4-5, depict the
induced electric field distribution in two spherical models.

Two polarizations of incident plane wave have been con-
sidered, transversal magnetic (TM), shown in Fig. 4, and the
transversal electric (TE), shown in Fig. 5. The comparison
of induced electric field in the transversal cross-sections of
both homogeneous and non-homogeneous models shows dif-
ferent distributions between the two polarizations, however,
very similar distribution is obtained when considering two
models at the particular polarization. The highest value of the
induced electric field is obtained near the model surface (skin
layer), although this is more difficult to discern at two higher
frequencies (3.5 GHz and 6 GHz). Also, the results for both
models clearly illustrate the lower penetration depth with the
increasing frequency.

Since the curvature of the sphere is uniform, this geometry
minimises the influence of geometrical features such as folds,
bumps and other irregularities - present in the detailed anatom-
ical models - on the electric field distributions. Also, due to
model symmetry, the values of the induced electric field along
the horizontal axis will be identical for both polarizations,
hence, we can neglect the wave polarization in the following,
and thus focus on the middle of the model (axis).

The distribution of the induced electric field along the
axis of propagation (anterior side on the left) is shown in
Fig. 6. Compared to Figs. 4-5, Fig. 6 more clearly depicts
the lower penetration depth when frequency is increased. The
wavelike behaviour of the signal (induced electric field) can
be seen in Fig. 6, as well as the exponential decay with the
increasing frequency. The non-exponential distribution in the
middle regions at two lower frequencies is due to the presence
of standing waves.

B. Specific Absorption Rate

Additionally, the specific absorption rate (SAR) can be
calculated using the well-known relation:

SAR =
σ

2ρ
|E|2 (6)

where E denotes the peak value of the induced electric field
at the point of interest, while ρ and σ represent the tissue
density (in kg/m3) and the tissue electrical conductivity (in
S/m), respectively. Results for the SAR calculated at the first
500 anterior points along the propagation axis are given in
Fig. 7.

The comparison of SAR, given in Fig. 7, between homo-
geneous and non-homogeneous spherical model indicates the
following: at two lower frequencies, the non-exponential decay
is evident in non-homogeneous model. Also, the discontinuity
of SAR at tissue interfaces is in accordance with [9]. The
explanation is straightforward: as the boundary conditions
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Fig. 4. Comparison of the electric field distribution in the spherical model and the surrounding region. Cross-section of homogeneous sphere: a) – d), and
non-homogeneous sphere: e)–h), at frequencies of interest. TM polarization of the wave [16].

prescribe that the tangential component of electric field is
continuous across the tissue interface, and the orientation of
electric field is parallel to this interface for both polarizations,
the SAR will be proportional to the tissue conductivity.

It should also be noted that as the frequency increases, the
exponential decay of the induced electric field, and hence,
SAR, becomes more pronounced. More importantly, the dif-
ference between the homogeneous and non-homogeneous dis-
tributions becomes less evident. As the same trend is expected
to continue at even higher frequencies, we can now introduce
the skin depth δ for the homogeneous medium calculated using
(4), as shown in Fig. 7.

C. Proposed Method of Signal Envelope Detection

The following includes numerical filtering of the results
presented in Fig. 6, in order to detect the envelope of the
electric field (signal). Two different techniques are utilised
to post-process the input signal, the first approach being the
moving root mean square (RMS) and other the peak detection
algorithm.

1) Moving RMS: The expression for the moving RMS of
the signal, denoted by XRMS , is given by [16]:

XRMS(t) =

√
1

T

∫ t

t−T

x2(τ)dτ (7)

where moving operation can be taken at any reference t, thus
behaving like a filter.

The calculation of discrete form of (7) is carried out
using [16]:

XRMS [i] =

√√√√ 1

N

i∑
k=1−N+1

x2[k] (8)

where x[k] is signal sample, and N is the sliding window size.
Using the RMS approach, a window of specified length is

moved over the data samples and the RMS is computed over
the data in the window.

Figs. 8-11 depict the envelope of electric field distribution
(signal) using various sizes of window length N . The results
are shown only at the first 500 anterior points of spherical
models. As evident from Figs. 8-11, the smooth exponentially
decaying shape of the signal is not possible to obtain using
the RMS approach, regardless of the window size. The failure
of RMS approach to capture the smooth nature of exponential
curve, has lead us to use another approach, based on peak
detection.
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Fig. 5. Comparison of the electric field distribution in the spherical model and the surrounding region. Cross-section of homogeneous sphere: a) – d), and
non-homogeneous sphere: e)–h), at frequencies of interest. TE polarization of the wave.

2) Peak Detection: There are many definitions of signal
envelope, including analytic envelope, based on the Hilbert
transform. However, in many engineering problems, the en-
velope detection is not based on analytic signals, and most
methods for envelope reconstruction are based on peak detec-
tion. In case of amplitude-modulated signals, this is followed
by a low-pass filter, usually employing a RC network, to
remove the carrier and provide smoothing [23]. The real signal
envelopes can be thus obtained from the extrema sampling on
signals [24].

The first step in envelope reconstruction is thus to capture
the extrema points, as depicted in Fig. 6. The maximum
separation N between local extrema has been determined by
a trial and error procedure, taking into account the particular
frequency (i.e. wavelength), as given in Table II.

Table II also shows the average separation between the
extrema points (maxima) in both homogeneous and non-
homogeneous models. More details on the maxima separation
can be found in Table III.

Using the detected maxima points, the envelope of the
signal (along propagation axis) can be reconstructed using a
piecewise cubic spline interpolation, as shown in Fig. 6. More
detailed view of the reconstructed envelopes in the anterior
regions of spherical head models can be found in Fig. 12.

Fig. 12 shows the results for frequency range 1.8 GHz–6
GHz, while results for 900 MHz are omitted since it was not
possible to obtain the exponentially decaying envelope shape.
As seen from Fig. 12, depending on the distance between local
extrema separations (peak N ), it is possible to reconstruct the
upper (peak) envelope of the signal that follows an exponential
decay.

Overlaid on the results in Fig. 12 are the analytically
calculated skin depth δ, but also the decrease factor 1/e
of the maximum electric field. Two values are calculated,
Es/e and Eenv/e, denoting the exponential decrease of the
surface electric field and the maximum electric field from the
reconstructed envelope, respectively. From the knowledge of
δ and the maximum field value obtained at the superficial part
of the model (head surface), the value of induced electric field
could thus be estimated in deeper head tissues.

IV. CONCLUSION

This paper presented the numerical results for the electric
field induced in two spherical human head models, namely
homogeneous and nohomogeneous one, exposed to plane EM
wave radiation. The results are obtained using the state-of-
the-art hybrid BEM/FEM formulation. The results of the
electric field induced along the axis of propagation are post-
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TABLE II
PENETRATION DEPTH δ AND WAVELENGTH λ AT SEVERAL FREQUENCIES. AVERAGE SEPARATION BETWEEN ALL DETECTED PEAKS (< Shom >) IN

HOMOGENEOUS AND 4-LAYERS MODEL (< S4L >). < Shom/4L >x , WHERE x = 4, 5, 6 DENOTES AVERAGING OVER THE FIRST 4, 5, AND 6 DETECTED
PEAKS, RESPECTIVELY.

f δ λ < Shom > < S4L > < Shom >4 < S4L >4 < Shom >5 < S4L >5 < Shom >6 < S4L >6

[GHz] [mm] [mm] [mm] [mm] [mm] [mm] [mm] [mm] [mm] [mm]
0.9 40.23 50.714 25.41 25.41 22.52 23.85 25.45 24.39 25.64 25.64
1.8 28.252 26.416 14.82 11.86 9.23 13.23 13.75 9.52 10.58 13.75
3.5 16.102 13.946 7.73 7.11 6.59 7.85 7.38 7.36 7.36 7.38
6.0 8.1734 8.34 7.40 7.01 3.92 3.89 4.42 4.21 5.25 5.26

TABLE III
COMPARISON OF INDIVIDUAL PEAK SEPARATION (PEAKS SEP.) AND AVERAGE PEAK SEPARATION (AVG. PEAK. SEP.) IN HOMOGENEOUS AND

NON-HOMOGENEOUS MODELS AT: 900, 1800, 3500, AND 6000 MHZ. < · >x , WHERE x = 4, 5, 6 DENOTES AVERAGING OVER THE FIRST 4, 5, AND 6
DETECTED PEAKS, RESPECTIVELY [16].

Frequency 900 MHz 1800 MHz 3500 MHz 6000 MHz
Model Homogen. Non-homog. Homogen. Non-homog. Homogen. Non-homog. Homogen. Non-homog.

Peaks sep. (mm) 15.57 15.66 13.68 2.25 7.92 8.91 2.25 2.34
26.55 21.33 12.60 11.43 7.65 6.66 4.41 4.59
26.55 26.46 15.84 12.60 5.49 5.58 4.41 5.04

< · >4 26.73 26.64 10.80 10.62 10.35 5.22 4.50 3.69
< · >5 31.86 31.86 15.84 10.71 5.49 10.44 5.40 5.40
< · >6 26.55 31.86 10.71 15.93 5.31 5.31 10.44 10.44

24.03 24.03 16.02 15.84 10.53 5.40 5.40 5.40
21.15 10.71 5.40 5.31 5.40 10.53
21.24 15.84 5.40 5.40 15.84 5.40
15.84 10.71 10.44 10.44 5.40 10.53
10.89 10.71 5.40 5.40 5.31 5.40
13.23 13.32 5.40 5.31 5.40 10.62

16.02 5.40 10.44 5.40
5.31 15.75 16.02 10.62
10.44 5.49 10.80 10.53
10.71 10.53 10.44 5.49
5.40 5.49 5.40 10.53
10.44 10.44 5.31 5.40
5.40 5.40 5.40 10.53
5.40 5.31 15.84 5.40
9.18 5.40 9.27 10.53
7.02 5.40 5.04 9.27
7.65 9.09 4.23 3.42

5.85 5.31 4.59
8.73 4.05

processed in the subsequent step, using two numerical filtering
techniques. The approach based on the envelope reconstruction
using the detected peak points yielded a smoothly decaying
shape of the signal. This facilitates the correlation of the post-
processed results with the analytically calculated penetration
depth in the biological tissue. The results of this work could
be found relevant in the assessment of human exposure to
high-frequency EM fields.

APPENDIX

To derive the penetration depth δ and wavelength λ, we first
define the complex relative dielectric constant ε

ε = εr − j
σ

ωε0
(9)

where σ, and εr represent the conductivity and relative per-
mittivity, respectively, ε0 is permittivity of free space, and
ω = 2πf , where f is operating frequency.

The governing equation for the electromagnetic field propa-
gating in an unbounded homogeneous and isotropic dielectric
medium with losses, free of sources, is the following wave
equation:

∇2E⃗ + k2E⃗ = 0 (10)

where

k2 = ω2ε0µ0ε (11)

In case of an electric field polarized in the x−direction and
propagating in the z−direction, the solution to (10) is in the
form:

Ex(z, t) = E0e
jωte±jkz (12)

where the sinusoidal harmonic time dependence was assumed.
By defining the complex number k, from (11), by:

k = β − jα (13)

the expression (12) becomes:

Ex = E0e
(jωt±βz)e±αz (14)

Based on this solution, the wavelength λ can be defined as:

λ =
2π

β
(15)
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Fig. 6. Numerical filtering of the electric field results along the spherical
models’ axes. The electric field (signal) at: a) 900 MHz, b) 1800 MHz, c)
3500 MHz, d) 6000 MHz, obtained in the homogeneous model (denoted by
hom.) and non-homogeneous (non-hom.) model, respectively. The piecewise
cubic spline interpolation of the detected peak points of the signal used to
obtain the upper peak envelope. Sample point number (#) denoted on the x-
axis, with 90 µm separation between sampled points. Values of the induced
electric field (V/m) on the vertical axis [16].

and the penetration depth δ as:

δ =
1

α
(16)

Squaring (13) and using (11) and (9), after some rearrang-
ing, we obtain the following system of equations:
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Fig. 7. Comparison of specific absorption rate (SAR) in homogeneous and
non-homogeneous (4-layer) models, determined at first 500 points along
horizontal axis. Frequency of incident EM wave: a) 900 MHz, b) 1800 MHz,
c) 3500 MHz, d) 6000 MHz.

ℜ(k2) = β2 − α2 = ω2ε0µ0εr (17)

ℑ(k2) = 2αβ = ωµ0σ

Inserting (15) and (16) in (17), the system is transformed
into the following:

ℜ(k2) = 4π2

λ2
− 1

δ2
= ω2ε0µ0εr (18)

ℑ(k2) = 4π

δλ
= ωµ0σ

after some rearranging of (18) we obtain:

16π2

δ2λ2

(
4π2

λ2
− ω2

c2
εr

)
= ω2µ2

0σ
2 (19)

Equation (19) can be written in a canonical form, leading
to quadratic equation, whose positive solution is:

1

λ2
= y =

π2ω2ε+
√
π4ω4ε2 + π4c4ω2µ2

0σ
2

8π4c2
(20)

After some additional work, we obtain:

1

λ2
= y =

ω2εr
8π2c2

[
1 +

√
1 +

c4µ2
0σ

2

ω2ε2r

]
(21)

Finally, substituting in (21) the following:

c4 =
1

ε20µ
2
0

(22)
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Fig. 8. Incident EM wave frequency f=900 MHz. Envelope of signal (electric field distribution) on the horizontal axis of a) homogeneous and b) non-
homogeneous spherical models. Envelope obtained using an RMS approach with sliding window size of 50, 100, 150, and 200 points. X-axis denotes model
tissue (compartment): h - head, s - skull, c - CSF, b - brain; points separation is 90 µm. δ is penetration depth at particular frequency. Es/e denotes the
37% value of electric field at the surface.
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Fig. 9. Incident EM wave frequency f=1.8 GHz. Envelope of signal (electric field distribution) on the horizontal axis of a) homogeneous and b) non-
homogeneous spherical models. Envelope obtained using an RMS approach with sliding window size of 100, 200, 300, and 400 points. X-axis denotes model
tissue (compartment): h - head, s - skull, c - CSF, b - brain; points separation is 90 µm. δ is penetration depth at particular frequency. Es/e denotes the
37% value of electric field at the surface.
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Fig. 10. Incident EM wave frequency f=3.5 GHz. Envelope of signal (electric field distribution) on the horizontal axis of a) homogeneous and b) non-
homogeneous spherical models. Envelope obtained using an RMS approach with sliding window size of 100, 200, 300, and 400 points. X-axis denotes model
tissue (compartment): h - head, s - skull, c - CSF, b - brain; points separation is 90 µm. δ is penetration depth at particular frequency. Es/e denotes the
37% value of electric field at the surface.
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Fig. 11. Incident EM wave frequency f=6 GHz. Envelope of signal (electric field distribution) on the horizontal axis of a) homogeneous and b) non-
homogeneous spherical models. Envelope obtained using an RMS approach with sliding window size of 20, 50, 100, and 200 points. X-axis denotes model
tissue (compartment): h - head, s - skull, c - CSF, b - brain; points separation is 90 µm. δ is penetration depth at particular frequency. Es/e denotes the
37% value of electric field at the surface.
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after some rearranging, the following expression for the wave-
length is obtained:

λ =
λ0√√√√εr

2

[
1 +

√
1 +

σ2

ω2ε20ε
2
r

] (23)

Finally, the penetration depth δ can be found as follows.
Inserting (22) into (21):

1

λ2
=

ω2εr
8π2c2

[
1 +

√
1 +

σ2

ω2ε20ε
2
r

]
(24)

and after some additional work, results in the expression for
penetration depth:

δ =
c

ω

√√√√εr
2

[√
1 +

σ2

ω2ε20ε
2
r

− 1

] (25)

In case of a good conductor, or if the following is satisfied:

σ ≫ ω ε0εr (26)

the well known expressions for δ and λ are obtained:

δ ≈
√

2

ωµ0σ
(27)

λ ≈ 2π√
πfσµ0

≈ 2πδ (28)

REFERENCES
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