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ABSTRACT

The principal contribution of this paper is the feedback design of an output trajectory tracking
controller applied to a certain class of mechanical systems. The controller does not need veloc-
ity measurements for its implementation and achieves the trajectory tracking control aim. We
propose adaptive estimators to determine the plant parameters and constant external perturba-
tions. When the plant s affected by time-variant external perturbations, an observer filter that can
be implemented to recover an estimation of the time-variant perturbations can replace the adap-
tive estimator. The closed-loop stability is analysed throughout Lyapunov tools. We illustrate the
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performance of the proposed control structure via numerical simulations and experiments, the
numerical simulations are carried out for a pendulum coupled to a DC motor and the experiments

are accomplished for a mass-spring-damper system.

1. Introduction

Most mechanical systems need velocity measurement
for feedback to solve the tracking control problem. If a
velocity sensor is not available for feedback, it can be
used as a velocity observer or a differentiator [1-5].
We can find in the literature previous works about
tracking control in mechanical systems without veloc-
ity measurements. In [6], a simple robust control law
is given to solve the tracking problem without using
velocity observers, which improves the tracking accu-
racy in soft bending actuators. They consider lumped
system uncertainties that are compensated using a dis-
continuous term within the control law. In [7], a solu-
tion to the problem of formation consensus control
of second-order nonholonomic systems is proposed.
They use output feedback considering that the forward
and angular velocities are not available for measure-
ment, and in the stability analysis they prove uniform
global asymptotic stability for the closed-loop system,
which guarantees robustness regarding bounded dis-
turbances. Another example, in [8] a controller that
obviates the need for state observers to solve the track-
ing control problem of induction motors by using
energy shaping (passivity-based) design techniques is
proposed. In [9], an output feedback controller is pro-
posed to solve the trajectory tracking problem in finite
time without using observers. This scheme was pro-
posed for robot manipulators having actuators that
exhibit torque saturation. In [10], a state feedback
finite-time stabilizing algorithm is developed, and the

proposed synthesis is based on the disturbance com-
pensation, relying on the dirty differentiation and slid-
ing mode approach. We can find other works about
tracking control that obviates the need for a veloc-
ity observer using the dirty differentiation in [11-14].
In [15], an output feedback adaptive robust con-
troller (ARC) scheme based on discontinuous projec-
tion method has been developed for high-performance
robust motion control of linear motors. The proposed
controllers consider the effect of model uncertainties
coming from the inertia load, friction force, force rip-
ple and bounded external disturbances, although the
controller renders good performance, it cannot iden-
tify the plant parameters and disturbances separately,
also velocity estimation is required as feedback. More
recently, in [16] also an adaptive optimal controller
is proposed to solve the tracking control problem of
model-free nonlinear systems where a dynamic neural
network identifier is developed to identify the unknown
dynamics . In this approach, all the states must be avail-
able to be used as feedback. Our work, as the papers
aforementioned, does not need velocity measurements
for feedback, but the significant difference between our
work regarding the previous ones is that no observer,
filter or differentiator is needed to achieve asymptotic
closed-loop stability, and it is enough to have access to
position measurements to achieve the control aim con-
sidering all the plant parameters as known and zero
perturbations. In the scenario when the plant param-
eters are unknown and also the system is affected by
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exogenous perturbations, we propose adaptive estima-
tors that, by using position measurements purely, they
can estimate the plant parameters independently as well
as the constant external perturbation.

Velocity observer-based controller design should
consider that the observer is formed from the software
control loops and it may cause the system to be unsta-
ble under certain conditions [17], which may cause
potential security risks when applied to any mechanical
system.

Therefore, a robust controller without using veloc-
ity from observers, but with only position information,
is a preferred solution for applications [18-20]. This
paper proposes a novel robust tracking controller for a
class of mechanical systems with unknown parameters
and external perturbations. The main contributions are
summarized as follows:

e The design of a tracking controller for a class of
second-order systems may be applied not only to
mechanical systems but to electronic, hydraulic,
pneumatic, among other systems as well. The pro-
posed controller does not need velocity measure-
ments for feedback to achieve the tracking control
aim, and it only needs position measurements. The
proposed solution to the tracking problem does not
use any observer, differentiator or filter to achieve
the control aim when there are no external pertur-
bations or the external perturbation is a constant.
When there are time-variant external perturbations,
we use indirectly an observer to recover an estima-
tion of the external perturbation, but we do not use
the velocity estimation as feedback to the controller.

e In the design and stability analysis of adaptive esti-
mators, these estimators solely need position mea-
surements as feedback to give us an approximation
of the plant parameters and, in case there is the
constant external perturbation.

e The stability analysis is based on Lyapunov’s theory,
which guarantees the stability of the closed-loop sys-
tem. The dynamic controller only has one tunable
gain parameter, making it simple to tune, there just
needs to meet the conditions given by the Lyapunov
stability analysis.

Thus the core contribution of this work relays on the
proposed control structure and its stability proof; some
features of the controller are the identification of the
plant parameters and disturbances separately and the
lack of necessity of velocity measurements for feedback.

We structure the rest of this paper according to
the following sections: in Section 2, the statement of
the problem is described for second-order dynami-
cal systems, which encompasses mechanical systems
of 1 degree of freedom that may include the actuator
dynamics within. In Section 3, the general structure
of the controller is proposed. The stability proof of
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the closed-loop system using Lyapunov tools [21,22]
is presented in Section 4. In Section 5, adaptive esti-
mator designs are presented to recover plant parame-
ters and constant external perturbations which are fully
unknown, and its stability proofs guarantee bounded-
ness of the solutions. In Section 6, an alternative is pre-
sented that can be applied when the closed-loop system
is affected by time-variant perturbations. This approach
is based on a discontinuous observer where the high-
frequency component can be filtered after reaching the
nominal stage by a Butterworth filter (presented in
Section 6.1) to recover the time-variant perturbations.
In Section 7, numerical simulations and experiments
are performed using the proposed control structure
for time-variant perturbations in a pendulum with DC
motor and in a mass-spring-damper system. Section 8
includes a conclusion and future work.

2. Problem statement

The problem addressed in the paper is the tracking con-
trol of a class of mechanical systems, through the design
and implementation of a continuous robust control
without using velocity measurements.

The following state-space equations govern the
dynamics of the class of mechanical systems considered
in this paper:

.561 = X2,
}.CZ =f(x1) — ax) — bxz +g(X1)u + w, (1)
y=x

although this type of system has been addressed pre-
viously [23-26], several dynamic systems fit into this
structure (3) such as mechanical, thermal, electronic,
electrical, hydraulic, pneumatic systems among others.
The states are x; and x, € IR, the functions f(x;) and
g(x1) are nonlinear, g(x;) is also an invertible function,
the parameters g, and b € IR are positive constants that
are considered totally unknown, w € R describes the
effect of external unmeasurable perturbations, y stands
for the output of the system.

The proposed control structure for this type of sys-
tems is

u=gx) 't —fx), 2)

where 7 is the proposed algorithm, the rest of the terms
are well known and we use them for compensation.
Substituting (2) into (1), the closed-loop system stands
as follows:

X1 = x2,
Xp) = —ax; —bxy +1+w, (3)
y = X1.
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3. Control design

The controller is based on a proportional control plus
compensation terms which are got using an uncertainty
and disturbance estimator. We consider that most of the
plant parameters are unknown, as well as external per-
turbations. For system (3), the following control design
is proposed:

T = —kpel + axd + l;kd + Xg — w, (4)

where u is the proposed algorithm, k, > 0 € Risa gain
parameter, the desired trajectory x, is at least C* and the
error stands as e; = x; — x4. The parameters 4, b are
estimations of the plant parameters, # is the estimation
of the external perturbation. We can note that this con-
trol algorithm (4) does not need x; measurements or
estimation to solve the trajectory tracking problem, as
it is going to be proven in the stability section. Substi-
tuting (4) in (3) and rewriting the remaining system in
function of the errors:

er = ey,

(5)

ey = —(kp + a)ey — bey — axg — Z)jcd +w,

where e; = x1 — x4 and e; = x, — X4, where x4 is the
desired trajectory assumed to be twice differentiable.
The estimation errors are givenby d = a — a,b = b —
band = w — .

Note that closed-loop system (5) has only one equi-
librium point (when the estimation errors 4, Z), W are

zero) given by

. f—dxqg—big+ W
(elan) - ( kp+a ’0)) (6)

otherwise, it becomes an equilibria set.

4. Stability proof

Theorem 4.1: Consider the perturbed system (1) under
the control law (2) and (4), then the error dynamics e;
and e of the closed-loop system (5) converge to the equi-
libria asymptotically while the estimation errors @, b and
w remain bounded.

Proof: For this purpose, let us propose the following
Lyapunov candidate function:

V(t, e, e, a, B, w)

T
€1

IS T IR

ky+a € 0 0 0 el
e 1 0 0 0 ||e
x| 0 0 y' 0o 0 al>o0
0 0 0 p' o b
0 0 0 0 y'flw
7)

which it is a positive definite function by keeping k, +
a > e? with € > 0, )/1_1 > 0, )/2_1 > 0 and )/3_1 > 0.
Based strictly on design purposes, let us propose

a=yixs(ez + €ey)
b= yrx4(er + €e1) (8)
ﬁ/ = —y3(ex + €ey).

The derivative of (7) along the trajectories of (5) and (8)
is given by

V(t,el,ez,&,?),ﬁ/)
e B (kp+a)e be/2 0 0 O
e be /2 b—e¢ 0 0 0
=—1|a 0 0 0 0 O
b 0 0 0 00
% 0 0 0 0 O
€1
€
x|lal|l<o 9
b
w

note that V() isa negative semi-definite function while
(kp + a)e(b —€) > 0.25(be)?. We can conclude the
following by fulfilling the conditions imposed by (7)
and (9), the lim;_, oo e; = 0 and lim;_, 5o ¢; = 0, mean-
while the states a, b and # remain bounded. Thus the
closed-loop stability proof is completed. |

5. Adaptive estimator design

This section should design an adaptive algorithm to
estimate the plant parameters a and b, as well as the
external perturbation w, to achieve it let us assume g, b
and w are constants, therefore the following expressions
are valid:

Q>
I
|
I
Q

(10)

SO
I
|
I
S

>

gleglagla
o,
~
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Figure 1. The proposed control structure considers completely unknown plant parameters and a constant external perturbation,

also unknown.

Given that we do not have access to x; measurements,
let us take (8) and integrate them by parts,

QN

t t
= y1x4€1 —ylf ela'cddt—i—eyl/ e1xg dt
0 0
t

. t
b = yyx4e1 — )/2/ e xg dt + 6)/2/ e1xg dt
0 0

t
W= —y3e; — )/36/ e dt.
0

(11)
Considering (10) and (11), we can get the adaptive
estimators for the plant parameters and external per-
turbation

t
a=-y <xd€1 +/ (ee1xq — e1xq) df)
0

t
=-p (Xdﬁ +/ (ee1xq — e1xq) dt)
0

t
w=yse; + y3e/ ey dt.
0

[w bl

(12)

The stability proof of (12) was presented in the previous
section.

Figure 1 shows the proposed control structure to
solve the tracking problem in a class of mechanical sys-
tems without velocity measurement, considering full
estimation of plant parameters and estimation of a con-
stant external perturbation.

6. Estimation of time-variant perturbations

This section explains how to estimate w when it is vari-
able through time. It is assumed that w is bounded by an
upper bound, so it satisfies sup, |w| < N. The estima-
tion includes uncertainties, disturbances and non-well
modelled parameters. This estimation is made indi-
rectly using a discontinuous velocity observer for the
system (3), although the velocity estimation given by
the observer is not used implicitly in the controller
design (4) its discontinuous term is used to get the esti-
mation of w. The following observer design is based on

the previous works of [27,28]. The proposed discontin-
uous observer has the form

;61 =X+ kim
. . (13)
Xp)=—ax; —bxo +u-+k sign(n1) + k3,

the variables n; = x; — X1 and 17, = x, — X, stand for
the errors; likewise, the gain parameters are kj, k» and
k3 > 0 € IR. Now let us rewrite (13) in terms of the
observed errors

no=mn—kim
. . . (14)
My = —am — bny + w — ky sign(ny) — kan.

The main concern of the present discontinuous
observer is the stability analysis of (14). Strictly for
stability purposes, we are going to make a change of
variables z; = n; and zp = 9y — kg1, the dynamics
of the system (14) according to the new state-space
representation stand as follows:

21222

Zy = —(a+l§k1 + k3)z1 — (I;‘f’kl)ZZ (15)

— ky sign(z1) + w.

Note that, if we can prove z; = 0 and z; = 0 as time
goes to infinity, then indirectly #; and »n, will also tend
to zero as time increases. The stability proof of (15)
is given in [29], where one condition to satisfy is the
fulfilment of k, > N Vt.

6.1. Filter

According to [30], the equivalent output injection or
equivalent control ue, coincides with the slow compo-
nent of the discontinuous term in (13) when the state is
on the discontinuity surface (this is 7; = 0). The equiv-
alent control provides information about unmeasured
dynamics such as uncertainties, disturbances and non-
well modelled parameters those contained in w. By this
way, throughout using a low-pass filter the equivalent
control can be recovered, keeping in mind an adequate
cut-off frequency selection, for further details [31,32].
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Figure 2. The proposed control structure considers completely unknown plant parameters and time-variant external perturbations

which are not completely known.

Given this background, any topology of low-pass filters,
such as Bessel, Butterworth, Chebyshev, elliptic and so
on, can be implemented; in this case, we are going to use
a second-order (although the order may vary) low-pass
Butterworth filter to estimate (online) the equivalent
control ueq as follows:

dwl_ "
de [w] [ —wkb — V2wew + wlka sign(m) ]’
(16)

where w, is the cut-off frequency of the filter. Here, the
filter input is the discontinuous term of the observer,
ky sign(y — ) = k; sign(x; — X1). By denoting the out-
put of the filter as ys(t) = w € R, and choosing a cut-
off frequency w, that minimizes the phase-delay, it is
possible to assume

lim yr =w=w, (17)

t— 00

where W is the estimation of the perturbation, and the
supremum of the estimation error sup, |w — w| < M
for M < N.

Figure 2 shows the proposed control structure to
solve the tracking problem in a class of mechanical sys-
tems without velocity measurement, considering full
estimation of plant parameters and estimation of time-
variant external perturbations.

7. Numerical simulations
7.1. Pendulum with DC motor

Another system that fits in the class of mechanical sys-
tems addressed by this paper is the pendulum, which
includes a DC motor as an actuator. The dynamic
model of the DC motor can be represented by a second-
order linear differential equation, which relates the volt-
age input v applied to the motor armature, to the out-
put torque 7 delivered by the motor. An sketch of DC
motor with negligible armature inductance is shown in
Figure 3, where the pendular device is in red colour.
A simplified linear dynamic model of the DC motor

Figure 3. Pendular device with a DC motor.

(without the pendulum) is given by

KKy T K,
0+ = =—"U,
a r TR,

JmXa + finxa + (18)

where

e J,,: rotor inertia [kg-mz],

o fu: rotor friction coeflicient with respect to its hinges

[N-m],

K,: motor-torque constant [N-m/A],

Kp: back emf [V-s/rad],

R,: armature resistance [2],

7: net applied torque after the set of gears at the load

axis [N-m],

r: gear reduction ratio (in general r > 1),

e v:armature voltage [V],

e x;:angular position of the load axis [rad] (in this case
the load is a pendulum),

e x;: angular velocity of the load axis [rad/s].

Therefore, (18) describes the motion of the DC
motor coupled mechanically through a set of gears,
where the input is the voltage v applied to the armature
of the motor, and the output is the torque t applied to
the load.

The equation of motion of a pendular arm under
the action of gravity (see Figure 3, pendular arm in red
colour) is given by

[J + mPli + fixa + [mply + mllgsin(x) = 7,
(19)
where



lp: distance from the rotating axis to the arm center
of mass (without load);

m: load mass at the tip of the arm (assumed to be
punctual);

I: distance from the rotating axis to the load m;

g: gravity acceleration;

7: applied torque at the rotating axis;

f1: friction coefficient of the arm and its load.

Equation (19) may also be written in the compact form
Juxa + fixa + kpsin(x) = 1, (20)
where
Jo=]+mP
ki = [myly + milg.

Hence, the complete dynamic model of the pendu-
lar device may be obtained by substituting 7 from the
model of the DC motor (18) into the dynamics of the
pendular arm (20),

KKy
R,

k
[Im+ %] X + [fm+]:—§ + }xz+ r—isin(xo

= &(v + w). (21)
TR,
To carry out the closed-loop simulation, we have taken
the initial conditions, plant parameters and controller
gains as shown in Table 1.

The numerical simulation results of the pendular
system (21) under the control law (4), using the param-
eter estimator (12), and disturbance estimator (16) were
performed using Matlab code.

Table 1. Simulation parameters.

Notation Value Units
Plant parameters
x1(0) -0.1 rad
x2(0) 0.1 rad/s
Xq(t) 0.1sin(t) rad
J 0.5 kg-m?
mp 0.1 kg
Iy 0.1 m
m 0.2 kg
/ 0.3 m
g 9.81 m/s?
fi 5 N-m-s
Im 0.9999 kg m?
Kq 500 N-m/A
Ra 5 Q
Ky 3 V-s/rad
fm 3 N-m
r 100 -
w 0.1sin(2t) '
Controller gain
ko 300 1/ms?
Perturbation estimator gains
» 15,000 kg-m?
€ 3 57!
We 100 rad/s
ky 2 s
ky 0.5 rad-s—2
k3 2 572
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Now let us make a performance comparison of the
controllers. We will use a first-order sliding mode con-
troller [4] and a PD control plus compensation terms,
named PD+ in [33]. As output just x; is measured, to
estimate x; the observer presented in (13) has been con-
sidered (keep in mind that the controller proposed in
this work does not need access to x;). The external per-
turbation w(t) and the parameter [f,, + J;—ﬁ + Kﬁ—fb] are
unknown, making it more difficult to achieve the zero
error in the trajectory tracking.

The sliding mode control algorithm tested is as

follows:
rRa kL . ]L
y = E |:r_2 sin(x;) + (]m + r_2>
x (Xd —e; — B sign(s))} (22)

using 8 = 50 572, and the sliding surface s = e; + e,
with e; = x; — x4 and e; = X, — x4, where X, is the
output of the observer (13).

The PD+ algorithm considered is as follows:

v= Re |:k—L sin(x1) + (]m + %)

K, | r?

X (xd — kpel — kdez):| ) (23)

where k, = 250 (1/ms?) and k; = 10 (1/ms?); the vari-
able X, is as well taken from the observer.

The performance index of each controller is going to
be got using the £, norm defined as

T
S5(er) = \/ % f lex(1)]1? dt, (24)
0

where T represents the simulation time. The best con-
troller performance index corresponds to the smaller
£5(e1) norm. A high-performance index represents
poor controller performance.

In Figure 4, the tracking reference (black dashed
line) and the trajectory tracking of the three controllers
can be viewed. Figure 5 shows the derivative of the
tracking reference (black dashed line) and the veloc-
ity. In Figure 6, the phase portraits are presented, where
using the proposed controller we can appreciate a slope
because of the effect caused by the transient stage of
the parameter and disturbance estimators in the closed-
loop system. We presented the position and velocity
errors in Figures 7 and 8, correspondingly. The con-
tinuous control signal of the proposed control given
in volts units appears in Figure 9, which includes the
estimation of a group of parameters and perturbations
within it. Figure 10 considers the estimation of a group
of plant parameters. In Figure 11, we can observe that
after 4 seconds, almost the discontinuity surface of the
observer is reached, and the estimated perturbation w
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Figure 4. Trajectory tracking of x4 (black dashed line)
(simulation).
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Figure 5. Derivative of trajectory tracking of x4 (black dashed
line) (simulation).
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Figure 6. Phase portrait e vs e; (simulation).

can be recovered after completing the Butterworth fil-
ter. Figure 12 shows the energy signal when applied dif-
ferent controllers to the closed-loop system. Figure 13
shows the comparative results using the £,(e;) index,
where the proposed controller renders good agreement
compared with other controllers.

position error e; [rad]

time [s]

Figure 7. Tracking error e; = x1 — x4 (simulation).

o
3

o

position error ey [rad/s|
o
° &

-0.05

time [s]

Figure 8. Velocity error e; = x; — X4 (simulation).

60

40 -

control signal [v]
o

-20

-40

time s

Figure 9. Control signal (simulation).

8. Experiments
8.1. Mass-spring-damper system

The proposed control structure (4), (12), (13), and fil-
ter (16) is tested through experiments in a mass-spring-
damper system from ECP (educational control prod-
ucts) model 210: rectilinear plant, as shown in Figure 14
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Figure 10. Estimation of damping coefficient b (simulation).
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Figure 11. Estimated perturbation w (simulation).
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Figure 12. Energy signal [ |v|? dt (simulation).

and depicted in Figure 15, whose equations are given by

.9.61 = X2,
. kb kau oW (25)
Xp=——X1— —X+—+—,
m m m m
where m € R is the mass, k € R is the spring stiff-
ness, b € R stands for the damping coefficient, k, is
the motor force constant and w € R represents the
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Ly (61)
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Figure 13. Performance index £;(e1) (simulation).
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Figure 14. Mass-spring-damper system comprises model 210:
rectilinear plant from educational control products (ECP) and
data acquisition board MicroLabBox from dSPACE.
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Figure 15. Outline of the mass-spring-damper system.

effect of the uncertainties and external unmeasurable
disturbances.

The initial conditions, plant parameters and con-
troller gains used are given in Table 2.

The experimental results were performed using Mat-
lab. In Figure 16, the tracking reference (black dashed
line) and the trajectory tracking can be seen. It can be
appreciated the position error in Figure 17. The contin-
uous control signal appears in Figure 18, which includes
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Table 2. Experimental parameters.

Notation Value Units
Plant parameters
x1(0) 0.001 m
Xx2(0) 0 m/s
Xq(t) 0.01sin(t) m
m 1 kg
b 1" kg/s
k 205 kg/s?
ka 1.75 N/v
w 0.2sin(2t) N
Controller gain
kp 400 kg/s?
Perturbation estimator gains
" 1550 kg/(m?.s%)
¥ 700 kg/m?
€ 10 s
W 3 rad/s
ky 900 s
ky 0.5 m-s~2
ks 100,000 52
0.015 —
position X

= = =desired trajectory x #

0.01

0.005

x, Im]

-0.005

-0.01

time [s]

Figure 16. Trajectory tracking of x4 (black dashed line) (exper-
iment).

x103

position error e, [m]

time [s]

Figure 17. Tracking error ey = x1 — x4 (experiment).

the estimation of parameters and perturbations within
it. Figures 19 and 20 illustrate the estimation of plant
parameters. Figure 21 shows the disturbance estima-
tion.

control signal u [N]

time [s]

Figure 18. Control signal (experiment).

250 T
—— estimated spring stiffness &
= = =spring stiffness k&

estimated spring stiffness [kg/sz]
n
o
o

150 : :

time [s]

Figure 19. Estimation of spring stiffness k (experiment).

20

estimated damping coefficient b
= = =damping coefficient b

estimated damping coefficient [kg/s]
o

time [s]

Figure 20. Estimation of damping coefficient b (experiment).

9. Conclusion

According to the results presented in this paper, we can
assure that velocity measurements are not needed to
achieve the tracking control aim in a certain class of
mechanical systems; even sometimes, it is unnecessary
to design and apply an observer or a filter to estimate
the velocity; it is enough to just have position mea-
surements available for feedback to achieve the control
objective.



0.25 [ —— estimated perturbation
= = =perturbation w

estimated perturbation [N]

time [s]

Figure 21. Estimated perturbation w (experiment).

The adaptive estimators proposed in this paper can
estimate the parameter of the plant separately, using
only position measurements as feedback to achieve the
task. Therefore, most of the plant parameters are not
required to be previously identified to apply the con-
troller.

In the scenario when external perturbations are
affecting the plant, two proposals emerge: the first one is
the design of an adaptive estimator created to estimate
constant external perturbations. The second proposal is
the design of a discontinuous observer, where the time-
variant external perturbation can be estimated by filter-
ing the high-frequency component of the observer by
a low-pass filter, we chose a second-order Butterworth
filter to accomplish the task.

There are offered stability proofs using Lyapunov
tools for the two control structures proposed. To high-
light the theoretical results, there were carried out
closed-loop simulations and experiments in a pendu-
lum with a DC motor and in a mass-spring-damper
system, respectively.

To the best of our knowledge, the problem solved in
this work has not been addressed formerly in the litera-
ture, thus some future research efforts will be conducted
to enhance the results presented here.
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