Taylor & Francis
Taylor & Francis Group
|.ﬁ Automatika

Journal for Control, Measurement, Electronics, Computing and
Communications

T o S, S b S oo ats

e — agren. movenna ) roses

. aulumaﬁha

ISSN: (Print) (Online) Journal homepage: www.tandfonline.com/journals/taut20

Stabilization analysis of a class of nonlinear
time delay systems with time-varying full-state
constraints

Youguo He, Yu Zhou, Dapeng Wang, Shaogang Liu & Xiuping Wei

To cite this article: Youguo He, Yu Zhou, Dapeng Wang, Shaogang Liu & Xiuping Wei (2023)
Stabilization analysis of a class of nonlinear time delay systems with time-varying full-state
constraints, Automatika, 64:3, 496-507, DOI: 10.1080/00051144.2023.2190694

To link to this article: https://doi.org/10.1080/00051144.2023.2190694

© 2023 The Author(s). Published by Informa
UK Limited, trading as Taylor & Francis
Group.

@ Published online: 29 Mar 2023.

\J
G/ Submit your article to this journal &

||I| Article views: 571

A
& View related articles &'

(&) View Crossmark data &'

ssMark

Full Terms & Conditions of access and use can be found at
https://www.tandfonline.com/action/journalinformation?journalCode=taut20


https://www.tandfonline.com/action/journalInformation?journalCode=taut20
https://www.tandfonline.com/journals/taut20?src=pdf
https://www.tandfonline.com/action/showCitFormats?doi=10.1080/00051144.2023.2190694
https://doi.org/10.1080/00051144.2023.2190694
https://www.tandfonline.com/action/authorSubmission?journalCode=taut20&show=instructions&src=pdf
https://www.tandfonline.com/action/authorSubmission?journalCode=taut20&show=instructions&src=pdf
https://www.tandfonline.com/doi/mlt/10.1080/00051144.2023.2190694?src=pdf
https://www.tandfonline.com/doi/mlt/10.1080/00051144.2023.2190694?src=pdf
http://crossmark.crossref.org/dialog/?doi=10.1080/00051144.2023.2190694&domain=pdf&date_stamp=29 Mar 2023
http://crossmark.crossref.org/dialog/?doi=10.1080/00051144.2023.2190694&domain=pdf&date_stamp=29 Mar 2023

AUTOMATIKA
2023, VOL. 64, NO. 3, 496-507
https://doi.org/10.1080/00051144.2023.2190694

IVI N Taylor & Francis
N Taylor & Francis Group

REGULAR PAPER

8 OPEN ACCESS W) Check for updates

Stabilization analysis of a class of nonlinear time delay systems with

time-varying full-state constraints

Youguo He?, Yu Zhou?, Dapeng WangP, Shaogang LiuP and Xiuping Weic

aAutomotive Engineering Research Institute, Jiangsu University, Zhenjiang, People’s Republic of China; PCollege of Mechanical and
Electrical Engineering, Harbin Engineering University, Harbin, People’s Republic of China; “Zhenjiang Dongfang Electric Heating

Technology Co., Ltd, Zhenjiang, People’s Republic of China

ABSTRACT

In this paper, a novel tracking control strategy is proposed to address the problem of stabilization
of a class of nonlinear time delay systems with time-varying full-state constraints. The effect of
the nonlinear system resulting from the time delays is canceled out with the utilization of the
novel iterative procedures optimized by dynamic surface control (DSC) and the appropriate time-
varying asymmetric barrier Lyapunov functions (ABLFs) are employed to stem the violation of
time-varying states constraints. Finally, it is proved that the proposed control method guarantees
the uniformly ultimate boundedness of all the signals in the closed-loop system, meanwhile, the
tracking errors converge to a small interval. The effectiveness of the presented control strategy
is confirmed by a simulation example provided in this paper.

1. Introduction

Constraints are significant factors leading to instabil-
ity and undesirable performance existing ineluctably
in a wide variety of practical engineering systems.
Among the numerous effective research results on
constraint-handling approaches promoted by practi-
cal requirements, such as reference governors [1,2]
model predictive control [3,4] and the set invariance
notions [5], the barrier Lyapunov function (BLF) is
the leading method to handle the constraint prob-
lems. An adaptive controller based on asymmetrical
Barrier Lyapunov Functions was first proposed in [6]
to handle parametric uncertainties meanwhile deter
constraints from being breached. Subsequently, some
different forms of novel adaptive controllers based on
Integral Barrier Lyapunov Functionals (IBLF) and tan-
gent BLFs (TBLFs) were proposed for nonlinear single-
input single-output (SISO) output-constrained systems
in [7-9] respectively. A BLF-based backstepping was
presented in [10] for strict-feedback systems with par-
tial state constraints to deal with the control design
problem. The full state constraint control problem of
nonlinear systems in pure-feedback was addressed in
[11,12]. Relying on the combination of neural networks
(NNs) and BLE adaptive controllers were designed
in [13-15] for full state constrained systems. Mean-
while, time delay, which has an impact that can not
be neglected on the performance of control systems
and even leads to the deterioration of system stabil-
ity, is also frequently encountered in many practical
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engineering systems, such as spacecraft attitude control
systems [16], active suspension system, vehicle control
system [17,18], microwave oscillators.

The issue of time-delay systems has received con-
siderable critical attention. With regard to the robust
stability proof for systems affected by time delay, two
theorems are employed by a large proportion of effec-
tive methods, one is the Lyapunov-Krasovskii theorem
[19-23], the other is the Lyapunov-Razumikhin theo-
rem [24-27], and a great deal of research based
on Lyapunov-Krasovskii functionals (LKFs) and Lya-
punov-Razumikhin functions (LRFs) has been done
on how to deal with time delay problems. In [28], LRF
was combined with an adaptive stability control scheme
designed by backstepping to process a class of nonlin-
ear time-delay systems with a state feedback control
problem. In [29], aiming at the input-to-state stability
(ISS) of nonlinear time-delay systems, a class of LRFs
with a more relaxed requirement on derivative was con-
structed for the first time. Based on this, the stability
of a class of event-triggered stabilization of switched
nonlinear time-varying systems was studied. An iter-
ative robust controller for a class of SISO nonlinear
time-delay systems had been designed with the novel
use of Lyapunov-Krasovskii functionals see [30]. In
[31,32], unknown functions containing time-delayed
states could be resolved into a series of continuous
functions with the utilization of the separation tech-
nique, which canceled out the constraints of assump-
tion about the functions containing delayed states. The
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desired control performance of nonlinear time-delay
systems was achieved in [31,33] due to the combina-
tion of LKFs and adaptive NNs backstepping. A class
of strict-feedback nonlinear systems with time delays
were presented in [32,34,35] and adaptive fuzzy con-
trol based on the backstepping technique as well as
LKFs had been developed to handle the problem of
output tracking. In practice, time delay and state con-
straints usually exist in practical engineering systems
simultaneously, how to address the control problem of
nonlinear systems with both the state constraints and
time delay remains urgent.

It is noteworthy that the problem of symmetric con-
stant state constraints in time delay systems can be
solved by using the tangent barrier Lyapunov function
(TBLF) in [9], or NNs based on BLF in [31,33,36].
However, symmetric and non-time-varying state con-
straints considered in [30,31,33,36] were just some spe-
cial cases of our scheme and may not meet the require-
ments when applied to the actual engineering systems.
And the method proposed in [30,31,32,33], which used
a traditional backstepping algorithm, suffered from a
large amount of calculation caused by repetitive differ-
entiations. To overcome these problems, the dynamic
surface control (DSC) technique, which obtained the
information of the virtual control by introducing a first-
order low-pass filter at each step of the design proce-
dure was presented in [37,38] and adopted in [39-43].
Therefore, through the study of previous papers, it can
be concluded that there are few works combining DSC
technology to solve the problem of time delay and time-
varying full-state constraint at the same time, which
motivates our research.

In this paper, the time-varying asymmetric Bar-
rier Lyapunov Functionals (ABLF)-based control is
employed to stabilize a class of nonlinear strict-
feedback systems with the time-delays and the time-
varying full state constraints. The main contributions
of this paper are summarized as follows: (i) Based on
the separation technique, a novel unified framework
is proposed, in the meantime, time delay and the full
state time-varying constraint problems are taken into
account more comprehensively in this current work,
which means that the limitation on initial conditions
can be relaxed and is able to satisfy the constraint
requirements of the state variables better in practical
engineering systems. (ii) Compared with approaches
using traditional iterative backstepping, repetitive dif-
ferentiation of stabilizing functions, which will lead
to tedious and complicated calculation, especially in
higher order systems, can be averted by choosing the
DSC strategy. (iii) With the utilization of the time-
varying asymmetric BLFs, all the states are always
within the prescribed time-varying scopes.

The rest of this paper is organized as follows: Section
2 formulates the problem, and some necessary prelimi-
nary knowledge is provided in this section as well. The

AUTOMATIKA (&) 497

design process of the controller and stability analysis
are given in Section 3. The effectiveness of the pro-
posed approach is illustrated by the example provided
in Section 4. The conclusions are drawn in Section 5.

2. Problem formulations and preliminaries
2.1. Problem formulation

Consider the following strict-feedback nonlinear time-
delay systems with output constraints

x = fi(x1) + g1 (x1)x2(t)
+hi(x1(t — 11))

xi = fi(xi) + gi(xi)xiy1(t)
+hi(xi(t — ),

Xn = fu(Xn) + gn(Xn)u(t)
+hu(Xn(t — T0))

y=Xx1

i=2---n—1 (1)

where x; = [xl,xz,---x,-]T eR"i=1,2,...n repre-
sents system states, y € R, u € R are system output and
control input respectively; g; (5cl-T ) and f;(X;) are smooth
functions; k;(-) are unknown smooth functions affected
by time delays; 7;,i = 1,2, - - n denote time-delay con-
stants. The control objective of this paper is to design an
adaptive controller u for system (1) to ensure that the
system output y tracks the desired trajectory y;, while
all signals in the close-loop system remain bounded and
all the corresponding constraints k; < x; < ke, ¥Vt >0
are not violated.

The necessary Assumptions for establishing con-
straint satisfaction and performance bounds are as
follows.

Assumption 2.1 ([31]): For the uncertain non-linear
time-delay functions, the following inequality holds

Bt — )| < D Isit = )l Gt — ) (2)

j=1

where g;;(-) are known continuous functions, s;(f) =

[s1(8), 52(8), - - - si(0)] 7.

Assumption 2.2 ([39]): The functions gi(x;),i =1,
..,n are positive and there exists a class of posi-
tive constants gimin and gimax such that 0 < gjmin <

gi(Xi) < gimax

Assumption 2.3 ([11]): There exist constants K, K,

=i’
d.,dci,j=1,...nsatisfying k ;(t) > K and k;(t) <

=Cij ij )
K. and their time derivatives satisfy |kg)(t)| > ‘_ic,y
KD (1) < d.

Assumption 2.4 ([11]): There exist function Y (f) :
Ry — R, Yo(t): Ry — R, satisfy Y (t) > k., (t) and
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Yo(t) < ka(t), ¥t > 0. Furthermore, there exist posi-
tive constants Y;, i = 1,...,n such that the reference
signal y4(¢) and its time derivatives satisfy Y () <
ya(t) < Yo(t) and |y, ()] < Y;,Vt > 0.

2.2. Preliminaries

Lemma 2.1 ([44]): Forall|&| < 1 and any positive inte-
ger p, the inequality logﬁ < ﬁ holds in the set
n € N, and o, c are positive constants, then s;(t) remain
in the open set S;, Vt € [0, 00).

Lemma 2.2 ([31]): For1 <j < n, define the set Q) as
Q1 = {sjllsjl < 0.5549v;} with v; is a design constant.

Lemma 2.3: Even function k(-) : R — R

x% cosh(x)
k(x) = ————
(x) 2

,Vx€R (3)
is continuous, and monotonic, i.e. for any |x| > ¢, where
c is a positive constant, k(x) > k(c).

Remark 1: Observing the system studied in this paper,
each state variable has a separate derivative expression,
so we design a BLF function for each state variable
based on the backstepping technique, and the function
will involve the constraint boundaries of that state vari-
able, the LKFs, and the design terms of the dynamic
surfaces. The controller is then designed based on the
derivatives of each BLF so that the final overall BLF
derivative satisfies our requirements.

3. Controller design and stability analysis

In this section, a combination of backstepping DSC
design and ABLF will be proposed to develop a con-
troller for strict-feedback nonlinear time-delay systems.
The specific design process is shown below.

Step 1:

Suppose the tracking error as s;(t) = x; — yg, its
time derivative according to the first equation of (1) is
given by

s1(t) = fier) + g1 (x)x2(t) + i (x1(t — 11) — ya
(4)

then the virtual error of the next step is defined as
s2(t) = x3 — z, simultaneously, letting a designed sta-
bilizing function «; passing through a first-order filter
that contains a time constant ¥, in the following way

1
Us+1

=2(5) (5)

a1(s)
and the corresponding time domain expression

V225 + 22 = a1,22(0) = a1 (0) (6)

wherefore we could get the first-order filter error x; =
zp — o1, the derivative of z, can be defined as
. o —22 X2
Z = =—— (7)
P U2
then, referring to [6] we choose the time-varying asym-
metric barrier function candidate as

V= L g tog —F1 D4 Lo
= =1 -gqg(s1))log =—— + =q(s
PN T ARs e g T
k2 (t) t
x lo b1—+/ s2(1)g%,G1(v))dr
gkil(t)_s% t—11 e
1
+5X22 (8)
where
0, <0
q(o)z{ L oeZo ©)

for ease of notation, we abbreviate g(e) by g; through-
out this paper, unless otherwise stated. And the time-
varying barriers in the above formula are given by

{ ka1 (t) = ya(t) — k(1)
kp1(t) = ke1(t) — ya(t)

and due to assumptions 2.3 and 2.4, we know that

positive constants ky;, kp1, k,;» ka1 exist, which leads to

(10)

ko < kai(t) < ka1, kyy < kpi(t) < kpy, VE >0 (11)

2a1 =

Remark 2: log(-) denotes the natural logarithm of -,
define a set S :={s = (s1,...,5n) C R", —kai(t) <
si(t) < kpi(t),i=1,...,n, Yt > 0}, where k;;(t), s;(t),
kpi(t),i=2,...n.

Itis clear that V is positive definite and continuously
differentiable, then the time derivative of V; is given by

o 1 —q q
= (kfﬂ(t) — s " K2, (t) —s§> °
N PR TIO D (T
ka0 T T g
+ st (Oq1; G1(D) — st — g Gi(t — 1))
+ xax2 (12)

similarly, for ease of notation, the following notation
definitions will be used

_ 1-q q1
Hi= (kgl(t)s% + ki1(t)s%)
M=0—q) -k —sD+qe (kil(f) —s?)
(13)

where the time-varying gain is given by

: 2 ’ 2
. ka1 (1) ko1 ()
ki(t) = (1_q1)(ka1(t)) +q1<kb1(t)> + B

(14)




and denote K| (t) as follows

a1(t) kpy (£)
k 1() k 1(H)

q1(s1)
(15)

in (14), B; is a positive constant, which ensures that
Ki(t) > 0 even when kal(t) and k;,l(t) are both zero.
We choose Gy

t
G = / 2O G () (16)
t—1

Design stabilizing function «; as

1
g1(x1)

o) =

- 1
<—f1(x1) + ya — (ki1 (t) + k1)s1 — s

—s1h1q11>G1() — cosh(s))e1 11 G o1 )
14149117 (81 Derbry 2
(17)

where k; and &; are positive design parameters, sub-
stituting (12), (13), (15), and (17) into (11), we could
obtain that

_ 1
Vi = —(k; + Ky () p1st — A_IM%S% — uistrqin®

2

i} s
X (s1(£)) — p1 cosh(s1)e1r1G 33
1

+ wisthi(x1(t — 11)) + pagisis2 + nisigixe
+ 51 (O G1(®) — si(t — 1] Gi(t — 1)
+ x2x2 (18)

where 141 = 1 and the function D is designed as

Dy = h(x(t — 1)) — si(t — 1) g, Gi(t — 1))
(19)

with respect to 2 x2, according to first-order filter error
X2 = 2o — aj and (3), we have the time derivative of x»

. . . X2
X2=z—o1=——+B (20)

th
where By(x1,y4---) = —a&1, due to assumptions 2.3
and 2.4, we note that |B| < M,, which means that
B, is bounded and continuous with a maximum abso-

lute value. Thus, we can rewrite x2x» with following
Young’s inequality

|Baxa| < ! sz—i-l <t 2M2+1 0
_— —0 S —07,0) >
2X2_202X22 22_20)(22 222
(21)
we have
2
. X2 X2
=2 -5 +By) = 2B — 5%
X2X2 X2< % 2) X2D2 %
1 50 1 Xz2
< —XIM2+ -0y — 22 22
_202X2 2 22 % (22)
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combining (22) and the following Young’s inequality

{ w1sthy (e (t —11)) < 4M151 + hz(xl(t —11))
n1s181 () X2 < w181 max(¥1) (57 + $x3)
(23)

we obtain
Vi < wigisisa — wiss (ki + K1 () — g1 max(x1))

o (V- N (x1)
X2 20, 2 % 4Mlglmax 1

st
— cosh(s))e1G
(s1)e1 11—}—5%

1
+ 202 + D (24)

In order to guarantee the closed-loop stability,
the design of constant gain k; and time-delay con-
stant 7; should make sure k; + K (t) — Qimax(x1) >0
and —EMZ + 19% — i,ulgl max (1) > 0, and the term
n1g1s1s2 will be canceled in the subsequent step.

Stepi,2 <i<n-—1

Define the tracking error as siy1(t) = Xiy1 — Zit1,
we introduce a filtering virtual control z;y; and let
designed stabilizing function «; passing through a first-
order filter that contains a time constant ;4 1, similar to
step 1, Where «; is a stabilizing function to be designed.
The first-order filter error in this step is xj+1 = zi+1 —
«;. Thus we could obtain

Qi —Zi41 Xl (25)

Zit1 = =
Wit Vit1

choose the time-varying asymmetric barrier function
candidate as

Vi=Via+ l(1 = qi) logﬂ
2 k2.(t) — s7
4+ lqi 10 bz( ) + /t sz(f)qzl(gi(f))dt
2 (t) - t—1; ' '
1
+ 5 Xit1 (26)

noting that V; is positive definite and continuously
differentiable, then the differentiating of V; yields

— qi qi .
K1) — 52 +k2(t)—s )s’
. i(ai(t) (1 kbz(t)
X {Sl PO RS }
+sH O Gi(D) — sH(t — ) qh Git — T7))
+ Xit1Xit+1 (27)

Vi= Vi +<

for ease of notation, we have following notation
definitions

o 1-a qi
Mni = ( (t) + kil(t) — S > (28)
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A= (1= g)(kZ(t) — sD) + qilk,(t) — s (29)

where the time-varying gain ki(t) and K;(¢) are given by

bt = - g (B9) +a (£2) +5
Rit) = kit) + 8B (1 — gi(s)) + B0 g (s)

(30)

Bi is a positive constant, which ensures that K;(t) > 0.
The time-varying barriers k,;(t), kp;(t) are given as
kai(t) = zi — k(D). kpi(H) = kei(t) — z; (31)

As mentioned above, it is easy to know that s;(t) =
xi—zj, Si() =x; — z; and z; = —gri, so combining
with the second equation in (1) we have

. _ _ —_ Xi

§i(t) = fil%) + giE@xin () + hiGa(t — 7)) + =

1
(32)
due to tracking error and first-order filter error, x;11(¢)
can be represented as follows

Xip1 () = sip1 + Xi1 + i (33)

stabilizing function is designed as

i) = E(®) + ks = 5~ frus
—s; Alqzl (s;(t)) — cosh(s))eir;G;

_ 8i—1 (Xi—1) Hi=1Si—1
i

o = Z1+s

&i(x)
(34)

where kj,&; are designed positive constant. We
choose G;

t
G; = / sH(1)q Gi())dr (35)
t—1

Substituting (31), (32), (34) and (37) into (30), it
leads to

. . - 1
Vi= Vie1 + pisigisiv1 — wi(Ki(t) + ki)s? — ZMZZSZZ
2

_ S
— wisthiqin > Gi(H) — wiki COSh(Si)8iGi1 :

2
— gi—1(Xi— 1) i—1Si—18i + WiSigi Xi+1
+ wisihi(xi(t — ) + 57 (1) - g7, Gi(1)
—si(t— ) - @ Gi(t — ™) + Xi1kir1  (36)
where p;A; = 1, and the function D; is designed as
Di = hj(xi(t — ) — 5 (t = ©)q; Gi(t — 1) (37)

with respect to the term x;41 Xi+1, according to first-

order filter error x;j+1 = zi+1 — «; and (19), we have the
time derivative of xiy;
. . . Xi+1
Xit1 = Zip1 — & = =~ + Bij1 (38)
291—',—1

where

_ .. 80[1' - 80[,' Jo
Bit1(Xi» Yd> Yd> Yd) = BT ayd)’d - Tyd (39)
we note that B;y; is bounded and continuous with a
maximum absolute value under assumptions 2.3 and
2.4, which can be expressed as |Bj11| < Mj41. Thus we
can rewrite iy Xi+1 with following Young’s inequality

1

1 1
[Biv1xiv1l < 20, X,+1B,+1 + = 701 = <

20i41

1
X xi2+1Mz-2+1 + 50041501 > 0 (40)
we have

Xit1 X2
. i i+1
Xi+1Xi+1 = Xi+1 <—19—+1 +Bz+1> = Xi+1Bit1 — 191_:1

1 1

1 1 Xi2+1

< M? + 0 41
= 201 Xz+1 i+1 i+l — Fi1 (41)

combining (41) and the following Young’s inequality

pisihi(xi(t — 7)) < Tu?s? + 2 (xi(t — 1))
o (3) v o iz 2 4 12 (42)
Wisigi(Xi) Xi+1 < Migimax (%) (s7 + ZX,'+1)
we can simplify (36) as
Vi < Viey + wigisisivr — wist (ki + Ki(t) — gimax(X:))

— %2 <_LM2 + L l,u'g' (&))
1 1 181 max 1
T 204 TN 0 4
s
1
5+ 01+1+D (43)

l

— cosh(s))eg; G

In order to guarantee the closed-loop stability, the
design of constant gain k; and time-delay con-
stant T; should make sure ki + Ki(t) — gimax(Xi) > 0
and —3 =M}, + 5= — Higimax(%) > 0, the term
LigiSiSi+1 w111 be canceled in the subsequent step.

Step n

Define the tracking error as s, () = x, — z,, we can
get a time derivative of s, (¢)
$u(t) = Xn — Zn (44)
In step i, when i = n — 1, we can obtain
Ontn + 2n = On_t, 2y = — 2 (45)

n

choose the time-varying asymmetric barrier function
candidate as
ko ()

1 1
Vio=Vu_1+ 5(1 - Q(Sn)) 10g W + Q( Sn)
Kkt (t)

1
* 108 ki () —s2

t
+ / s2(1)q%, Ga(1))dr
t—1y,
(46)



then differentiating V, yields

11— Qn(sn)
ktzm(t) - S%

_ qi(si)
Vie=Vp1+ < k2 (t)—Sz)Sn

ks
X <$n () sp(l— Qn( Sn)) — (t)SnQn(Sn)>

kan(t) kpn (1)

+ 2 Gey G (D) — $2(t = T) oy Gu(t — Tn))
(47)

for ease of notation, we have the following notation
definitions

11— qn dn
n= 48
o (kgm(t) 2 2o —5,21> 49

hn = (1= g k3, (1) = 57) + gulki, (1) —s7)  (49)
where the time-varying gain ko(t) and K,(¢) are

given by

— 3 2 i 2
Fu(t) = / (1 —an (i) + (i) +
K () = kn(t) + k“”gg(l —qn) + 28 qn

(50)

B is a positive constant, which ensures that K, () >
0, even when kg (t), kyn(t) are both zero. The time-
varying barriers kg, (t), kp,(t) of virtual error s, are
defined as

kan() = zu — ko (1), kpn(t) = ken(D — 24 (51)

Then, according to the third equation in (1) and (44),
(45), we could obtain

S0 = fu () + gn(@n)u(t) + hy(on(t — 7)) + ?

(52)
introduce the actual controller u(t) as
_fn(xn) - (k ® + ky)sn — _n
= 1 4//vn5n Sn)\nqm (54(2))
u(t) = @G | — COSh(Sn)Sn)»nGnli—"s%
_gnfl(;cnfl)ﬂnflsnfl
MUn
(53)

where ky, €, are designed positive constants and define

t
Gy = f 2(0)g2 Ga(0))dr (54)
t—1

substituting (48), (49), (51), (52), and (53) into (47)
leads to

1
I’LW(K (t) + kn)s - _Mn n

Vi = Va1 + fisigisi+ — i
2 2(3 I‘Lnsz
— UnSpAnqn1” ($n(1)) — Cosh(sn)snAnGnH__;

n
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— 8n—1(Xn—1)Un—1Sn—15n + WnSphn(Xn(t — Tn))

+ 2 (t) - @y Gn(D) — S5(t — Tn) ® G2y Gt — Tn))
(55)

where t,A, = 1 and define

Dy = h2(n(t — 1)) — sa(t — Ty) ® @2y Gu(t — Tn))

(56)

using following Young’s inequality

1
InSnbin(n(t — T4)) < 4M232 + B2 Gt — 1)) (57)
we could obtain

Vn = Vn—l - Mn(kn(t) + kn)si - COSh(Sn)SnGn—SZ
n

_gn—l(icn—l)#n—lsn—lsn + D, (58)

where K, (t) + k, > 0. Combining (7), (26), (46) and
(24), (43), (58) we could obtain V,, and V,, respectively

n

1 k2:()
V= ; (5(1 —q(si)) log m

1 k2 (t) "
+=g(s;) 1 __Thitl
Zq(sz) 0og kil(t) _ 5,'2 Z Xz+1

n t
£y f (o) Gio)dr (59)
i t—1;
n—1 n—1
Vi <= st (ki + Ki(t) — gimax(X) — ) %21
i=1 i=1

RV SR €D)
X - £ -  _ .0 Xi
20011 i+1 Oir1 4M1gzmax i

— Z cosh(s;)e; G 5 + Z 0i+1
i=1 l

+ ZDi -
i=1

Mn (Kn(t) + kn)sz, (60)

where

iDi = ihf@'(t — 1))
i=1

i=1

n
=) st—wqGit—1)  (61)
i=1
n
according to assumption 2.1, we obtain Y_ D; = 0.
i=1
So far, the controller design process has been com-
pleted, and the schematic diagram of the proposed
control scheme is illustrated in Figure 1.

Theorem 3.1: Consider the nth nonlinear system con-
sisting of the plant (1) with time delays and the full
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1
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_ 8Ty
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/—f(x)-f-\’ -(E@®+k)s, —l;:s )
—:/q *(5()) - cosh(s, )e/G '

@) - (E©O+k)s -

=5, (5,(1)) ~cosh(s )& 4Gy —
1+5s7

\
7 1
3T ‘

Figure 1. Control schematic diagram.

state constraints with Assumptions 2.1, 2.3 and 2.44.
By constructing the stabilizing functions (17), (34) and
choosing the actual controller (53), it can be guaranteed
that: the error signals can converge to a compact set;
the asymmetric time-varying state constraint: k,(t) <
xi(f) < kei(t),¥t > 0 are never violated and all the sig-
nals in the resulting closed-loop system are bounded for
anyt > 0.

Proof: In order to express more conveniently, we
present gain parameters in the following way:

Ei = ki + Ki(t) — gimax(X) > 0,i=1--- ,n—1
E,=K,(t)+k, >0
€ = 20,1+1Mz'2+1 + ﬁ - Tllljvigimax(;ci) >0
c= Zl %01_;,_1
i=1 (62)

due to the parameter selection requirements in the pre-

vious article, we can see E; > 0,i=1---,n, ¢; > 0,
i=1---,n—1,V, can be rewritten as
.n = _ZEzﬂz ZerH_l
— Z cosh(s;)e; G +c (63)

i=1 l

from lemma 2.1, we can obtain

ZE,/},lS = ZEl <(1 9i(s)) 35— k2 T ) 2

2
+ i\0i) 7y 5
qi(s )kil()_ )
= (1 k2.(t)
> ; (5(1 —q(si)) log W

1 k?.(t)
+EQ(51)10g W) (64)

. (-fm)-(E@+r)s. -_-l,u- RN
~cosh(s,)s, A G, —— %
L ln( u,

Y=Alxn)+a(xn)x()+h(xn(-7))

u(t) E %
% =fi(%)+&(%)xa )+ (5(t-7)) —D>
Xy = 1 (%) + €, (%, Ju(t) + by (%, (1 - 7,))

L=x

regarding G;, for any 7; <7, [t
hold, it is easy to obtain

nooet
3 / 200 Gi(r))dr
i=1 71T
n t
<> [ swad
i=1 V1T

therefore, (63) further becomes

n
1
Vi < — E Ej (5(1
i=1

—1,t] C [t —1,t]

(65)

k2i()
ko(t) — s

— q(si)) log
1 K2.(t)
+=4(si) log b
27 k(0 — 57
n
— Z g; cosh(s;)
° 1
i=1
n—1
Y-
i=1

depending on the size of sj, concerning the analy-
sis of stability, there are three cases that need to be
considered. [ |

5t Lo
_;SZg /t—r,- s;(1)q; Gi())dr

(66)

Remark 3: Based on Lemma 2.2, there are three cases
of error variables in the control process, all in the prede-
termined set, all not in the predetermined set, and par-
tially in the predetermined set. The proof is developed
for these three cases.

Case 1: (sj € Q¢, Vj=1,2...,n): it is easy to ensure
the boundedness of s; due to the positive constant v; and
|sjl < 0.5549vj, and we can also have y/,(t) are bounded
considering [y, ()| < Y; in assumption 2.4. Because of
ya(H)| < Yo and s1 = x1 — yg we get k,y = —|ka| +
Yo < x1 < |kp1] + Yo = kc1, we can also conclude that
a1 in (20) is bounded, therefore, k., = —|ka2| + |ot1]| <
x3 < |kpa| + lo1] = kea. Following the same way, we
cangetk,(t) < x; < k¢i(t) and the actual controller u is
bounded, which means that all the closed-loop signals
are bounded.



Case 2: (5j ¢ Qc1, ¥Vj=1,2...,n): Considering
lemma 2.3 we can know the monotonic increasing func-

COSh(Sl)Sl - (0.5549v;)? cosh(0.5549v;)

tion and continuous
1+s2  — 14(0.5549v;)2

we define o as follows

1<i<n

_ (0.5549v;)? cosh(0.5549v;)
o = min {2e;, Ej,¢; 5
1 + (0.5549v;)
(67)
based on (59), we obtain
Vi< —oVy+c (68)

multiplying (61) by ¢! on its both sides yields to
eV, < e (—oV,+0¢) = %;V”) < ce”t

eV, — V,(0) < £ — 1)
0<V<Vy(0)e " +5(1—e ) <Vu(0) + 5

(69)

supposing V,(0) < y wecan get V,(t) <y + (%,Vt >
0, V, is bounded, meanwhile, it is easy to obtain

k2 k2 (t
Kai (1) +<,>b’()2
( ) — j(t) =S
< ez[Vn(O)efm'i‘;(l—eim)] (70)

(11— q(Si))

for s; > 0,q = 1,(70) can be simplified to

2,0

2[Va(0)e 7'+ £ (1—e7")]
k2.() — s =¢ 7D
1 1

multiplying both sides of (71) by kii(t) — 51-2, which
yields to

(0) < ki 1 — 2O A= ()

Likewise, when s; < 0,q = 0, we can obtain s;(t) >

—k,,i(t)\/l — ¢ 2Va@e 75 (1=e"7D]  thyg the con-
clusion can be drawn that —D; <si < Ds, where
s — kaz(t)\/l _2 V,,(O)e*“’-i- (1 —e7")] _s, = khz(t)
\/1— “2AVa@e™?'+5=¢""D]  Prom the previous

derivation, we have k. () = —kg(t) +y4(t) and
ke (t) = kpi(t) + ya(t), due to si(t) =x; —yg and
s1(t) € 5, which has been proved, it can be learned
that k. () <x < ke (). Similarly, it can also be
proved that k ,(t) < x; < kei(t) on account of x; = s; +
zi—1, si € Q25 where k(t) = kyi(t) +zi—1(t), k;(t) =
zi—1(t) — kgai(t),i = 2,...,n. Hence, the conclusion
can be drawn that the full state constraints are not
breached. It has been proven that the states x;(¢) and the
error signals s;(¢) are all bounded, according to assump-
tion 2.4, y4, ¥4 are bounded. From (13) we know that
o is a function of x1, y4, so @; must be bounded, the
upper bound &; of «; exists, so we can infer that the
signals @, i =2,...n — 1 are bounded, furthermore
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u(t) is bounded. Since z; and y,; are bounded, y is also
bounded.

Case 3: (sj ¢ Q1,5 € Qc1): Denote s; ¢ Q¢ as ) _J,
si € Q¢ as ) I,define the Lyapunov function candidate
as follow for > J:

1 K2,(t)
Vyr=D. (E(l - qi) logm
jexy ai i
1 hl() ! 2 2 (=
+ 5%‘1 85 .3 ) - + . s; (1) q;; Gi(T))dr
1,
+§X,‘+1 (73)

differentiating V- yields

Vs, < (igisisiv1 — Mi—18i—1SiSi—1)
X7

jex"]
—/,Lisiz(ki + Kil(t) - gimax(jlci))
2
+ Z _Xi+1(_mMi+1 + 5
jexJ _iﬂigimax(’_ci)
2
X Z (— cosh(s))e;Gi—— + -I- C]) (74)
jeXy

the term ) (uigisisit1 — Mi—1gi—18isi—1) in (74) can
jexJ

be rewritten as

> (uigisisisn — tic1gi-18iSi-1)

jeXy
= Z Wigisisi+1 + Z HigiSiSi+1
j+1ed"J jH1ed"I
jex] j€x]
Z Mi—-18i—-18iSi—1 — Z Mi—18i—15iSi—1
j—1ex] j—1ex1
jexX] j€x]
(75)
Remark 4: ) pgisisiv1 and > pi—1gi—1Sisi—1 are

j€xJ j€XJ
eliminated in the backstepping design in both case 1

and case 2, but in the present case, these two terms have
errors at different steps and are coupled terms, which
cannot be canceled in the backstepping process when s;
and s;_; ors; and s;_; do not happen to be in the same
set, so a separate analysis is needed for this case, and a
similar analysis can be found in the paper [31].

Theterms Y pigisisiviand Y [Li—18i—1SiSi—1
1eX]
1521 jEZ/
are eliminated during backstepping. Due to 0 <

Zimin < gi(Xi) < gimax in assumption 2.2, denote gj max
as g we can get

Y (igisisie — Hi1g-15i5-1)
jexJ
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Y g~ Y H1gi-15S-1

JHleXT j—leyI
j€x] jexX]
2 =22
<> ( Hjs; + 1Y 8 Sj+1)
jHleyI
jex"1
=22 2
V&8 S 1M
r 3 (g )
j—1exT i
j€xJ
<> (u,-ygz(o.sswvjﬂ)z
j—lex 1
jrley’J
v (0.5549v;1)* 10|
+
Hj
+ Z _“JJ (76)
jeXT

where p; is positive and bounded, according to (76),
(74) can be rewritten as

Cyrj= X2 (MjV§2(0-5549Vj+1)2
j—1ed’1
jH1ed’J
n Vg2(0~554l9;j1)zl&j2_1> LY.
’ jex]
_Mlsl(k + Ki(t) — gzmax()_ci)
. 2
VVZI = Z - ) X1+1( 201+1Mi+1
j€XJ +19,+1 24Mzg1max(xz)
+ > —cosh(s)eG 2+CZI
jex]

(77)

With a similar reasoning in case 2, It is easy to conclude
the boundedness of all the signals in the closed-loop
system, the tracking errors are able to converge in a
compact set and the time-varying full state constraints
are never breached forj € ) J.Inregardtoj € > IThe
proof of the stability of the closed-loop system is the
same as in case 1.
So far, we complete the proof of Theorem 3.1.

4, Simulation example

A simulation example containing terms affected by
uncertain time delay is provided in this section in order
to verify the effectiveness and feasibility of the pro-
posed method, the proposed approach is used to con-
trol the following nonlinear systems with time-varying
full state constraints:

x1(t) = 0.1x7 (1) 4 x2(t) + hi (x1 (£ — 7)),
X2 () = 0.1x1 () x2 (1) — 0.2x1 () + (1 + 23 ())u(t)
+hy(x1(t — 11))
y =x1(b)
(78)

in (76), x1(¢) and x,(t) are the state variables of sys-
tems, which need to be constrained, and denote initiate
values x1(0) = 0.8 and x,(0) = 0, y and u(¢) are the
output and the input of systems, the terms affected by
uncertain time delay are described by

hi(x1(t — 1)) = sin(x1(t — 11)), ha (2 (t — 12))
= sin(xz(t — 12)) (79)

the relevant system parameters are chosen as 7} =
0.1, .2 =02, q11 = q12 = 1. y4(t), the desired tra-
jectory tracked by y is 0.5cos(t). k. (t) < x1(t) <
I_cd(t),kc2 (t) < x(() < I_ccz (t) are the asymmetric time-
varying full state constraints, where

k. (t) = —0.5 + 0.4 cos(t)
ke1 (t) = 0.7 + 0.2 cos(t)
ko, (t) = —2.7 + 0.5 cos(t)
I_ccz(t) = 1.5 4 0.1 cos(?)

(80)

the following time-varying asymmetric barrier func-
tion are chosen according to the design process above
mentioned

2. /1 K2,(1)
V=) (5(1 —q(si)) log -5

i=1

1 k2.(t)
+5q(5i) log W) (1)

2 1
+ Z /t_,. Sz'z(r)qz'z1(§i(r))df + 5X22 (81)

where

{ ko1 (£) = ke (8) = ya(6), ka1 (£) = ya(t) — k()
ko () = ka(t) — 21(), kaa () = 21.() — kp (1)
(82)

DSC laws are designed as follows according to the DSC
method demonstrated in the paper

1 _
a) = IS (—fl(xl) + ya — (ki () + k1)s
1
s~ s1A1q112G1() — 81)»1G1)
1 _
u(t) = o) (-fz(ﬁ_fz) — (k2(t) + k2)s2 (83)
X e o 2Ga®)
9 4M2 2 2A24217 (82
30y Gy — g (xl)M151>
[2%)

the design parameters are given as k; = 12, ky = 20,
ﬂl = ﬂz =0.1, &1 = 0.01, &) = 0.01 and 192 = 0.5.
The tracking performance is illustrated in Figure 2, it
can be observed that the output trajectories are always
within the scope of the asymmetric constraint k_, (t) <



D e |

output tracking
o
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o

-0.5

time(s)

Figure 2. Trajectories of y = xq (t), I_(d (), k4 (1) and y4(t).

T2

time(s)

Figure 3. Trajectories of x,(t) and k, (1), kea (D).

-05F b

1 L L L L L L L L L

time(s)

Figure 4. Trajectory of s5.

y(t) < ka1 (f), in the meantime, good tracking perfor-
mance is achieved. The trajectory of state variables
shown in Figure 3, it is obvious that time-varying state
constraints are not violated. From Figures 4 and 5, it can
be seen that tracking errors are within their constraints.
The boundedness trajectory of the actual controller
is illustrated in Figure 6. Therefore, according to the
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Figure 5. Trajectory of s;.

200 T T T T T T T T T
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50 b

Control input
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0 2 4 6 8 10 12 14 16 18 20

time(s)

Figure 6. Trajectory of u(t).

figures of the simulation results above, it can be learned
the constraints are not violated and all the signals in the
closed-loop system are bounded.

Remark 5: The common simulation example used in
this paper is referenced from the following papers
[30,31,33]. Compared with the papers [30,31,33,36]
using non-time-varying BLF, this paper takes the time-
varying boundary into account in the design process of
the control algorithm, and the simulation results also
show that the control algorithm can satisfy the track-
ing control of the state variables, and the state variables
do not cross the time-varying boundary throughout the
simulation process. The DSC technique used in this
paper largely simplifies the design steps of the control
algorithm as well as the computational effort, which
can be compared with the papers [30,31,32,33] that
also uses the backstepping control technique, but this
cannot be presented in the final simulation results.

5. Conclusion

In this paper, an ABLF-based backstepping DSC strat-
egy has been studied for a class of nonlinear systems
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with time delays and full state constraints. The influ-
ence of the time-delays terms was canceled by adopting
appropriate assumptions. By employing the appropriate
ABLFs, the full state constraints, which are asymmet-
ric and time-varying, were ensured not to be breached.
The result that the tracking errors and all the sig-
nals of the closed-loop system are asymptotic stable
is guaranteed by the proposed approach and choos-
ing appropriate parameters. In addition, compared with
approaches using iterative backstepping, repetitive dif-
ferentiation of stabilizing functions, which will lead
to tedious and complicated calculations, especially in
higher-order systems, can be averted by choosing the
DSC strategy. Finally, the effectiveness of the DSC in
conjunction with the ABLF in dealing with time delay
problems can be verified by the simulation results and
the desired performance can be achieved. Our future
research work is to apply this control algorithm to the
actual engineering system.
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