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Abstract. In this paper, we provide some results pertaining to asymptotic behaviour as
€ — 0 of the finite-energy sequences of the one-dimensional Cahn-Hilliard functional

I (u) = /01 (E2u/2(s) + W(u(s)))d&

where u € H'(0,1), and where W is a multi-well potential endowed with a non-standard
integrability condition. We introduce a new class of finite-energy sequences, recover its
underlying geometric properties as € — 0, and obtain the related a priori estimates.
AMS subject classifications: 34E15, 49J45

Keywords: asymptotic analysis, singular perturbation, Young measures, Cahn-Hiliard
functional, a priori estimates

1. Introduction

We study asymptotic behaviour of the functional I§ : H*(0,1) — R defined by

I§(u) := 1 e2u"?(s) + W (u(s)))ds, (1)
Al )

as a small parameter ¢ tends to zero, where W is a non-negative continuous function
with suitable behaviour at infinity, which satisfies W(¢) = 0 if and only if { €
{a1,0,...,q;}, for some a; € R, i =1,...,1, with [ > 2 and «a; # «a; for i # j (in
short, W is the multi-well potential). Functional (1) (cf. [1, 18, 20, 21]) is known
as the Cahn-Hilliard functional (or the Modica-Mortola functional). To simplify
the notation, we often omit to relabel subsequences, and by ”a sequence (x.)” we
mean a sequence defined only for countably many ¢ = ¢, such that ¢, — 0 as
n — 400. We say that (z.) is pre-compact in a metric space X if every subsequence
of (z¢) admits a further subsequence which converges in X. We recall that we say
that a sequence (z.) in a metric space Z is a finite-energy sequence (or an FE
sequence for short) for a sequence of functionals F© : Z — [0, +o0] if it holds that
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limsup,__, o F®(z.) < +00. In Section 2 (Section 3, Section 4 and Section 5, resp.)
of this paper, by (u.) we always denote a sequence of absolutely continuous functions
ue : J — R, where J C R is a non-empty bounded open interval (an arbitrary FE
sequence for (e ~1I5) in H'(0,1), resp.), and use abbreviations m. := min{|u.(s)] :
s € J}, M. := max{|uc(s)| : s € J}. Accordingly, throughout sections 2-5, the
expression "an FE sequence” is reserved for an FE sequence (u.) for (e71I§), the
letter Ry stands for a real number which satisfies Ry > max{|a;| :i=1,...,1} >0,
while the letter M stands for a finite upper bound for the sequence (e~ 1I§(u.)),
where ¢ > 0 is sufficiently small. As a consequence of the definitions above, FE
sequences for the rescaled functional (1) do not develop internally created small scale
oscillations, which makes them easier to handle (compare [25]-[38] for the study of
similar functionals with an internally created small oscillatory scale). Such singular
perturbation problems are studied within the framework of the gradient theory of
phase transitions. In the case of functional (1), where [ = 2, the term fol e2|u’|?
penalizes rapid changes of the density u in (1) and plays the role of an interfacial
energy. A small positive quantity € is the thickness of the transition layer separating
two different phases or states of « within the domain (0, 1). Different phases develop
as the result of the minimization process subject to a given mass constraint. As
we pass to the limit as ¢ — 0, optimal configurations described by geometric
properties of the minimizing sequence (u.) of (1) resemble more and more the optimal
configuration of the system subject to classical assumptions in the theory of phase
transitions, where it is assumed that the contact area between different phases of u is
concentrated on the interfacial surface of thickness zero. Similar types of functionals
appear in studying coherent solid-solid phase transformations and can be understood
as a simplified one-dimensional model for a phase transition at a martensite-austenite
interface (cf. [2, 22] and references therein). Extensive literature is available on
a wider subject, and our list of references is by no means complete, nor does it
attempt to cite the most important contributions (a more complete list is available
in, for instance, [2, 6, 23]). Although many authors studied asymptotic behaviour
of the functionals similar to (1), the analysis is usually done under rather strong
growth conditions on W (cf. [2, 4, 8, 17, 24, 39]). In particular, the commonly used
classical Fonseca-Tartar assumption (cf. [14]) requires that W grows at least linearly
at infinity (in such a case we say that W is coercive). For such a choice of W, we
immediately deduce equi-integrability of (u.) in L!(0, 1) of an arbitrary FE sequence
(ue), which (by the Vitali convergence theorem) gives strong pre-compactness of
(uz) in L1(0,1) as ¢ — 0. Such compactness result is the prerequisite for the
proof of I'-convergence of (¢71I§) on L*(0,1) as € — 0. One possibility of relaxing
the assumptions on W is to consider the case of W which satisfies a suitable non-
integrability condition
“+oo

; VVI(£)d§ = +oo, (2)
where V' : [0,400) — [0,400) is defined by V(§) := min{W () : || = &} In
a relatively recent paper [18], Leoni obtained, under the non-integrability assump-
tion (2), strong pre-compactness of FE sequences (u.) for (e71I§) (equipped with
the mass constraint fol us = m, or, equivalently, with the normality property intro-
duced in Definition 1, (i)) in L*(0,1) as ¢ —» 0, by showing that such FE sequences
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are bounded in L*°(0,1) as 5 — 0 Cf Theorem 1.3 in [18]). As a typical ex-
ample of W which satisfies ( fR VW ({)d¢ < 400, resp.), we consider W such
that for 0 < ¢ < 2 (q > 2 resp) and Ry > max{|a;| : i = 1,...,1}, it holds
that 77 < W(¢) < mq for every [¢| > Ry, where 0 < ¢g < Cp < —|—oo In this
paper we adopt a similar strategy, with particular emphasis placed on the opti-
mality of the assumptions on W. We always assume that W satisfies W({) = 0
iff ¢ € {a1,,...,q}, W > 0. If no additional properties of W are assumed, we
refer to such W as an arbitrary multi-well potential. Furthermore, if 0 < p < 1,
we introduce the non-integrability condition f oo VP(£)d¢ = o0, which is essential
to our setting. In particular, our assumptions on W allow for consideration of the
case liminfe o V() = 0 and/or limsup,__, ., V(§) = +oo. These assumptions
constitute a non-standard behaviour of W as infinity, and are not covered well in
the literature. We refer to the case of 0 < p < % (p > %, resp.) as the subcritical
case (the supercritical case, resp.). Since the critical case p = % is already covered
n [18], our results should be primarily viewed as an expansion of the considerations
in [18] (cf. Remark 3). While the author of [18] is focussed on compactness results,
in this paper we mostly confine ourselves to proving some a priori estimates for a
class of FE sequences as ¢ — 0. In doing so, we follow, as far as possible, the
line of reasoning in Theorem 1.3 in [18]. However, we have not been able to use
the aforementioned a priori estimates to recover compactness results for general FE
sequences (compare Theorem 4). Instead, we offer a weaker conclusion, expressed in
terms of control of oscillations of FE sequences at infinity as € — 0. The relevance
of such a conclusion can be inferred by comparison with the classical analysis of
weakly (but not strongly) convergent sequences in LP spaces. Indeed, by the Kaku-
tani theorem (the Banach-Alaoglu theorem, resp.), sequences bounded in LP, where
1 < p < 400 (L, resp.), are weakly (weakly®, resp.) sequentially pre-compact
(cf. [7]). Generally speaking, there are two effects which prevent weakly convergent
sequences to be strongly convergent: oscillation and concentration. Young measures
and their variants provide the apparatus for studying oscillations in a weakly conver-
gent sequence (cf. [5] or [23]), while H-measures and their variants are a tool which
can capture concentrations in such a sequence (cf. [3, 40, 41]). The fundamental the-
orem of Young measures and the fundamental theorem of H-measures both require
boundedness of the sequence in LP norm (or in some similar, suitably chosen norm).
In the case when a priori bounds in some norm are not available, it is necessary to
look for a new approach to describe asymptotic behaviour of sequences as e — 0
(cf. Remark 1). In this paper, we propose such an approach, and show how it can be
applied to analyse certain underlying asymptotic properties of FE sequences of the
one-dimensional Cahn-Hilliard functional e~1I§, where W is a multi-well potential
endowed with the aforementioned non-integrability condition. The main technical
tool in the proofs of our results is the area formula (cf. [19], Theorem 3.65, p. 100) and
the reverse Hoélder inequality. In geometric terms, the easiest case for comparison
between the classical approach and our approach is the case p = +o00. Let us con-
sider a sequence (u.) in L°°(0,1). If the sequence (u.) is bounded in L>°(0, 1), we can
apply Young measures or H-measures to study its asymptotic properties as € — 0.
In the case when such a sequence is unbounded in L>(0, 1), given sufficiently large
R >0, we can consider limsup.__,q [[card{|uc|" ()} (g 100) @ @ quantity which
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measures oscillation and concentration of the sequence (u.) at infinity as e — 0.
Such a quantity illustrates how often |u.| takes values greater than R, and therefore
provides some information about the frequency of oscillation of |u.| above the level
R. As we pass to the limit superior as R tends to 400, we capture the behaviour
of the sequence at infinity. More precisely, in Definition 2, we extend this reasoning
from the case ¢ = 400 to the case of finite ¢, including ¢ < 0 and 0 < ¢ < 1.
Although some a priori estimates in this paper are obtained under the assumption
0 < p < 1, we deal mostly with the subcritical case. In particular, we focus on FE
sequences which are not a priori bounded in L*°(0,1) as ¢ — 0. We mention that
in this paper, the expression "regularity” that pertains to the behaviour of an FE
sequence (uy. ) is reserved for a specific boundedness property in terms of L°°-norm as
e — 0 (cf. Definition 1), and not to the smoothness property of (u.), which is more
commonly the case in the literature (however, cf. Theorem 2 and Corollary 1, which
provide the connection between L>°-bounds and the smoothness property). To this
end, in Section 2, we introduce the notation and terminology, including a new con-
cept designed to capture asymptotic behaviour of a sequence of functions at infinity
(cf. Definition 2). In Section 3 (and Section 4), we present a priori estimates for
(ul) (and (uc), respectively), as € — 0 (cf. Lemma 1, Theorem 2, Corollary 1 and
Corollary 2) (cf. Corollary 3, Theorem 3 and Theorem 4, resp.), where (u.) is a suit-
ably chosen class of FE sequences for (¢7I§). Lemma 1, Theorem 2 and Theorem 3
deal with the asymptotic properties of FE sequences which satisfy the condition of
Definition 1(i), and which are not bounded in L>°(0,1) as ¢ — 0. Theorem 4 and
Corollary 4 show that, subject to the appropriate integrability assumption on W
and the conditions of Definition 1(i), and Definition 2, FE sequences are actually
bounded in L°°(0,1) and strongly pre-compact in L!(0,1) as ¢ — 0. Theorem 4
is the core regularity result of the paper, and its corollaries can be viewed as an
L4-version of Theorem 1.3 in [18] (cf. Remark 3). We were not able to find these
results in widely available sources. In the appendix, we included some technical
results used throughout the paper.

2. Notation and terminology

Following [2], we consider a compact metric space (K,d) (the space of patterns),
which is the set of all measurable mappings z : R — [—00, +0o0] (modulo equiv-
alence A-almost everywhere, where X is the one-dimensional Lebesgue measure),
endowed with the metric d defined by

oo

1 2 2
d(z1,20) = Z M| /Ryk (; arctanx; — p arctan:cz)dM,
k=1

where (y) is a sequence of bounded functions which are dense in L*(R), such that
the support of yy is a subset of (—k,k), with oy = |lyr|l,: + |kl . As shown
in [2], p. 806, L} .(R) continuously embeds in K for every p € [1, +oo]. The notation
C(K) (Co(R), resp.) stands for the space of all continuous real functions on K (the
space of all continuous real functions on R which vanish at infinity, resp.), whose
dual is identified with the space of all real Radon measures on K (all real bounded
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Radon measures on R, resp.), denoted by M(K) (My(R), resp.), endowed with the
corresponding weak-star topology. By P(K) (P(R), resp.) we denote the set of all
probability measures in M(K) (My(R), resp.). By LS, (€; M(K)) (L2, (€ Mp(R)),
resp.) we denote the dual of L1(Q; C(K)) (L}(Q; Co(R)), resp.), where @ C R is
a measurable set such that 0 < A(2) < +o00. The set of all K-valued (R-valued,
resp.) Young measures on {2 denoted by Y M (Q; K) (L, (2; P(R)), resp.) is the
set of all v € L (4 M(K)) (v € L, (2; Mp(R)), resp.) such that vy € P(K)
(vs € P(R), resp.) for almost every s € Q, where v(s) := vg, s € Q, and it is
always endowed with the weak-star topology of LS, (2; M(K)) (LS (4 My(R)),
resp.). The elementary Young measure associated to a measurable map u : Q — K
(u: Q — R, resp.) is the mapping §, : @ — M(K) (4, : @ — M,y(R), resp.)
given by 0,,(s) := dy(s), 5 € Q0. Besides the fundamental theorem of Young measures
which involves R-valued Young measures (cf. [5] or [16]), we use the version of the
theorem which involves K-valued Young measures (cf. [2]). The main advantage of
the introduction of the notion of K-valued Young measures comes from the fact that
compactness of Y M ((0,1); K) is guaranteed by compactness of K (such compactness
fails in the case of R-valued Young measures). By uLw we denote the restriction
of the function u :  — R on the set w C 2, by Imu we denote the image of
the function w, while by u* (§) we denote the pre-image of ¢ with respect to w,
ie, u(§) = {s € Q : u(s) = &}. For simplicity of the notation, if ¢ > 0 is

1
arbitrary, we define [|ully,q) = (fQ |u(s)|qu) *, where u : @ — R is a measurable

function. We recall that in the case ¢ = +o00, the uniform norm of such a function
u is defined by [Jul[j(q) = inf{fa = 0 : M{s € Q@ : u(s) > a} = 0}, and that
| lta(e) is a norm iff ¢ € [1,+00]. By cardS we denote the cardinality of a set S.
Throughout the paper, we assume that every Sobolev function u € WP (0, 1), where
1 < p < 400, is already replaced by its absolutely continuous representative (cf. [9],
Theorem 1, p. 163). If a measurable function ¢ : [0,+00) — [0,400) belongs
to L}, .(p, +00), where p > 0, we define liminfe o ¥(€) := liminfe o0 ¥4 (€)
(limsup,_, oo ¥(§) = limsup,__, ;. ¥s(§), resp.), where v, denotes the precise
representative of ¢ (cf. [9], p. 46), which is well-defined for every £ € (p, +00). By
C%9[0,1], where 0 < 0 < 1, we denote the set of all f-Holder continuous functions
on [0,1] (cf. [19], p. 335). If the number 0 < ¢ < 1 is given, by ¢’ we denote its dual
number according to the equality % + % =1, whereby —oco < ¢/ < 0. We complete
this section by introducing some definitions related to the asymptotic properties of
a sequence of functions (u.) as € — 0.

Definition 1. Consider a sequence (u:) in C(J), where J C R is a non-empty
bounded open interval. We say that the sequence (u.) is:

(i) mormal on J if there exists a sequence (cc) in J such that (uc(c.)) is bounded,

(#3) regular on J if it is a bounded sequence in L°(J); otherwise, we say that (u.)
is non-reqular on J, which means that there exists a subsequence of (u.) (not
relabeled) such that lim,__,o M, = 400.

In the language of Definition 1, the regularity means that the sequence (u.) does
not exhibit any leakage to infinity as ¢ — 0. In particular, the regularity implies
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that (by continuity of u.) there exists a large enough R > 0 such that for a sufficiently
small 9 > 0 and for every 0 < e < g9 we get [|card{[uc[" (")}l (g 1+00) = 0- On the
other hand, in the following definition, we introduce a more general tail condition
in terms of the pre-images of the sequence (u.), which allows controlled oscillation
and concentration of a sequence (u.) to occur at infinity as ¢ — 0, and which is
designed to study asymptotic behaviour of FE sequences (u.) as ¢ — 0.

Definition 2. Consider ¢ € (0,+0] (q € (—00,0), resp.) and a sequence of ab-
solutely continuous functions u. : J — R, where J C R is a non-empty bounded
open interval. We define D.(R) := (min{max{mc, R}, M.}, M| and we set

Uy(J) := limsup limsup [[card{|u|" (') Hlro(p. (ry) (3)
R—+0c0 e—0

(Uq(j) := lim sup 1imsup/ (card{|us| T (£)})%dE, resp.). (4)
R—+00 e—0 D.(R)

We say that the sequence (ue) is q-upper pre-oscillatory (or g-UPO) on J if it holds

that Uy(J) < +oo. In the case of J = (0,1), we say that (uc) is a g-upper pre-
oscillatory (or q-UPO) sequence, and we write Uy instead of Uy([0,1]).

We note that in (3) (and (4), resp.), L9(D.(R)) can be equivalently written as
LI(R,+o0) (Uy(J) is well-defined since we have D.(R) C [m., M.], resp.). If (u.)
is not a normal sequence, then D_(R) can be replaced by (m., M.] in (3) (and (4),
resp.) without changing the value U,(J). Furthermore, if ¢; # 0, g2 # 0 and
—00 < g2 < q1 < +00, then every ¢;-UPO sequence on J is also a g2-UPO sequence
on J. In particular, if —0o < g < ¢ < 0, then it follows that U, (J) < Uy, (J).
By (3) (and (4), resp.) it follows that every subsequence of a ¢-UPO sequence on J is
itself a ¢-UPO sequence on J. It is possible to avoid the introduction of the domain
D.(R) in (4). If, for —oo < ¢ < 0, we define ¥, : [0, +00) —> [0, +00) by 14(t) := t9,
if t > 0, and v,(0) := 0, then U,(J) in (4) can be equivalently written as U,(J) =
limsupp_,, . limsup, f;oo g (card{|u:|* (€)})dE. We purposely chose to state
Definition 2 only for absolutely continuous functions u.. The reasons for doing so are
as follows. For one thing, we apply the definition only to the case of FE sequences
(ue ), which allow absolutely continuous representatives themselves, and for the other,
the assumption of absolute continuity ensures that, for a sufficiently small ¢y > 0,
and for every 0 < & < g¢, card{|u.|* (§)} is finite for all &, except possibly for points
& which belong to a set of measure zero (cf. [19], Corollary 2.51, p. 71, and Corollary
3.9, p. 76). We recall that for every absolutely continuous function « : [0,1] — R
it holds that ||ul'(s)| = |[v/(s)| (a.e. s € (0,1)) (cf. [42], Theorem 2.1.11, p. 48), so

that, by the Banach Indicatrix Theorem (cf. [19], Theorem 2.47, p. 68), we have

+oo 1
/0 card{[u] (£)}de = / ! (5)]ds. (5)

In particular, it follows that the mapping & — card{|u|* ()} (known as the Banach
indicatrix of |u|) is measurable and Lebesgue integrable, provided that w is absolutely
continuous. Definition 2 can be stated in a more general setting, which is a discussion
which we do not pursue here (for instance, under more general assumptions on
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u, the measurability of the mapping & — card{|u|* ({)} was established in [10],
while validity of the Banach Indicatrix Theorem was proved in [11]). In particular,
Us < +oo implies that we have limsup,_, ;. limsup,__,q card{|uc|" ()} < +o0
(cf. Theorem 3). We also note that every sequence of constant functions satisfies
U, = 0 for every ¢ € (—o0,+00]\{0}. As the next observation in this section,
in the case of general sequences of absolutely continuous functions u., we provide
a comparison between regularity in Definition 1, (ii), and some properties similar
to (3) (and (4), resp.). In the proof of the next proposition, the continuity of (u.)
on [0,1] is used as an essential feature.

Proposition 1. Consider a sequence (u.) of absolutely continuous functions on
[0,1]. Then we have the following conclusions:

(1) if (ue) is a normal and a non-reqular sequence, then for every 0 < q < 400 it
holds that Uy = +00, i.e., (u:) is not a ¢-UPO sequence,

(#) if (ue) is an 0co-UPO sequence which does not allow a subsequence of constant
functions, and such that Uy, = 0, then (uc) is a regular sequence,

(#i1) if 1 < q < 400, if (u:) is a normal sequence, and if it holds that

limsup [[card{|uc|” ()} La 0,100y < 00, (6)
e—0

then (uc) is a regular sequence,

(i) if 1 < q < +oo, if (ue) is a reqular sequence which satisfies (6), then (ug) is
bounded in WH1(0,1),

(v) if (ue) is a reqular sequence, then, for every q € (—oo, +00]\{0}, it holds that
U, =0.

Proof. Regarding the proof of assertion (i), we argue as follows. By the intermediate
value property of continuous function u., we get card{|u.| ()} > 1iff £ € [me, M,].
We consider a subsequence (not relabeled) such that lim.__,¢ M. = +00. We choose
R > 0 and ¢y > 0, which satisfy that for every 0 < ¢ < ¢¢p we have M, > R > m,.
In effect, it follows that féls card{|ucs|*(£)}9d¢ > M. — R. As we pass to the limit
as € — 0, we get assertion (i).

To prove assertion (ii), we assume the opposite. Then there exists a subse-
quence (not relabeled) such that lim._,o M. = +oco. We consider an arbitrary
R > 0 and a sufficiently small 5 > 0 such that for every 0 < ¢ < gp we have
M. > R. Since (up to a subsequence) (u.) is not a sequence of constant func-
tions, it holds that |[card{|uc|” ()}l = (g,a) = 1. On the other hand, the as-
sumption Uy, = 0 implies that for every 0 < § < 1 there exists a large enough
R; = R1(6) > 0 such that for a sufficiently small 0 < &1 and every 0 < € < &4
we get M. > Ry and [[card{|uc|" (")}l (p, ar.) < 0. Consequently, we have
[[card{|ue| ()Ml (g, ar.) = 0, and we get the contradiction. Assertion (iii) fol-
lows directly from the estimate

M.
lim sup(M, — m.) < lim sup/ (card{|us|T (&) }?dE < +o00.

e—0 e—0 me
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Next, we consider 1 < ¢’ < 400 such that %—I— % = 1. From (5) and from the Holder
inequality we deduce
1
M —m. < ||u/5||L1(071) < ”Card{‘us‘(_(')}HLq(mE,ME)(MS —me) 7,
which gives assertion (iv). Finally, we address the proof of assertion (v). We choose
R > limsup,_,q M.. It follows that for a sufficiently small ¢g > 0 and every
0 < & < g we have D.(R) = 0. Hence, for every ¢ € (—oo,+oo]\{0}, we get
U, =0. O

Remark 1. In this paper, we primarily consider the case ¢ < 0. Note that FE
sequences for which we have U, = 0 for every q € (—oo,400]\{0} exist (obvious
exzamples are constant sequences u(s) = «a;, s € [0,1]), but explicit construction
of normal and non-reqular FE sequences is a more difficult task, and such examples
are not easily found in the literature. In particular, we mention that, while there are
exzamples of non-regular FE sequences which are not bounded in W1(0,1) ase — 0
(cf. [18], Example 1.4), normal and non-reqular FE sequences can not be bounded in
WH1(0,1) as e — 0. The latter assertion follows from the fundamental theorem of
calculus for absolutely continuous functions (cf. [15], Theorem 6.52), whereby, for
every s € [0, 1], we estimate |uc(s)| < |ue(ce)| —|—f01 |ul(o)|do. Hence, if the sequence
(ce) is chosen such that the sequence (uc(ce)) is a bounded sequence as € — 0, it
follows that every normal sequence, which is also bounded in W11(0,1), is regular.
As a consequence, taking into account (5) and Proposition 1(iii), the range of q
relevant to the study of normal and non-regular FE sequences is ¢ < 0 or 0 < g < 1.
Intuitively, the condition U, < 400, where ¢ < 0 (0 < ¢ < 1, resp.), shows that,
at infinity, oscillations of the sequence (u:) are fast enough (slow enough, resp.) to
ensure finiteness of the quantity Uy, but possibly not fast enough (slow enough, resp.)
to ensure finiteness of the quantity Uz, where ¢ < ¢ <0 (0 < g <§<1, resp.).

One possibility for introducing a ¢-UPO property is to allow the integration
in (4) over the entire domain [m., M,], which would restrict the class of ¢-UPO
sequences. In fact, for the purposes of analysis of non-regular FE sequences, it is
more natural to consider the limit as R — 400 in (4). It is easy to construct an
example of sequence of absolutely continuous functions (u.) which is non-regular
and for which the limit as e — 0 in (4), with integration over the domain [m., M,],
is strictly positive and finite for a given ¢ < 0 (for every ¢ < 0, resp.). Indeed,
we consider a sequence of absolutely continuous functions (v,) ((wy), resp.), such
that maxg 1) |vn| = n, ming q) [vn| = 1 (maxp 1) |w,| = n, ming 1j [w,| = 1, resp.),
with the following properties: card{|v,|<(£)} = (2[¢] — 1)% (ae. 1 < € < n)
(card{|w,|<(€)} = (2[€] — 1)2I€1-1 (ae. 1 < € < n), resp.), where, for a given
g < 0, we choose 6, € N such that gf; < —1. Then, by applying of the integral test
for convergence of series, it holds that

n +o00
Jimm sup /1 (card{ v~ (€)})1de < 3 (2 — 1)1 < +oc (7)

n—>-+oo n—1

n “+oo
(timsup /1 (card{fu [~ (€)})7dg < (20— )" < fo0, resp.).  (8)
n=1

n—-4oo
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In this example, due to the convergence of series in (7) (and (8), resp.), it follows
that the corresponding iterated limit in (4) is equal to zero. On the other hand, if,
for a given —1 < g < 0, we choose 8, := 1, we get —1 < ¢, < 0, and it follows
that the sequence (v,) is not a ¢-UPO sequence, since the remainder ZZ;O R n% of
a divergent series equals +oo for every R > 1.

In the sequel, we provide an explicit construction of the aforementioned sequence
(vy) in the case §, = 1. The construction in the case 6, € N, as well as the construc-
tion of (wy,), is similar and it is left to the interested reader. To this end, for n > 2
and k > 1, we consider a piecewise affine continuous function wy, j, : [0, —25] — [0, 1]
with slope (2k + 1)(n — 1), and such that w, x(t2";) = 0, wn,k(tile) = 1, where
=0,...,k, with £, := m where j = 0,...,2k + 1. We set v,,(0) := 1,

( ) —wnk( :i)+k,seJn7k,where In k= (%,ﬁ] andk=1,...,n—1.
Now it is readily seen that we have card{|v,|" ()} =2k + 1 (a.e. £ € (k,k + 1)),
maxy, , |vn| =k +1, miny, , [v,| =k, where k =1,...,n — 1.

Furthermore, we provide an example of the sequence (z,) for which the iterated
limit in (3) (and (4), resp.) is strictly positive and finite, while the expression in (3)
(and (4), resp.) does not depend on R. We set z,(s) := s +n, s € [0,1], my, :=
ming 11 |zn| and M, := max[g 1) |2,|. Then it holds that card{|z,|* (§)} = 1 (a.e.
n <& <n+1), m, =n, M, = n+1. In effect, for every ¢ € (—oo, +00]\{0} we have
U, = 1. In Section 4, we further investigate the connection between condition (4)
and the regularity in the case of FE sequences (u. ), getting a kind of the converse of
assertion (v) (cf. Theorem 4). For convenience of the reader, we restate a corollary
of the area formula (cf. [15], Theorem 6.81, p. 385, or [9], Theorem 3.9, p. 122),

which will be used in the proofs of Lemma 1, Theorem 3 and Theorem 4.

Theorem 1. Consider a measurable set A C [0,1], a Lipschitz-continuous function
f:[0,1] — R, and a continuous and nonnegatz've function g : R — R. Then it

holds that [, g(f(s))|f'(s)|ds = ff(A &)card{f< (&) }dE.

3. A priori estimates for (u.)

For further analysis of asymptotic behaviour of FE sequences as ¢ — 0, it makes
sense to consider only non-regular FE sequences. To begin with, in this section, we
obtain some a priori estimates for the first derivative of normal and non-regular FE
sequences. In the first lemma of this section, we recover an a priori estimate, which
shows that the bending of the graph of normal and non-regular FE sequences (u.)
is conditioned by the integrability properties of W.

Lemma 1. Consider an arbitrary W, an arbitrary normal and non-reqular FE
sequence (uz), 0 < p <1, and 8, := 1fp. Then we have the following conclusions:

(i) If it holds that [,"*° V?(€)de = +oo, then it holds that

lim sup % / i ()0 ds = 400, )

e—0
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(#) If it holds that f+°° VP (€)dE < 400, then for every v € (0,1) it holds that

limsup e” P/ [ul (s)|* T ds = +oc. (10)
e—0
Proof. We note that by our assumption, (u.) can not be a sequence of constant
functions. Consider an FE sequence (%) in C1[0, 1] such that provisions of Propo-
sition 2 hold. From the normality and the non-regularity of the sequence (),
we infer that (u.) itself is not a sequence of constant functions. Then the set
Ge :={s € (0,1) : u.(s) # 0} is an open set and a non-empty set, and so A(G) > 0.
By the reverse Holder inequality for a given 0 < p < 1 and p’ < 0 such that %Jr; =1

it holds that
e*é V([a.]) = */vWMwwWA

€

([ vt (f, %)
(" o) (o [ ) 7,

m

M

v

Y

Y

where, in the last inequality, we combined Theorem 1, the equality [u.(s)| = |[u.|'(s)]
(a.e. s € (0,1)) (cf. [42], Theorem 2.1.11, p. 48), and the fact that w. € C'[0,1]
implies that [u.| is a Lipschitz-continuous function. By the normality of (@.) it
follows that there exist m > 0 and g9 > 0 such that supy..<.,m: < m < +00. On
the other hand, by the non-regularity of (u.), as we pass to the subsequence (not
relabeled) we obtain lim._,q M. = +o00, and, for sufficiently small € > 0 we get

M. 1 1 p=1
sz ([ vrga) (e ) T ()
m 0

At this point we note that M provides a finite upper bound for the product of two
sequences in (11), and that the boundedness of the product of these sequences, with
one of the sequences divergent to +oo, implies that the other sequence converges to
zero. As we pass to the limit as e — 0 in (11), it follows that

2

M > (/+°° (§)d§) hmlnf (gﬁ /01 |U'€|1f1p)%l7 (12)

m

where, since p satisfies 0 < p < 1, the integral in the second term in (12) ap-
pears under the negative exponent. Hence, by applying the observations above,
0+°° VP(€)dé =400 ( 0+°° VP(€)d¢ < 400, resp.) implies (9) (and (10), resp.) with
ue replaced by u.. To complete the argument, we distinguish two cases. In the first

case, we assume that 0 < p < %, whereby it holds that 1 < ﬁ < 2. Then we

have u. € LT (0,1). In the second case, we assume that 3 5 < p <1, and it results
that 2 < lflp < 4o00. Without loss of generality, we can assume that there exists a

subsequence (u¢) (not relabeled) such that u, € Lﬁ(o, 1) (otherwise assertions (9)
and (10) are obvious). Finally, we apply Corollary 8, getting (9) and (10) for an
arbitrary normal and a non-regular FE sequence (u.) in H!(0,1). O
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To proceed, we consider the non-integrability condition f0+°° VP(€)dé = +oo,
0 < p < %, whereby we allow the case f0+oo VV(€)dE < +oo.

Theorem 2 (L>-estimates for ul: the subcritical case). Consider 0 < p < . If

W satisfies 0+°° Vr(€)dE = 400, then every normal and non-regular FE sequence
(ve) satisfies the following: for every A > 0 and for every sequence (p:) of strictly
positive numbers such that liminf.__,oe™t®p. > 1, it holds that

limsup || pz "L [l oo 0,1y < 1- (13)
e—0

In particular, for every p > 1 it holds that

limsupHEpuIEHLoo(ovl) = 07 (14)
e—0

Moreover, for every normal FE sequence (u.) such that lim._,o0 M. = 400, there
exists €9 > 0 such that for every 0 < & < g9 we have u. € WH>°(0,1).

Proof. We assume the opposite. Then there exists Ay > 0, a subsequence of strictly
decreasing positive numbers (e;) such that lim; | e; = 0 and a sequence (p.,)
of strictly positive numbers such that lim; o p; = +00 and such that

A(H;) > 0 for every j € N, where H; := {s € (0,1) : |ug,(s)| > pe, }, (15)
whereby
Jim inf eltfop., > 1. (16)

By the reverse Holder inequality for 0 < 6 < 2 and every j € N we get

1 1
Mz [ Pz ([ e )t an
H, H, H,

J

where % + 4 =1,0<rg <1, rj <0, using assumption (15). We choose 0 < § < 2
0

and 0 < rg < 1 such that (2 — 0)ry = 117,;' Then we get rof = 2ry — ﬁ > 0,

1 >mry > 1fp (note that since 0 < p < %, such a choice of ry is possible) and

ref = 2% = (2rg — %p) L. By (17) it follows that

7’071 Tofl'

= 1 ro—125) =1 _1y_1 \7o—1
M > (s;*”/ |u'gj|1*")(6§» treiront ulej|(2T0 1"’)”’—1) .
H; Hj

From M > f(o,l)\Hj gjlug, |2 we deduce \((0,1)\H;) < MEJ-_lpE_jQ. Consequently, we

estimate
= ! PR = PR 2 =
gjip |u6j|17p Sejip |’u€j|17p+€j7p |Usj‘17‘)
0 H; (0,1)\H;

J

2p—1

= 1 2p-1
<ej ”/H lug, |77 + M(ejpe;) 7
J
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P
By (16) and Lemma 1, (i), we recover lim; 4006, " ij |u/57|ﬁ = 400, getting

. (ro—125) 725 g 1 y_1
T Jul, |*07 )% = oo,
J

where (2rg — 2-)—= < 0 and (rg — £ )—= < 0. It follows that

1—p/rog—1 1—p/ro—1
. (ro—125) w1 (2ro—155) 7
jAim ey T MH e T = oo,
and so L L
. (ro—1%5) so=g Hlog. . p<,; (2ro— 125) 7o—1
lim ¢, P A P = Joo.
Jj—+o0

Hence, there exists jo = jo(ro) € N such that for every j > jo it necessarily holds
that

P

o L o g ro— ) <0 e < ()
rg — —— 08, . pe.(2rg — —— , e, pe. < (g; -,
0 [ — 8e,; Pe; (270 [ — Pe; j
where 1%,; < 1o < 1is arbitrary. We consider
§— 15
‘Pp(g) = 1p

Then ¢, is strictly decreasing on ($25,1), and ¢,(1 —§) 1 as § \, 0. For a given
Ay > 0, we choose dp(Ag) > 0 such that for every 0 < § < §p(Ap) it holds that
(1 =6) <1+ Agp. In effect, it follows that A(H;) > 0 implies p.; < sj_l_A" for
every j > jo(d). We conclude that it holds that limsup;_, 5;+A°p€j < 1, which
contradicts the initial assumption (16). Thus, we proved (13). To prove (14), we
choose an arbitrary 1 < p < 400, 0 < A < p—1 and we set p. := ¢ P. Then we
have lim.__,0e'*®p. = +00, and so limsup,__,, l[ePugllyoo (9,1 < 1. Since p > 1 was
arbitrary, by re-writing the latter estimate as limsup, o e’ [le?"ul|p g 1) < 1,
where 6 > 0 is arbitrary, we recover (14). O

By the Sobolev embedding (cf. [19], Theorem 11.34, p. 335 and exercise 11.38,
p- 339), we immediately get the following corollary:
Corollary 1. Under the assumptions of Theorem 2, it holds that u. € C%?[0,1],
where § = 1 — %, and p > 1 is arbitrary. Besides, by (9) (and (14), resp.), for
every 0 < 6 < i"p (6 > 1, resp.) it holds that limsup,__,, ||59u’€||L(x,(071) = 400
(lime__,q ||€9u’EHLw(O,1) =0, resp.).

If W is an arbitrary multi-well potential, we have limsup,__,, HE%U/EHLQ(O,I) <
+00. As a consequence, by the Holder inequality, for every 1 < p < 2, it follows that

limsup > v ||, (g1 < +00, (18)
e—>0
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lim || =0, wheref > 1. 19
s—>0|| EHLP(O,l) ) 2 ( )

As a further corollary, we deduce the estimate which is the counterpart of (19) in
the case p > 2.

Corollary 2. Under assumptions of Theorem 2, for every p > 2 and every Ay > 0
it holds that .
: 1-114A _
Eh_r}ng e 22 20Ul o o,1) = 0. (20)

Proof. We recall that the Riesz-Thorin interpolation theorem (cf. [12], Proposition
6.10, p. 185) provides that for arbitrary 0 < pg < p1 < 400 and 0 < § < 1 we have

0 —0 _
lgllirs < Nglln0 gt where g € LPo (1 LP and L = £ 4+ =0, We set g = ul,
1

1 1—1 .
po =1, p1 := 400 and 0 := %. It follows [lul||n0,1) < ||u’6HIf1(O’1)||u’€||Loo’EO)1), ie.,

1 1
11 1—1 1 > 1-2
o2 5000l oy < e ulllfae gy e ulll ol 1y,

where pg > 1 is arbitrarily chosen. In turn, we get

. 114, (1-1
6@0“52”+p0( p)u/aHLP(O,l) =0. (21)
Finally, as we pass to the limit as ¢ — 0 in (21), we complete the argument by
applying (18) and Theorem 2, and by choosing pg = 1+ A and Ag := (1 — %)A. O

Remark 2. The estimate (20) is true for 1 < p < 2, but it is weaker than (19),
since pg > 1 gives %% + po(l — %) > 14 1p,> 3.

4. A priori estimates for (u.)

As a consequence of Lemma 1, we can deduce the result which was already proved
by Leoni in [18] (cf. Theorem 1.3 therein).

Corollary 3 (Basic properties of FE sequences: the critical case). If a multi-well
potential W satisfies 0+OO V'V (€)dE = 400, then the following properties hold:

(i) (Regularity) Fvery normal FE sequence (u.) is regular,

(i1) (Identification of cluster points of reqular FE sequences) Every subsequence of
a reqular FE sequence (uc) allows a further subsequence (not relabeled) which
satisfies éu5#22=1 0i0a, in YM((0,1); K) as ¢ — 0, where §,,_(s) :=
Ou(s) (a.e. s €(0,1)), and 0; = 0;(s), s € (0,1), i = 1,...,1, are measurable
functions (which depend on the chosen subsequence) such that 0 < 0;(s) <1
(a.e. s€(0,1)) and Zé:l 0;(s) =1 (a.e. s€(0,1)),

(ii7) (Tightness of non-reqular FE sequences) If there exists an FE sequence (u.)
which is non-reqular, then it is not a normal FE sequence, and there exists a
subsequence of (ue) (not relabeled) and g9 > 0 such that for every 0 < e < &g
each uc s either strictly positive or strictly negative on (0,1),
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(iv) (Identification of cluster points of non-reqular FE sequences) Every non-reqular
FFE sequence (u.) allows a subsequence (not relabeled) such that (ue) charges in-
finity on (0,1). More precisely, there exists a subsequence of (ue) (not relabeled)
such that: every subsequence of (u:) allows a further subsequence (not rela-
beled) which satisfies either §,,_ — 6 or Ou, — 040 in YM((0,1); K)
as e — 0.

Proof. Claim (i) is a direct consequence of Lemma 1. It is enough to assume the
opposite to choose p := % in Lemma 1(i), and then to take into account that (u.)
is an FE sequence. Regarding (ii), we note that by the results of Leoni in [18],
it holds that (u.) is strongly pre-compact in L(0,1) and so, by the fundamental
theorem of Young measures (cf. [5] or [16]), it follows that (J,_) is pre-compact
in L, ((0,1); P(R)) as € — 0. Hence, assertion (ii) follows by the embedding
L. ((0,1); P(R)) — YM((0,1); K). Next, to prove (iii), we observe that by (i),
every non-regular FE sequence (u.) allows a subsequence (not relabeled) which is not
a normal sequence, and therefore it follows that lim._,qgm. = lim.__,o M. = +oc0.
Consider L > 0 and £¢(L) > 0 such that for every 0 < & < eg(L) it holds that
me > L and M. > L. We choose any such € and note that if the opposite were
true, it would follow that there exists cgl), c§2) € (0,1) such that us(cgl)) < 0 and

ug(cg)) > 0, where without loss of generality, we can assume cél) < c§2). By the

intermediate value property of the continuous function u. on [c£1)7c§2)], it follows

that there exists c. € [cgl), 022)] such that u.(c.) = 0. Tt follows that m. = 0, which
is not possible. Finally, assertion (iv) follows from the existence of the subsequence
of (ue) (not relabeled) which satisfies lim._,gm. = 400. Indeed, we recall that
by compactness of K, Y M((0,1); K) itself is a compact metric space. Then every
subsequence of (v.) allows a further subsequence (not relabeled) such that for some
0o € L°(0,1), 0 < fy(s) < 1 (ae. s € (0,1)), we have §, ——0p_co+(1—00)d4 o
in YM((0,1); K) as € — 0. According to (ii), without loss of generality, we can
assume that wu. is strictly positive (strictly negative, resp.) on (0,1). Then we get
lime 0 ue(cc) = +oo (lime— 0 ue(ce) = —o0, resp.), and therefore arctg(u.) — 3
(arctg(ue) — —7, resp.) uniformly on (0,1) as ¢ — 0, where minjy ;ju. = uc(c.)
(maxp 1jue = ue(ce), resp.). It follows that Op(s) = 0 (fo(s) = 1, resp.) (a.e.
s € (0,1)). O

In the next theorem, we provide a priori estimates for asymptotic behaviour
as £ — +oo of the quantity liminf._ocard{|u:|" (£)}, subject to appropriate
integrability assumptions on W.

1

Theorem 3. Suppose that there exist 0 < p < i (% <p<s,

resp.) such that

+oo
/0 VP(€)de = +oo. (22)

Then every normal and non-regular FE sequence (uc) satisfies

lim inf liminf. o card{|u:|* (&)}

J——— €%

=0 (23)



A PRIORI ESTIMATES FOR FINITE-ENERGY SEQUENCES 53

- -
(liminf liminf. o card{|u:|* (&)}

—0, ) 24
dim inf ; resp (24)

Proof. If (u.) is also a regular FE sequence, the assertion is obvious. Given a
non-regular FE sequence (u.), by passing to the subsequence (not relabeled) we get
lim._,o M. = +00. By the normality of (u.), there exist R > Ry > 0 and go(R) > 0
such that for every 0 < e < g¢(R) we get m. < R < M. By the arithmetic-geometric
means inequality and Theorem 1 it follows that M > fol VV (Jue(s))ul(s)ds >

Jr = VV(E)card{|uc|* (£)}dE. As we pass to the limit as e — 0 in the last inequal-
ity, by Fatou’s Lemma, it follows that the mapping & — liminf. o card{|u.|* (§)}
belongs to L'((R, 400);du), with du = v/Vd\. Since for every Ry > R we have
min{\/V(§) : £ € [R,Ri1]} > 0, it follows that the aforementioned mapping also
belongs to Lj,.(R,+0oc), and its precise representative is well-defined on (R, +00).
In particular, its limit inferior at +oo is also well-defined. Furthermore, by the inter-
mediate value property for continuous functions, for every £ € [m., M,] it holds that
card{|uc:|*(£)} > 1, and, consequently, liminf. o card{|u:|*(£)}) > 1 for every
& € [R,+00). We set r := 2p. By the reverse Holder inequality (with 0 < r < 1 and
1

r’ < 0, where % + - = 1), we deduce

+oo
M 2/ \/V(é)limi%fcard{|u5|‘_(§)}d§
R e—s
o0 Lo e
> ([ V@) ([ tminfeaagiu (o)) de)”
By (22), we recover f;oo(liminfEHO card{|uc|* (€)})"dé = +oco. On the other

hand, f?r 0 <r < % (% < r < 1, resp.) it holds that f;oo@/_ldf < 400
(f, ;: €T dE < 400, Tesp.). Arguing by contradiction, it follows that we have

r'—1
liminf —— § -=0
g¢—+oo (liminf. g card{|ucs|<(§)})"
o &
| f = .
<gﬂl+“oo (minf. o card{[uc[~ (O] O "P )
which amounts to (23) (and (24), resp.). O

Theorem 4 (Regularity in the subcritical case). Consider 0 < p < 1 and an

arbitrary multi-well potential W such that f0+°° VP(£)d§ = +00. Then every normal
and q,-UPO FE sequence is regular and strongly pre-compact in LY(0,1) ase — 0,
where q, = 22%1 < 0. In particular, for every mormal FE sequence and every

q € [gp, +0]\{0} it follows that Uy < +o0 implies Uy = 0.

Proof. We choose r := 2p. We assume the opposite. Then there exists a subse-
quence of (uc) (not relabeled) such that lim.__,q M, = +o00. Similarly to the proof of
Theorem 3, for a sufficiently small g > 0, for every 0 < € < gg we get m. < R < M,
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and D.(R) = (R, M,], where D.(R) is defined as in Definition 2. Furthermore, if
L1 L —1and0<e<e, it follows that

M > RME VV(E)card{|u.| (&) yde
> ([ vy ([

R R

ME

1
T

(card{ju- = (§)})" de)

Consequently, as we pass to the limit as ¢ — 0 in the last inequality, it follows
that limsup,__,, fga (card{|uc|* (€)})" dé = 400, which gives a contradiction. By
combining the fundamental theorem of Young measures (cf. [23], Theorem 3.1) and
the Vitali convergence theorem (cf. [13], Theorem 2.24), as in the proof of Theorem
1.3 in [18], strong pre-compactness of (u.) in L!(0,1) as ¢ — 0 can now be ob-
tained by a classical argument. The second assertion follows by the regularity and
Proposition 1(v). O

Remark 3. We note that Theorem 1.3 in [18] (Theorem 4, resp.) shows that
in the critical case (in the subcritical case, resp.), every normal FE sequence is
regular (normality and a q,-UPO property imply regularity, resp.), whereby we have
Uy = 0 for every g € (—oo, +00]\{0} (cf. Proposition 1(v)). Therefore, both theorems
provide the same type of conclusion in terms of a q-UPQO property. In the case of
Theorem 1.3 in [18], regularity ultimately leads to strong pre-compactness in L(0, 1)
of normal FE sequences as € — 0. By contrast, in the case of Theorem 4, strong
pre-compactness in L*(0,1) follows for normal and qp-UPO FE sequences, which is
a more narrow class of FE sequences. On the other hand, in the subcritical case,
normal and non-reqular FE sequences necessarily satisfy Uy, = +o0o, which means
that only sufficiently slow oscillations at infinity can occur. We do not know if the
result of Theorem 4 is sharp.

Corollary 4. Suppose that a multi-well potential W satisfies the following: there
exist ¢ > 2 and R > Rg such that it holds that

V) > g—gfor every £ > R, (25)

where cg > 0. Then every normal and TE(;'UPO FE sequence is regular. In partic-

ular, if (25) is satisfied for some ¢ > 2, and if f0+oo V'V (£)dE < 400, then the same
conclusion applies.

Proof. We note that W satisfies f;oo (\ / V(f)) d¢ = 400, provided that we choose

r such that 0 < r < % < 1, and the assumptions of Theorem 4 are fulfilled. Hence,

we have QQTQ <7’ <0, where % + % = 1. Finally, we apply the observation that for

every —oo < ¢z < g1 < 0, we have Uy, <U,,. O

Remark 4. Corollary 4 establishes the reqularity of normal and q-UPO FE se-
quences for a given q < 0, as long as the decay of V' at infinity is not too fast.
However, if the decay is fast enough, we conjecture that the reqularity result is no
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longer true. The multi-well potential W chosen such that for every € > R > Ry

we have V(&) < ae P, where o, > 0, is an exzample of the function which sat-

isfies 0+Oo< V(g)) df < 400 for every 0 < r < 1. Similar observations hold

1
if V satisfies V(€) < ae P8 € > R > Ry, for some n € N, since it holds that

f0+°° e—6n d¢ =nl.

In the last corollary, we mention an extension of some of the previous results to
the case of a variable power p = p(§). Further generalizations to the variable power
setting are possible and are left to the interested reader.

Corollary 5. Consider 0 < p; < p2 < % and a multi-well potential W which

satisfies f;oo Ve (£)dé = +oo, where p i (R,+00) — (p1,p2) s a continuous
function, where R > Ry. Then every normal and qo-UPO FE sequence is regular,

where qo = max{qp, ,qp,} and qp, = 25;11, i=1,2.

Proof. By C”(") we denote the set of all continuous and strictly positive functions
V i (R, +00) — (0, +00) which satisfy f;oo VP (£)dé = +oo. Then the canonical

representation VP& (¢) = Z1(€) + Za(€), Z1(§) := VPO ()X {ne(Rr,4o00):vm)<1} (§),
Z3(€) == VPO(O) X (ne(R+00):v (> 13 (€), Provides the estimate VP& (¢) < VP (¢) +
VP2(€), which, in turn, yields the inclusion C*(") C CP* U CP>. The assertion now
follows from Theorem 4. O

5. Appendix
In the appendix we have gathered some technical results used in the previous sec-
tions. We begin by the following definition:

Definition 3. Given 1 < p < 400, and a sequence (ue) in LP(0, 1), we say that (u.)
18

(1) p-equi-integrable, if there exists 0 < g9 < 1 with the following property: for
every n > 0 there exists § > 0 such that for every measurable set E C (0,1) we
have that \(E) < & implies supg..<., [ [uc[P <,

(7i) wuniformly integrable, if there exists 0 < g9 < 1 with the property

lim sup0<6S50/ |ue| = 0.
{|ue|>R}

R— 400

If (u.) is 1-equi-integrable, we say that (uc) is equi-integrable.

Proposition 2. Consider an arbitrary multi-well potential W. Then for every FE
sequence (ue) in H'(0,1) there exists an FE sequence (u.) in C*[0,1] such that

e 5 (ue) — e U5 (ue)| < e, lue _EEHHl(O,I) <e, ue - EEHLOC(OJ) e,
Mue #u.} <e, Mul #u.} <e,

where € is an arbitrary real number which satisfies 0 < € < gqg, for a sufficiently
small 0 < g9 << 1.
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Proof. If € > 0 is given, then by Corollary 6.6.2 in [9], p. 256, for every § > 0 there
exists w5 € C'[0,1] with the properties

||Us - ws,6| H1(0,1) <9, )‘{Us # ws,é} <4, /\{u/s # wé,é} <.

By the Sobolev embedding, we have ||u: — we s |L°°(O,1) < Cllue — w6,5||H1(0,1) < 04,
for a constant C' > 0 which is independent of W and §. Hence, we can choose
0 < § << &. On the other hand, for every (1, (s € [l llgo 0,1y = 15 1wl 0,1) T 1]
it holds that |W((2) — W(¢1)| < we(|¢2 — ¢1]), where w. denotes the modulus of
continuity of the restriction of W on [—2[ue ||y, (g 1) = 2, 2[|te [l (g 1) +2]. We recall
that without loss of generality, we can assume that we : [0,4[|ucllp w1y +4) —
[0,4+00) is a strictly increasing and invertible function. Therefore, it follows that

1
5_1/ (W (ue(s)) = W (we 5(5))|ds < e we([lue — w676||L<x>(071)) < e lwe(C9).
0

Next, we estimate

2 2
el = o slFal = Hutliago,ny = et ollal (utlle + et gl )
< ikl = Mool sl o (2l + ol s =l )
< il = wl sl (2l + )

< 5(2||u/€|\L2 + 5),

whereby |5||u;||iz - 6||w;75||i2| < Jez <2€%||U/EHL2 +55%> < Jez (Q(M—i— 1)z +55%).
Thus, we have

e I (ue) — e Mg (we )| < 067 (2(M +1) 4 55%) + e w.(C9).

By the construction we can choose 5§1) > 0 (522)7 resp.) such that it holds that
-1

s < min{ &, %w;l(é)} (6§2) < e227! (2(M +1)2 + 1) , resp.), and the proof

is completed provided that we define %, := w, 5., where J. := min{éél), 5§2), e}, O

Corollary 6. Consider sequences (u.) and (u.) as in Proposition 2. Then the
following holds:

(1) (ue) is normal iff (u.) is normal,

(11) (ue) is regular iff (@e) is reqular.

Moreover, for a given 1 < p < 400 we have the following:
(#i1) (ue) is p-equi-integrable on (0,1) iff (Ue) is p-equi-integrable on (0,1),

(iv) (ue) is bounded (strongly pre-compact, resp.) in LP(0,1) iff (@) is bounded
(strongly pre-compact, resp.) in LP(0,1).
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Proof. Since it holds that [[ue — Telly(g 1) < € (Jue(cs) — Ue(ce)| < max{|uc(s) —
u.(s)] : s €]0,1]} < e, where (c.) is chosen as in Definition 1, resp.), it follows that
the sequence (u.) is regular (normal, resp.) iff the sequence (@.) is regular (normal,
resp.). The same argument applies to assertions (iii) and (iv). O

Corollary 7. Consider sequences (u.) and (u.) as in Proposition 2. Then the
following holds:

(1) (ue) is weakly pre-compact in 1P (0, 1) iff (u.) is weakly pre-compact in LP(0, 1),
where 1 < p < 400,

(1) (ue) is weakly™ pre-compact in L(0,1) iff (u.) is weakly* pre-compact in
L>(0,1),

(i71) (u.) is weakly pre-compact in L*(0,1) iff (u.) is weakly pre-compact in L1(0,1).

Proof. Assertion (i) follows from the estimate [[uc — Ue|[, (1) < € and weak pre-
compactness of bounded sets in LP(0, 1), where 1 < p < +00. Quite in the same way,
we infer conclusion (ii), taking into account weak* pre-compactness of bounded sets
in L>°(0,1). Finally, assertion (iii) follows from Corollary 6(iv), from equivalence
of equi-integrability and uniform integrability for bounded sets in L?(0,1)(cf. [13],
Theorem 2.29), from the Dunford-Pettis Theorem (cf. [13], Theorem 2.54) and from
the estimate [[ue — Ue |9 1) < & O

Corollary 8. If a subsequence of (uc) (not relabeled) satisfies u. € Lﬁ((), 1) for
some 0 < p < 1, then under the assumptions of Proposition 2, for a sufficiently
small g9 > 0 and for every 0 < e < €0, the sequence (ﬂe) satisfies u, € L1=7(0,1),

o =Ll 1, o, S € and g (L <275 (757 4 [t 7).

Proof. By Corollary 6.6.2 in [9], p. 256, we can achieve |ul — ﬂlE”Lﬁ(OJ) <eg, so

that

Il 2 0~ Il 2 | S €
As a result, we obtain
1 L
L, < (el ) 2 (e T ).

O
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