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Abstract: The work proposed a novel model to accurately trace the pollution sources of water pollution incidents based on moth-flame optimization and Metropolis-Hastings 
sampling algorithms. The model first utilized moth-flame optimization to estimate the parameters of the pollutant migration-diffusion model by minimizing the error between 
monitored and predicted concentration. It then traced the optimal pollution source location, discharge volume, and time using the M-H sampling algorithm. Simulation 
experiments demonstrated the model achieved significantly lower errors in tracing pollution source information compared to a previous method, with relative errors within 
1.33%. The new model provides an accurate and efficient approach to tracing water pollution incidents and overcomes the limitations of previous methods. It exhibits 
substantial potential in identifying pollution sources within real-world aquatic environments as well as facilitating prompt responses to mitigate environmental and health 
impacts. 
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1 INTRODUCTION 
 

Water pollution incidents devastate the aquatic 
ecological environment and lead to significant losses and 
even social upheaval; thus, emergency treatment for water 
pollution [1-7] has become imperative. The promulgation 
of the Action Plan for the Prevention and Control of Water 
Pollution (the Water Ten Articles) has put forward higher 
requirements for the rapid handling of such incidents. 
Determining the pollution-source location and the 
discharge amount and time of pollutant immediately is the 
key to prompt the response to the water pollution incident. 
Quickly identifying pollution-source information is 
significant in minimizing the impact of water pollution 
incidents. 

Research on water pollution incidents focuses on 
spatio temporal dynamic changes in water quality [8, 9], 
pollution causes [10], pollutant sources [11-13], and the 
traceability of water pollution sources [14-19]. Accidental 
pollutants will convene and spread in the river as water 
pollution incidents happen. Therefore, it will change the 
water quality of the downstream river section from the 
location of the pollution source. Revealing the origins of 
water pollution incidents involves discerning the source 
and magnitude of pollutants in watersheds based on 
monitored water-quality data.This problem is also known 
as water pollution traceability [20].  

Current research on water pollution traceability is 
generally divided into two categories: the mechanism-
based pollution-source traceability method and the non-
mechanism-based pollution-source traceability method. 
The former depends on the diffusion model of river 
pollutants and uses the direct method [21], optimization 
method [22-24], and probabilistic statistical method [25, 
26]. The method can solve issues such as pollution- -source 
location and pollutant discharge, but it is usually limited by 
the scope of monitoring. The standard genetic algorithm 
and mathematical analysis are used to construct the 
inversion model of pollution-source information [22]. The 
optimal value of pollution source information is searched 
using an improved genetic algorithm after roughly 
estimating the emission location and emission time of the 
pollution source [23]. The homology algorithm and genetic 
algorithm are combined for the inversion of pollution 

source information [24]. All these three methods use the 
parameters of the migration-diffusion model that are not 
rate-determined, which leads to a certain bias in the final 
traceability results. The backward-localization probability-
density function is used to identify the discharge location 
of pollution sources in surface water [25]. However, the 
method is easily affected by the irregularity of the river, the 
diffusion coefficient of pollutants, and the velocity of water 
flow. The transverse water-flow velocity and transverse-
diffusion coefficient are the sensitive parameters of the 
pollutant-migration diffusion model, showing certain 
uncertainties [26]. A pollution-source information-
identification framework considering parameter 
uncertainty is proposed combining Bayesian reasoning and 
Markov chain Monte Carlo method. However, the 
computational-time complexity of the model increases 
exponentially as the number of unknown parameters 
increases in the posterior probability density function for 
identifying pollution sources. The non-mechanism-based 
pollution-source traceability method no longer considers 
the diffusion model of pollutants but seeks pollution 
sources from its links with related objects. The cross-
correlation analysis method is used to draw a chart of cross-
correlation water quality indices [27]. Association rules 
(Apriori) are used to track pollutants in common industries 
in the research area to assess the complex relationship 
between pollutant point sources and water quality 
monitoring data. On this basis, a comprehensive short- and 
long-term memory network (LSTM) is used to construct an 
identification model of industrial point sources of 
pollutants. The knowledge map construction technology is 
used to integrate the knowledge content and structure in 
water pollution [28]. A knowledge map of water-pollution 
traceability is constructed for traceability research on water 
pollution incidents in inland rivers. The accuracy of the 
pollution-source traceability results of these two methods 
depends entirely on the level of detail and accuracy of the 
relationship network between pollutant entities. Moreover, 
the workload is large at the early stage and realization 
poses a greater challenge. Although current research on 
tracing water pollution incidents has its characteristics, the 
limitations of each method have resulted in unsatisfactory 
traceability effects. Therefore, further research is needed to 
improve traceability methods for water pollution. 
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The mechanism-based pollution-source tracking 
method relies on the pollutant migration diffusion model. 
It infers the source of pollution according to measured 
pollutant values at each monitoring point. The traceability 
of pollution source information is solved as the “inverse 
problem” of the water pollution migration-diffusion model. 
Therefore, the accuracy of predicting pollution-source 
information depends on the precision of the pollutant 
migration-diffusion model and the "inverse problem" 
modeling method for water pollution. The accuracy of the 
pollutant migration and diffusion model depends on the 
accuracy of the parameters. Only if the model parameters 
are consistent with the hydrological environment at the 
time can the accuracy of the calculation results of the 
pollutant migration and diffusion model be guaranteed. 
The calibration of model parameters aims to enhance the 
accuracy of these parameters. The parameter calibration 
method is currently the most commonly used optimization 
algorithm. Compared with other algorithms, the moth 
flame optimization algorithm has strong parallel 
optimization ability, excellent global performance, and a 
propensity to avoid local extremes. Based on this 
algorithm, the parameter calibration can be improved. 
Besides, the "inverse problem" modeling process of the 
water pollution migration and diffusion model is easily 
affected by uncertain factors such as water quality 
monitoring data, model parameters, and water pollution 
event information [29]. Bayesian estimation can deal with 
the uncertainty well. Therefore, the modeling method 
based on Bayesian estimation can improve the inversion 
accuracy of water-pollution-source parameters. A water 
pollution traceability model is proposed for water pollution 
incidents of point sources emitted instantaneously. This 
model is based on a moth-flame optimization algorithm 
and M-H (Metropolis-Hastings) sampling method to trace 
the source information of water pollution more precisely. 
Fig. 1 shows the technical roadmap of the SI-RSWP model. 

 

 
Figure 1 Technical roadmap of the SI-RSWP model 

 
The work mainly includes the following three contents 

according to the technical roadmap of the SI-RSWP model. 
(1) A parameter calibration method was proposed for 

the pollutant migration-diffusion model parameters based 
on moth-flame optimization algorithm. The parameters of 
the pollutant migration-diffusion model were refined 
through optimization to closely align with the actual 

hydrological conditions of the river. The accuracy of the 
model was improved. 

(2) The traceability of river water pollution was 
transformed into a Bayesian estimation problem to 
construct the likelihood function. The pollutant discharge, 
pollution-source location, and sewage discharge time were 
sampled and tested according to the M-H algorithm in the 
Markov Monte Carlo method. The optimal estimated 
values of each parameter were finally determined. 

(3) An experiment was designed to track the point-
source pollution source discharged instantaneously on 
shore. The proposed inversion model and the algorithm 
setting model parameter calibration were validated by 
comparing experimental results with actual values. The 
traceability effects of related methods were also analyzed. 

 
2 PARAMETER CALIBRATION OF THE POLLUTANT 

MIGRATION-DIFFUSION MODEL BASED ON THE 
MOTH-FLAME OPTIMIZATION ALGORITHM 

 
The performance of the pollutant migration-diffusion 

model heavily depends on its parameters, such as the flow 
rate and the river diffusion coefficient. The hydrological 
data of the rivers in practice change with the season and 
weather, but they cannot be measured as frequently as the 
water-quality monitoring. If the used model parameters do 
not match the hydrological environment at the time, the 
inversion result will deviate greatly from the real result. 
Therefore, the parameter calibration of the model reduces 
the actual survey work and enhances the generalization and 
precision of the pollutant migration-diffusion model. The 
rate is generally determined by an optimization algorithm. 
The moth-flame optimization algorithm was used to 
optimize the parameters of the pollutant migration-
diffusion model in the experiment. 

 
2.1 Moth-Flame Optimization Algorithm 
 

The moth-flame optimization algorithm (MFO) is a 
new type of population-based intelligent optimization 
algorithm [30]. It simulates the flight-positioning 
mechanism of moths that fly in a spiral around the flame 
and eventually converge on the flame. The moth is a 
candidate solution to the optimization problem in the MFO 
algorithm. The variable is the spatial position of the moth, 
and the moth's spatial position and corresponding fitness 
values are stored in Eqs. (1) and (2). 
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where n represents the population size; d represents the 
dimension of the optimization problem. 

Since each moth updates its position based on only one 
flame, Eq. (3) shows that the flame-position matrix is akin 
to the moth matrix; the flame fitness value is stored in the 
matrix in Eq. (4). 
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The moth is the actual search subject in the MFO 

algorithm, and it moves in the search space. The flame is 
the optimal position obtained by the moth until the current 
iteration. The individual moth iteratively updates its 
position around the flame until the optimal solution is 
found. The mathematical description is divided into a 
flame-catching behavior and a flame abandonment 
behavior. 

(1) Flame-catching behavior. Moths with phototaxis 
Mi will move towards the nearest bright light (flame) Fj in 
nature. The logarithmic spiral in Eq. (5) is the movement 
trajectory of the moth catching flame. 
 

 ,i i jM S M F                                                              (5) 

 
where Mi is the position of the ith moth; Fj is the position of 
the jth flame; S is the spiral function. Eq. (6) shows the 
expression. 
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where Di = |Fi − Mj| represents the distance between the ith 
moth Mi and the jth flame Fj; b is the spiral shape constant; 
t is a random number between [−1, 1]. t = −1 means the 
closest to the flame; t = 1 means the farthest from the flame. 

(2) Flame abandonment behavior. The flames are 
sorted according to the fitness value after the flame list is 
updated, and then the moths update their position relative 
to the corresponding flame. That is, the first moth updates 
its position relative to the optimal flame, and the last moths 
use the worst flame to update their position. This can avoid 
the moths moving towards only one flame and causing the 
algorithm to fall into local optimality. 

Eq. (7) is used to adaptively reduce the number of 
flames during the iteration process. It balances global 
exploration and local exploitation and ensures the 
convergence speed of the algorithm. 
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where t represents the current number of iterations; N 
represents the maximum number of flames; T represents 
the maximum number of iterations; { } represents 
rounding. 

The fitness value is calculated in the MFO algorithm 
according to the objective function of the optimization 
problem. Eq. (8) shows that the objective function is 
generally expressed as a function related to the parameters 
to be optimized. 
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where (X1, X2, ..., Xd) represents the parameters to be 
optimized. 

The steps of the MFO algorithm are as follows: 
(1) Initialize the algorithm parameters: the number of 

moths (n), the dimension (d), and the maximum number of 
iterations (T). Randomly initialize the population. 

(2) Calculate the fitness value of the moths in the 
population according to Eq. (8), and sort them in ascending 
order by the fitness value. 

(3) Use Eq. (7) to update the number of flames. 
(4) Use Eq. (6) to update the position of the moths. 
(5) If the given number of iterations is desired, the 

algorithm ends and the optimal solution is obtained; 
otherwise, return to step (2). 

 
2.2 Pollutant Migration-Diffusion Model 

 
The diffusion of pollutants in rivers is a complex 3D 

model problem. However, the gradient of pollutant 
concentration is negligible in vertical and horizontal 
directions if the river's length exceeds its depth and width. 
The complex 3D diffusion problem can be simplified to a 
1D migration-diffusion problem in an unbounded space of 
an instantaneous point source in this case. The river in the 
experiment has an elongated shape, so a 1D migration-
diffusion model is used as the pollutant migration-diffusion 
model. Eq. (9) shows the 1D migration-diffusion model. 
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where u represents the flow rate; D represents the diffusion 
coefficient of the river; K represents the attenuation 
coefficient of pollutants; Ci, in the boundary conditions, 
represents the concentration of (xi, yi) at each entrance and 
exit of the river. 

The analytical solution of the 1D migration-diffusion 
model was used to predict the pollutant concentration at 
each point in the experiment. Eq. (10) shows the analytical 
solution of the 1D migration-diffusion model for the 
pollution emitted instantaneously in point sources. 
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where c(x, t) represents the pollutant concentration of the 
river at the time t and the section x; M represents the total 
pollutant mass of the pollution source; D represents the 
diffusion coefficient of the river; u represents the water 
flow speed. 

 
2.3 Parameter-Calibration Algorithm of the Pollutant 

Migration-Diffusion Model Based on MFO 
 
The fitness value is calculated based on the objective 

function, according to the principle of the MFO algorithm. 
The MFO's objective function is determined according to 
the pollutant prediction requirements while the MFO is 
used to rate the parameters of the pollutant migration-
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diffusion model. Then the MFO algorithm is used to 
optimize the value of the model parameters. 

The model parameters are optimized to minimize the 
difference between predicted and observed monitoring 
data by finding an optimal set of parameters from a given 
space. Therefore, Eq. (11) shows that the sum of the two 
error squares can be used to construct the objective 
function. 
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where f(y, y*, θ) is the objective function; y is the 
theoretically calculated value of the pollutant 
concentration by Eq. (10); y* is the concentration 
observation value; θ is the parameters to be determined; n 
is the number of the parameters to be determined; m is the 
number of the observed values. 

A model parameters optimization algorithm is 
proposed based on MFO pollutant migration-diffusion 
model parameters (MPO-MFO) and the principle of the 
moth-flame optimization algorithm and the pollutant 
migration-diffusion. The algorithm steps are as follows. 

(1) Determine the parameters to be determined by the 
rate according to the 1D migration-diffusion model. 

(2) Obtain the pollutant concentration data of the 
monitoring section and process the data preliminarily. Set 
the upper and lower limit values of the model parameters 
based on the measured data and prior knowledge, and then 
initialize the parameters to be determined. 

(3) Use Eq. (11) as the objective function of the moth-
flame optimization algorithm. The 1D migration-diffusion 
model parameters are optimized within the range of values 
to obtain the optimal values of each parameter. 

 
3 TRACEABILITY OF RIVER WATER POLLUTION 

INCIDENTS 
 
The traceability of pollution-source information in 

river water pollution incidents is the "inverse problem" of 
the water-pollution migration-diffusion model. The 
"inverse problem" is not qualitative for the uncertainty of 
the river system [31]. Bayesian estimation deals with 
uncertainties in the "inverse problem" by expressing all 
uncertainties as probability distributions based on 
probability theory. Therefore, the experiment transforms 
the problem of traceability of river water pollution into a 
Bayesian estimation problem. The likelihood function is 
constructed by the prior pollution-source information and 
the pollutant-monitored data based on the pollutant 
migration-diffusion model with determined parameter 
rates. Then the posterior probability density function of the 
unknown pollutants is derived, and the relevant pollution-
source information is obtained by sampling method. 

 
3.1 Posterior Probability Density Function of the Pollution-

Source Parameters  
 
The upper and lower limits of the parameters can be 

obtained through the prior information in a river water 
pollution event, although the parameters' distribution type 
is unknown. Therefore, the uniform distribution on the 

upper and lower limit interval can be used to represent the 
distribution of unknown parameters. The work studied 
pollutant emissions, pollution-source location, and 
pollutant discharge time. It is defined as X(M, x0, t0). Eqs. 
(12) to (14) show the probability density functions 
corresponding to the prior distribution of the three 
unknown parameters, according to the prior knowledge. 
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An observation error is superimposed on the 

concentration measurement data to meet the actual 
situation. It is assumed that the observation error obeys a 
normal distribution with a standard deviation of σ, and each 
measurement point is independent of the other. Eq. (15) 
shows the likelihood function of the pollutant traceability 
problem. 

 

 

 
2

2
1 1

|

[ ( , , | )]1
| exp

2π 2

N N
i i

i
i i

P Y X

Y C M x t X
P Y X

  



 
  

  
 

 (15) 

 
where Yi represents pollutant concentration data measured 
at the ith measurement point; Ci represents the theoretical 
value of the forward simulation by utilizing the pollutant 
migration-diffusion model for the ith measurement point; N 
represents the number of observed pollutant concentration 
data. 

Eq. (16) converts the traceability problem into a 
posterior probability density function of river-water-
pollution traceability by the Bayesian formula to solve 
pollution-source unknown parameter X. 
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Eq. (17) represents the posterior probability density 

function, with the number of observed values (N = 20) and 
the hydrological water-quality parameters substituted. 
 

 

 

0 0

24 20

20 2
1

, , |

[ ( , , | )]2.732*10
exp

22π

i i

i

P M x t Y

Y C M x t X









 
 
  
                  (17) 

 



Dongyan JIA et al.: Traceability of River Water Pollution Based on MFO and M-H Algorithms 

710                                        Technical Gazette 31, 3(2024), 706-714 

3.2 Pollution Source-Parameter Inversion Algorithm Based 
on the M-H 
 
The pollution-source parameters are sampled by a 

sampling algorithm based on the density function of 
traceability parameter (X(M, x0, t0)) for river water 
pollution events. The density-function distribution of each 
parameter is obtained, and the optimal estimate of the 
pollution-source parameters is determined according to the 
distribution. The M-H algorithm in the Markov Monte 
Carlo method was selected to sample the pollution-source 
parameters in the work. Its core idea was to construct a 
Markov chain, with target distribution π(x) as the invariant 
distribution. Fig. 2 shows the complete calculation process 
of the inversion algorithm for pollution source parameters 
(IA-PSP). 
 

Start

End

Initialize current state Xt of unknown 
parameter X (M, x0, t0)

Construct proposed function q (x, y) 
conforming to positive distribution 
and produce new state X* of Xt

Calculate acceptance probability a, and 
generate a random number u in uniform 
distribution U [0, 1]

α > u

Yes

No

Xt+1=X*，t=t+1 Xt+1=Xt，t=t+1

Has the specified number of samples reached 
and the Markov chain converged?

No

Output the optimal estimated values of 
each parameter of the pollution source

Yes

 
Figure 2 IA-PSP flow 

 
The IA-PSP consists of seven steps, and the details of 

each step are as follows. 
(1) Initialize the algorithm parameters. Assume that 

the current state of the unknown parameter X is Xt = x, with 
next state X(t + 1) and symmetrical proposal function q(x, y). 

(2) Use the proposal function to generate new state Xt 
from current state X* by walking randomly. 

(3) Calculate the acceptance probability of X*:
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and target 

distribution area π(x) is the posterior probability density 
function of Eq. (16). 

(4) Extract a random number u from the uniform 
distribution U[0, 1] and compare it with the acceptance 
probability α. If α > u, then ( 1) *tX X  ; otherwise, 

( 1)t tX X  . 

(5) Repeat steps (2)-(4) until the Markov chain 
converges or reaches the maximum number of cycles to 
obtain a sample set of the pollution-source parameters. 

(6) The distribution interval with the maximum 
samples is counted based on the sample-set distribution of 
each pollution-source parameter. This is the maximum 
probability interval of each parameter. The maximum 
probability interval of the pollutant quality is denoted as 
MPR_M = [Mmin, Mmax]; the pollutant discharge location is 
denoted as MPR_x0 = [x0min, x0max]; the pollutant discharge 
time is denoted as MPR_t0 = [t0min, t0max]. 

(7) Select the intermediate value of the maximum 
probability interval of each parameter. The pollutant-
quality BE_M, the pollutant discharge-location BE_x0, and 
the pollutant discharge-time BE_t0 are used as the optimal 
estimates of each parameter. Return to Step (1) . 

 
4 WATER POLLUTION TRACEABILITY EXPERIMENT  

 
A river section without tributaries was chosen for the 

simulation experiments to verify the accuracy of the SI-
RSWP when the section allows for the 1D constant flow 
calculations. The algorithm effect was verified by 
comparing the inversion results with the true values. 

An instantaneous point pollution source was 
constructed at x = 0 in the experimental simulation process. 
The monitoring data of two sections, located 2 and 2.5 
KMs away from the pollution source at different times, 
were used to determine the parameters rate and develop a 
pollution-traceability model. Each monitoring section was 
sampled 10 times, with an interval of 6 minutes, and 20 
monitoring data sets were obtained. 

 
4.1 Experimental Data 

 
The known hydrological parameters include river 

diffusion coefficient D and river average flow rate u in the 
experiment. The parameters to be reversed include 
pollutant mass M, pollutant discharge-time t0, and pollutant 
discharge-location x0. Pollutant discharge time represents 
the time difference between when the pollution occurred 
and when abnormal pollutant concentration was first 
observed; the pollutant discharge location represents the 
distance between the pollution source and the first 
observation point. Tab. 1 shows the values of each 
parameter. 

 
Table 1 Hydrological parameter values 

Parameters 
River-diffusion coefficient  

D / km2/h 
Average river-flow rate  

u / km/h 
Pollutant quality  

M / kg 
Pollutant discharge-time t0 / h Pollutant discharge-location x0 / km 

Types Known Known To be reversed To be reversed To be reversed 
Values 2 5 17.88 0.5 2 
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4.2 Parameter Calibration and Result Analysis of the 
Pollutant Migration-Diffusion Model  
 
An upper and lower limit is set on the parameter value 

in the experiment to reduce model-parameter rate-
determination blindness based on the previous cases' initial 
values. Tab. 2 shows the specific value. 

 
Table 2 Initial value setting of the model parameters 

Parameters 
Value lower 

limit 
Value upper 

limit 
River-diffusion coefficient D / 

km2/h 
0.01 8 

River flow rate u / km/h 0.01 15 

 
MPO-MFO, the parameter rate setting algorithm of the 

pollutant migration-diffusion model based on MFO, is 
used in the experiment to set the model parameter rate. The 
relevant parameters of different moth-flame optimization 
algorithms are replaced by running the experimental 
program multiple times. Final algorithm parameters are as 
follows after comparative experiments. Moths' number of 
n = 30, dimension d = 2, and iterations' maximum number 
T = 100. The algorithm performed 100 repeated operations 
under the same experimental conditions to verify the 
reliability of the calculation results. Fig. 3 shows the rate-
setting results of the two parameters to be determined. 
 

 
(a) 

 
(b) 

Figure 3 Parameters calibration results of the pollutant migration-diffusion 
model based on the MFO 

 
Fig. 3 shows that the experimental results are relatively 

stable in 100 experiments, and the parameter calibration 
results are very close to the true value.  

 
Table 3 Comparison of calibration results and true values 

Parameters 
True 

values 
Mean of rate-
setting results 

Absolute error 

River-diffusion 
coefficient D / 

km2/h 
2 2.00000047 0.00000047 

River flow rate u 
/ km/h 

5 4.99999959 0.00000041 

 
Tab. 3 shows the mean and error analysis of the results 

of these 100 experiments. The model parameter results 
calculated by the MPO-MFO algorithm are close to the true 
values. The relative errors of the river diffusion coefficient 
and water flow velocity compared to their respective mean 
values are 0.0000235 and 0.0000082%, respectively, 
which are small and negligible. The introduction of the 

moth-flame optimization algorithm can enhance the 
accuracy of parameter calibrations for the pollutant 
migration-diffusion model based on the MFO. 

 
4.3 Pollution-Source Parameter Inversion and the Result 

Analysis 
 
About 20000 samples were repeatedly sampled in the 

traceability process on the IA-PSP pollution source 
parameter inversion algorithm. Figs. 4 and 5 display the 
iteration curve and probability distribution histogram of 
each pollution-source parameter, respectively. 

 

 
(a) 

 
(b) 

 
(c) 

Figure 4 Inversion iteration curve of each pollution-source parameter 
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The posterior probability-density distribution of each 
parameter is relatively concentrated in the results obtained 
by the IA- PSP pollution-source parameter inversion 
algorithm (Fig. 4).  
 

 
(a) 

 
(b) 

 
(c) 

Figure5 Histogram of the probability distribution of each pollution-source 
parameter 

 
Fig. 5a shows that the maximum probability interval 

of pollutant discharge-quality MPR_M = [17.37493, 
18.21118885], the distribution interval with the largest 
sample size. Internal's intermediate value BE_M = 
17.79306 is taken as the optimal estimate of pollutant 
discharge quality. Fig. 5b indicates that of pollutant 
discharge-location MPR_x0 = [1.944384, 2.05718757], 
with BE_x0 = 2.0007858 as the optimal estimate. Fig. 5c 
presents that of the pollutant discharge-time MPR_t0 = 
[0.48802858, 0.52525398], with BE_t0 = 0.5066413 as the 
optimal estimate. 

The pollution-source parameters from the IA-PSP 
algorithm are the traceability results of the SI-RSWP 
model for this pollution event, according to its technical 
route. Therefore, the water pollution incident is likely to 
occur 0.5066413 hours before the first monitoring at 
2.0007858 km from the initial observation point, with a 
pollutant discharge quality of approximately 17.79306 kg. 
Tab. 4 shows the comparison between the traceability 
results and the incident's true values. 

 
Table 4 Comparison of the traceability results and the true values 

Parameters True values Traceability results Absolute errors Relative errors Average absolute error 
Pollutant emissions D / kg 17.88 17.79306 0.08694 0.486% 

0.0314557 Pollutant discharge-time t0 / h 0.5 0.5066413 0.0066413 1.3283% 
Pollutant discharge-location x0 / km 2 2.0007858 0.0007858 0.0393% 

 
The absolute error and the relative error between the 

parameter values and the true values are significantly 
smaller, and they are obtained by the SI- RSWP traceability 
model (Tab. 4). The inversion result of the pollutant 
discharge location is very accurate; the relative error is 
only 0.0393%. It is highest for the pollutant discharge- 
time, but still acceptable as the difference from the true 
value is less than 5 minutes in the traceability result. 
Besides, the average absolute error obtained by the SI-
RSWP traceability model is 0.0314557. Compared with the 
true pollution-source parameters, the traceability results of 
the SI-RSWP model are more accurate. The moth-flame 
optimization algorithm is introduced to calibrate the 
hydrological parameters of the pollutant migration and 
diffusion model before the SI-RSWP model inverts water-
pollution-source parameters. The consistency of the model 

parameters and the hydrological environment at that time 
is guaranteed, thereby enhancing its generalization 
characteristics. On this basis, the posterior probability 
density function of unknown pollutant parameters is 
constructed combined with the a priori information of the 
pollution source. The M-H sampling algorithm is used to 
obtain the optimal inversion values of each parameter of 
pollution sources. 

To sum up, it is proved that the SI- RSWP traceability 
model is accurate and practical for water-pollution 
incidents. 

 
4.4 Model Comparison 

 
The accuracy of the SI-RSWP model was evaluated by 

comparing it with the water-pollution traceability method. 
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The method was based on the BAS algorithm and proposed 
by Wang et al. [19]. Tab. 5 shows the comparison results. 

 
Table 5 Comparison of the traceability results (absolute error) of the two 

traceability methods 

Parameters 
Absolute errors 

SI-RSWP 
Traceability method based on 

the BAS algorithm 
Pollutant emissions  

D / kg 
0.08694 0.452 

Pollutant discharge-time 
t0 / h 

0.0066413 0.1167 

Pollutant discharge-
location x0 / km 

0.0007858 0.02543 

 
The absolute error in the SI-RSWP model is 

significantly smaller than in the BAS algorithm-based 
method, indicating that the SI-RSWP model is more 
accurate. This is because the SI- RSWP traceability model 
incorporates a moth-flame optimization algorithm to 
accurately determine the parameters of the pollutant 
migration-diffusion model and improve its precision. 
However, the BAS algorithm fails to rate the parameters 
because it is greatly affected by the complexity of the 
pollutant migration-diffusion model. Additionally, the SI-
RSWP traceability model utilizes the M-H sampling 
algorithm to solve pollution-source parameter inversion 
uncertainty through the probability distribution. The 
accuracy of the BAS algorithm is significantly impacted by 
the reduced step size and causes less-precise traceability 
results. 

Compared with the existing research results, the SI-
RSWP traceability model calibrates the parameters of the 
pollutant migration and diffusion model, which improves 
the accuracy of the model. Besides, the inversion model of 
pollution source information constructed based on 
Bayesian estimation can better deal with the uncertainty of 
the inverse problem. Therefore, the SI-RSWP traceability 
model exhibits high accuracy and demonstrates reduced 
susceptibility to uncertainty factors. However, the SI-
RSWP traceability model cannot be applied to all types of 
water pollution. It can perform well for instantaneous 
single-point pollution sources; the traceability effect is not 
ideal for other types of water pollution. This is also the 
direction we will continue to explore in the future. 

 
5 CONCLUSIONS 

 
The work presented a traceability model for river water 

pollution incidents based on moth-flame optimization and 
M-H sampling algorithms. The moth-flame algorithm 
estimated pollution diffusion parameters, while the 
Metropolis-Hastings sampling traced the optimal source 
location, discharge volume, and time. Simulation 
experiments demonstrated the model's ability to rapidly 
and precisely identify pollution sources, overcoming the 
limitations of previous techniques. These results highlight 
the potential of the proposed model to enhance responses 
to water pollution events by identifying responsible 
polluters. Future work should evaluate the model on real-
world monitoring data and a 2D pollutant migration-
diffusion model. Overall, this paper makes valuable 
contributions toward tracing and controlling water 
pollution. In summary, a valuable approach is proposed for 
tracing sudden river pollution incidents, which is 
demonstrated through simulation experiments. 
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