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ABSTRACT. For a fixed T and k > 2, a k-dimensional vector stochastic
differential equation dX¢ = u(Xy,0) dt + v(X¢) dWy, is studied over a time
interval [0, T']. Vector of drift parameters 6 is unknown. The dependence in
0 is in general nonlinear. We prove that the difference between approximate
maximum likelihood estimator of the drift parameter 6,, = gn,T obtained
from discrete observations (X;a, ,0 < ¢ < n) and maximum likelihood
estimator § = éT obtained from continuous observations (X:,0 < ¢t <
T), when A,, = T'/n tends to zero, converges stably in law to the mixed
normal random vector with covariance matrix that depends on § and on
path (X;,0 <t < T). The uniform ellipticity of diffusion matrix S(z) =
v(z)v(z)T emerges as the main assumption on the diffusion coefficient
function.

1. INTRODUCTION

Let X = (X, t > 0) be a multidimensional diffusion with values in an
open and convex state space E C R¥ which satisfies It6 stochastic differential
equation (SDE)

(11) dXt = M(Xt,e) dt + V(Xt) th7 X() = Xy, t 2 0,

where W = (Wi, t > 0) is a k-dimensional Brownian motion and z¢ € F
is a known nonrandom initial state of X. Componentwise, it is a system of
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differential equations of the following form
X} =z +/ i (X, 0) ds + Z/ vij(Xs)dWi, fori=1,2,... k.
0 =170

Ford = 1, let § € © C R be a drift parameter, or a vector of drift parameters
if d > 2. Let us denote by 6 its true value, and P = Py,. Function u(z,0)
is called drift function and S(x) = v(x)v(x)? diffusion matrix. Diffusion
coefficient function v(x) may contain parameters that we consider known.

Let T > 0 be fixed. For afixedn e N, let 0 =1 tg <t; <---<t, =T be
such a subdivision of the time interval [0,7] that for i = 1,...,n, t; = iA,
and A, = T/n. For a given discrete observation (X;,,0 < i < n) of X
over time interval [0,7T], our goal is to estimate the vector of parameters 6
belonging to ©®. We assume that © is an open, relatively compact and con-
vex set in R%. In this paper, we use the Euler approximation of Riemann
and It6 integrals in (1.1) to obtain the set of difference equations whose solu-
tion is an approximation of the diffusion X. A similar estimation technique
has been used in the case of a one-dimensional diffusion ([17,26]). In this
one-dimensional case it has been proved the existence of a sequence of so-
called approximate maximum likelihood estimator (AMLE) which converges
in probability to the maximum likelihood estimator with respect to a continu-
ous observation (MLE) when n goes to infinity [16]. This result was obtained
under smoothness assumptions of log-likelihood functions of the initial process
and the approximation process, and under conditions that these log-likelihood
functions as well as their first and second derivatives were in some sense close.
The same result can also be stated in a multidimensional framework.

In this paper we consider multidimensional diffusion (k > 2). We aim to
prove that the difference between AMLE based on a discrete observation 6,
and MLE based on continuous observations 6 over [0,T] scaled by VA, is
asymptotically mixed normal when A,, tends to zero. The covariance matrix
of the resulting random vector depends on the MLE and the path (X;,¢ €
0,77).

The same result has been proved in [26] for one-dimensional diffusion.
In the multidimensional domain, the idea of the proof is similar, but the
techniques are different. Advanced knowledge of linear algebra simplifies the
notation and analysis. The components of k-dimensional Brownian motion
are independent by definition, which often comes into play in the calculations
in the proofs. There is also a new regularity condition for the diffusion matrix.
It is a so-called uniform ellipticity condition ([3,13,14,22]). This condition
actually means that the noise in the system is non-degenerate in any dimension
and the process is somehow controlled ([10,15]). Most of the main results are
first proved for a compact state space E and then for an open E C R¥.
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There are also other approaches to obtain an approximate maximum like-
lihood estimator in a multidimensional setting ([2,23,32]). In these works, the
initial expression is a log-likelihood function for a discretely observed process
defined by a transition density function. Its maximum is called the maximum
likelihood estimator and is usually not computable in practise. The main task
is to approximate the transition density function using certain expansions. In
the work of Ait-Sahalia [2], a Hermite polynomial expansion is used. This is a
generalized version of the approach used in the one-dimensional case ([1,9]).
In this way, the approximated log-likelihood function is obtained, whose point
of maximum is called an approximate maximum likelihood estimator. Such
an estimator behaves asymptotically in the same way as the maximum likeli-
hood estimator and has good properties with respect to the real value of the
parameters under certain conditions (Theorem 3 in [2]). Similar results are
obtained in [23] and [32] using Taylor-like expansions of the transition density
function. Our approach is slightly different, but it is equivalent to a sim-
ple approximation of the transition density. In fact, in such a way obtained
criterion function can also be interpreted as a simple approximation of the
log-likelihood function based on the continuously observed process. This sim-
plicity makes analysis of local mixed normality of the corresponding AMLE
somehow straightforward and clear. We believe that our approach can also be
applied for analyzing local asymptotic behavior of more complex approximate
maximum likelihood estimators such as those analyzed in e.g. [2,23,32].

Notice that it can be shown that a recurrent ergodic diffusion such that
assumptions (A1-2) and (A4) of Section 4 hold, and that is parameterized in a
way that is regular enough and identifiability holds, also satisfies assumption
(A6) for large enough 7' > 0. A diffusion is regular enough if (A3) and (A5)
are satisfied, and there exists a positive definite Fisher information matrix.
Then it can be shown that MLE is consistent and asymptotically efficient
estimator when T' — 400 (see e.g. [5]). This implies (AG6).

The paper is organized as follows. In the next section we introduce the
notation and give necessary definitions and known auxiliary results. Section
3 describes the estimation method. The assumptions and main theorems are
stated in Section 4. The proofs of the main results are in Section 5, and an
example and simulations are presented in Section 6. The Appendix consists
of proofs of the lemmas.

2. PRELIMINARIES

For two matrices A and B of the same dimension m x n, the Hadamard
product A o B is the matrix of the same dimension, with elements given by
(Ao B),; = Ai;Byj [12]. We denote by (:|-) the scalar product in Euclidean
space R¥ and by |||, the induced norm. We say that the Frobenius norm of
a square matrix A € R¥, || 4], is consistent with the Euclidean norm |z||,
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if |Az|, < [|A|l ||z, Let f: E x © — R¥ be a vector valued function. We
denote by D" f(x, 0) a partial derivative of m-th order of f(x,#) with respect
to the vector of parameters 0, ie.

T

0" h (x,0)

07 - 0%
]T

O™ fr

Dy f(x,0) = Yy o i
) 007t -0

(x7 9)’ ..
where j = [j1,Jo2,..-,74]" and m = j1 + -+ + ja. Vaf(z,0) denotes a k-
dimensional matrix of partial derivatives of f with respect to the space vector
x. If function f is such that f : E — R¥, V£ is the Jacobian matrix of f, and
for every component function f;, V (Vf;) denotes a matrix of second partial
derivative of f;. If function f is such that f : © — R, then Df(#) denotes
a d-dimensional vector of partial derivatives with respect to 6 and D?f(6) a
matrix of second partial derivatives with respect to 6. Briefly, 0; f() denotes
partial derivative 0f(0)/06; for j = 1,...,d. Vector e, is a unit vector that
has one at p-th place and zeros elsewhere.

LEMMA 2.1. For a C?-function F : R¥ — RF and a random process
(Xt)o<t<T that satisfies (1.1), Ité formula on [s1, s2] yields [21]:

F(XSQ) - F(X61)

s1
where Vo F denotes vector [Tr [S()V (VEL())], ..., Te[S()V (VE()]]".
For a scalar function F' the previous lemma has the following form.

LEMMA 2.2. For C?-function F : R¥ — R and random process (Xt)o<i<r
that satisfies (1.1) Ité formula yields:

F(st) - F(Xs1)

- / <<VF(Xu) | (X, 00)) + %Tr [S(Xu)V(VF(X“))]) du

+ / P VR (X)) dW)

In the proofs of this paper we often use It6 isometry [27, Corollary 3.1.7],
but for vector and matrix random processes. For this reason we formulate it
here.

LEMMA 2.3. If M : [0,T] x Q — R**F s a matriz random process and
V :[0,T] x Q — RF is a vector random process, both adapted to the natural
filtration of Brownian motion W, then the following holds.

6) B || st awi][] == [ 1 o]
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i & | (17 v am )| = [ i o).

We also use the generalized version of the mean value theorem given in
the following lemma.

LEMMA 2.4. Let n,m € N. Let U C R"™ be an open set and f: U — R™
be a continuously differentiable function. Let x € U and h € R™ be vectors
such that for all t € [0, 1] the line segment x + th lies inside the set U. It
follows that

1
flx+h)— f(z)= (/ Vf(erth)dt) - h,
0
where the integral of a matriz is taken componentwise.

For fixed T > 0, let (0, Fr, (F)o<i<7,P) be a given filtered probability
space and (Q, Fr, (ﬁ)ogth,ED) be an extension of this space. The extension

is called very good if all martingales on the initial space are also martingales
on the extension [18]. Let D be a Polish space. In this paper D will be
the Skorokhod space D([0,T],R%) or d-dimensional Euclidean space R?. Let
(Zn)nen be a sequence of random vectors with values in D, defined on the
initial space (€, Fr, (F)o<i<t,P), and let Z be a random vector also with
values in D defined on the extension. We say that (Z,), converges stably in

law to Z, Z, 2 7, it
Jim B[V f(Z,)] =E[Y f(2)]

for all bounded continuous functions f : D — R and all bounded random
variable Y on (Q, Fr, (F)o<i<r,P) [19].

We say that an R%valued random vector Y has mized normal distribution
with Fp-measurable random covariance matrix C' = (Cj;) and write ¥ ~
MN(0,C) if

Moreover, if Y ~ MN(0,C), then Y has the same distribution as v/C'Z where
V/C'is a square symmetric root of C' and Z is a standard normal random vector
independent of Fr.

Let us denote by A, = max{j;0 < j <nand t; <t} and F,; = Fy,,i =
0,1,...,n.

For a R%valued process (Yi)1<t<r we say that it is a centered Gauss-
ian process if for every 0 < t; < t < .-+ < t; < T the random vector
(Ye,,.--,Ys,) € R% has dl-dimensional normal distribution, and E[Y;] =
04.t € 0,77, [27).

The decisive role in the future analysis is played by Theorem 3-2 in [18],
which has been adapted in its notation for our paper.



218 M. HUZAK, S. LUBURA STRUNJAK AND A. VLAHEK STROK

THEOREM 2.5. Let W be a k-dimensional Brownian motion on [0,T]
and X be F,;-measurable square-integrable random vectors in R%.  As-
sume that C = (Cy;) is a continuous adapted process defined on (0, Fr,F =
(F)o<t<t,P), and (Cj;i(t)) is a positive semidefinite symmetric d x d matriz

for every t € [0,T]. Assume also that:

Al
(i) sup ||S ENI|Fniaa]| 0,
0<t<T ||:2]

2
(1) _Azn (E [X?’jxwfn,i—l} -E [X?’j|fnyi—1] E [X?’l|fn,i—1]) 5 ou),
(%zle[o,:r], Gi=1,... .4
(iii) f:E [X;L Wy, =Wy, )" \fn,H] 5 04k, Vt € [0, 7Y,
=1

. = n2 P
(iv) > E {”Xi 2 1||X?||2>€|}—n,i71} —0,Ve >0,
=1

AL,
(0) SE[XE (N, = Niyy ) [Faima] > 0a, ¥t € 0,71,
1=1

where N is a bounded F;-martingale orthogonal to W, i.e. Ny =0 and for all
m=1,2,....k, [N,W™], =0.

Then there is a very good extension (Q, F.F= (]}t)ogth, E”) of the space

(Q, Fr,F = (Fo)o<i<r, P) and a continuous process Y defined on that exten-
sion that is, conditionally on Fr, centered Gaussian process with independent
increments satisfying

IF:[Y,?Y;VT} =Cut), telo,T), j,l=1,....d,

and such that
A7,
SN2y on D([0,T],RY).
i=1

Let (v, )nen be a sequence of positive numbers and let (V;,),, be a sequence
of random vectors defined on some probability space. We say that (Y,,),, is of
order Op(7y), and write Y, = Op(7,), if the sequence (Y, /Vn)nen is bounded
in probability, i.e. if

. T —1 _
Jm Hm Py V]l > A} =0.
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3. ESTIMATION METHOD

Using the Euler discretization scheme, for [ = 1,2,...,k we obtain the
system of stochastic difference equations [21]:

k
Zgl - Ztli,l = Ml(Ztifne)(ti - tifl) + Z Vlj(Zti—l) (I/Vitj1 - ng,l) .
j=1

If we denote by AW/ = W/ — W/  ~ N(0,A,), then AW/ and AW}
are independent for every pair of indices j; and jo such that j; # jo, and for
every i1 and iy such that i1 # is in case when j; = jo. If matrix S is a regular
matrix and Hermitian, then the log-likelihood function of the process Z is

In L (0) == —1In (f[ NI /det(S(th))>

1 n
2A Z<S_1(Zti—l) (th‘ - Zti—l - AnM(ZtFNa)) |
" =1

Z,

7

- Zti71 - AnM(Zti—l’9)>'

If we substitute Z; with X; = X;,, for every ¢ = 0,1,...,n, use the fact that
matrix S is Hermitian, and omit the constant that does not depend on 6, we
get an approximate log-likelihood function of the form

n(0) = Z (STHXim)u(Xio1,0) | X; — Xiq)
(3.1) ‘:11 .
- §An Z (STHX—)p(Xi—1,0) | W(Xi—1,0)) .

i=1

If there is a point of global maximum 6,, of function ¢,,, we call it an approx-
imate maximum likelihood estimator (AMLE) of parameter 6.

4. ASSUMPTIONS AND MAIN THEOREMS
Let O® C RY be an open set such that CI(0) C O®. We assume the
following hypothesis:

A1l (uniform ellipticity on compact sets) For every compact set K C E
there exists a real constant A\ > 0 such that for all z € K and ¢ € RF

(S(x)€1€) > Ak ||€]2.

In particular, matrix S(z) is positive definite (and so regular) for every
reE.
A2 For all p,r = 1,2,...,k and all (2,0) € E x O® there exist partial

derivatives a%u(w, ) and #;Mu(:c, 0). Moreover, functions (z, ) —



220 M. HUZAK, S. LUBURA STRUNJAK AND A. VLAHEK STROK

w(x,0), (2,0) — 2pu(x,6), (x,0) — %M(%Q) are continuous

oz
functions on E x Cl(©), for all p,r =1,2,...,k.
A3 For all i,j = 1,2,...,d, all p,r = 1,2,...,k and all (z,0) €
E x O° there exist partial derivatives B%iu(x,ﬁ), %ﬁ)eiﬂ(%e)’
3 2 3
7azrgzp89iu(x,9), and 789?80].1‘(%9)7 73%5?01_89]_ w(z, ). Moreover,
functions (x,0) — 8%1#(96,9), (2,0) — ﬁu(m,@), (x,0) +—
3 2 3
aI,,,aaxpagiM(xa‘g)a and (z,0) — ag?aej w(z,0), (,0) — a%geiaojﬂ(xve)
are continuous on F x Cl(0©), for all p,r = 1,2,...,k and all i,j =

1,2,....d.
A4 For all p,r = 1,2,...,k and all x € FE there exist partial deriva-
2
tives z2-v(z), and 5-Z—v(z). Moreover, functions = — v(z),
P s P

2 .
x aiy(x), and =z +— ﬁy(x) are continuous on E, for all
Tp TrOTp

p,r=1,2,..., k.

Assumptions (A1-2) and (A4) imply that there exists a strong and by-path-
unique solution to the SDE (1.1) on time-interval [0, 7] (see [20]), and (A2-4)
enable applications of the Itd6 formula on the drift and diffusion coefficient
functions. Notice that (A2-3) implies that all other partial derivatives of
orders less or equal 3 exists and among them all partial derivatives with
respect to the same set of variable directions are mutually equal. For example,
it turns out that

63 o3 83
@)= (2,0 = — (2,0
50:02,00," ") = 56:06,02," %0 = 5, 96,90, (¥
for all (x,0) e ExCl(®)and allp=1,... kand alli,j =1,2,...,d, and all
these functions are continuous on E x CI(O).

Since matrix S(z) is regular by (A1), the log-likelihood function of (1.1)
is given by [29, Theorem 6.4.3]

T

(0) = [ (57 X0 aX) = 5 [ (uXe0) |57 (Xn(X,.0)) ds.

By the next assumption we will be able to prove that log-likelihood function
¢ is two-times continuously differentiable on ©, i.e. £ € C?(©) (see Theorem
4.1 below).

A5 For all (z,0) € E x O° and m < d + 3 there exist D" u(x,0) and
T
o1 ]
that m = j1 + -+ - + j4. Moreover, these functions are continuous on

E x Cl(©).

such

Dt u(z,0), for all p = 1,....k and all j = [j1,]2,...,Ja
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THEOREM 4.1. Assume that (A1) and (A4-5) hold. Then the log-
likelihood function £ € C*(©), and

8(2/(9) - /OT <5_1(Xs)a(ziu(Xs, 0)|dX, >

82 T . )
aaiaejfw):/o <S’ (XS)MM(XS,9)|dXS>

- /OT <a£;9ju<Xsa 0) 5 (X.)n(X., a>> ds

/7o . d
= [ (G 0157 X Gl Xen6) ) ds
[ J
foralli,j=1,2,...,d.

Now, we can formulate the last assumption:

A6 For all w € Q, the log-likelihood function 4(0) = ¢7(0,w) based on
continuous observations of X over [0,7], as a function ¢ : © — R,
has a unique point of global maximum 6 = f7(w), and D2((0) is a
negatively definite matrix.

Since © is a convex space, using the mean value theorem, we get that for
allf € ©

Di,,(0) = DL, (0) + /1 D, (0+ (0 —0)z)dz- (0 —0).
0

In particular, on event {DZ¢,(6,) = 0}, we have

1! N . A A
D0+ (B~ 0)2)dz - B — 0) = —— (DUB) - DL, (6))
o= | D0+ 0= 0)2) 2 (0, — ) = = (DH(O) = DEO)
since DE(0) = 0 by (A6). We are interested in the behavior of the difference
between the derivative of the log-likelihood function for continuous observa-
tions and its discretized version.
Let us fix 8 € ©. For 1 < j < d, we have

1

(4.1)

(4.2)

1 I
mwam—wnwm:ﬁ; (5T 0N 0)
(43) — S_l(Xi_l)aj (Xi—h 9) ‘M(st 90)> ds

1

-7 X, (@n 0157 )u0x.0)
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(4.4) ~(O(Xi-1,0) | ST (Xi1)p(Xi-1,0)) ) ds
+\/1AT; i<571(Xs)aju(Xs,9)
(4.5) — STHXi21) O u(X1,0) | v(Xy) W),

We introduce the following notation:
(4.6) g;(x,0) = S~ (x)0;u(x,0), (v,0) € ExO.

First, the difference in (4.2) can be decomposed into two parts. One part is
negligible in probability and the other part determines the resulting limit.

LEMMA 4.2. Assume that (A1-5) hold and that E is a compact set. For
arbitrary 6 € © the standardized difference

1
Vv (De(9) — DL,(0))
is equal to
SIS (i, Ve (X 0)v(X.) AW | v(X) W)
V. (0) + N : ,

S i, (2, VaguaXu (X)W, | v(X,) W, )

where V,,(6) 5 04 when n — +00.

THEOREM 4.3. Assume that (A1-5) hold. For arbitrary 6 € © the stan-
dardized difference

1 st
N (D£(0) — D¢, (0)) = Y (6)
where Y (0) ~ MN(0,%(0)) and for j,l=1,....,d,
/ S Sy (X0) (€15 a0y (K0, O)0(K2) |1 (Ko (X,)) dis
p,r=1

Compactness of Cl(©) implies that is possible to pass MLE 0 in the
limiting equation in the preceding theorem.

THEOREM 4.4. Assume that (A1-6) holds. Assume that E is an open
convez set and © 1is a conver and relatively compact set. Then, we have

\/% (De(é) ~ Dt (é)) Y ()

where Y is the same as in Theorem 4.3.
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To analyze the difference between the AMLE and MLE, we need to ob-
tain the uniform bound on the difference between the derivative of the log-
likelihood and the discretized log-likelihood. The following lemma serves this
purpose.

LEMMA 4.5. Assume that (A1-5) hold. Let © be a relatively compact set.
Then forr=20,1,2
Sug | D", (0) — D"(0)|l, = Op(v/Ap), neN.
€
Using Lemma 4.5 and assumption (AG6), it can be proved (exactly as in

[16]) that there exists a sequence of AMLEs. Namely, the following theorem
holds.

_ THEOREM 4.6. Assume that (A1-6) hold. Then there exists a sequence
(On)nen € © of Fr-measurable random vectors such that

(i) limp,— 400 P (D, (0,) = 0) =1,
(ii) 0, % 0, n— +oo,
(iii) if (On)nen is another sequence of random vectors which satisfies (i)

and (i), then P(6,, = 0,) = 1,

1 - .
(iv) ( 0, — 9” is bounded in probability.
VA, 2/,

The core of our paper is the following theorem, which gives the limit of
the standardized difference between the AMLE and MLE in terms of stable
convergence. From now on we assume that the vector ,, is such that (i)-(iv)
from Theorem 4.6 hold.

THEOREM 4.7. Let © be a convex and relatively compact set. Assume
(A1-6). Then

1
VA

<§n - é) 2L MN (()7 (D2€(é)) 0 (D2€(é))_1) .

5. PROOFS

For proving Theorem 4.1 and Lemma 4.5 we need help of Fourier analysis.
Let U C O® be an open and bounded set such that the following holds:

UccClU)cU cclu’co®

for some d-dimensional rectangular U’ = H?ﬂ(ai, b;). Since O® C R? is an
open and locally compact set, for every § € O® there exists such an open
neighborhood U of # in O®. On the other hand, if K is a relatively compact
open set in O, then it can be covered by a finite number of such open sets U;
(7 from a finite set). If f: E x O® — R* is a bounded function such that
f(z,-) € C™(C1(O)) for some m and all x € E, then there exists a bounded



224 M. HUZAK, S. LUBURA STRUNJAK AND A. VLAHEK STROK

function f : B x R - RF and a regular linear mapping A : R? — R¢ such
that f(x,-) € C™(R?) for all x € E and A(CI(U")) = [, 7]¢, and

(V(z,0) € E x CI(K)) f(z,0) = f(x, AD)
(V0 € d([—m,7]?) (Ve € E) f(x,0) =0

where S denotes boundary of a set S. Such a function f can be constructed
from f by use of an appropriate test-function (see [17]). For all of above
reasons it is enough to prove the following two technical theorems for neigh-
borhoods and relative compacts of the form Ky := (—7r,77>d and functions

that satisfy assumptions (P1) and (P2) below.
Let k = [ki,...,kqT € Z%, j = [j1,...,ja)7 € N& and m = |j| :=
j14+ -+ jq < d+1. For function f : E x R* — R¥ we assume the following:
P1 For all j € N? such that |[jl = m < d+ 1, and all (2,0) € E x R?
there exist £, (z,0), D" f(z,0) and %D}"f(x,@) forp =1,...,k.

Oxp
Additionally, f, %(J;,G), Dy f(x,0) and %D}”f(x,@), m<d+1,
p=1,...,k, are continuous and uniformly bounded functions on FE x

R4
P2 For all x € F and all j € N¢ such that |j| = m < d+1, f(z,)) =
0 pand DJ-mf(a:, -) = 0ron 9K.
Fourier coefficients of function f are defined (componentwise) as vectors

1 )
— —i(k|0)
Al = Gy /cz(lco) fl e 2

1

) — m —i(k|6)
P — D: 0 de.
Gic (@) (2m)d /Cl(lCo) ! Jw0)

Let us denote ki :== k' - - - k*. Under assumptions (P1) and (P2) using partial
integration it is easy to see that for all = € E, we have [30]

(5.1) ¥ (x) = imKCy ().

REMARK 5.1. If assumption (P2) does not hold for function f, we can
easily calculate the relation similar to (5.1), and it is of the form

Fie(z) + CY (z) = im WOy (),

where Fi(z) is a linear combination of functions D' ' f(z,0), for 1 < m <
d+ 1, on 9Ky. Since these functions are bounded on E x R? by (P1), ex-
pression Fx(z) can be bounded by a constant so it may be ignored in further
considerations (see the proof of Lemma 5.3).

The following is a list of technical statements essential for proving the
uniform (in ) L2-bounds of sum of certain Riemann and It6 integrals as well
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as absolute convergence of Fourier series

(5.2) Z Ch ()€K

kezd
for (z,0) € E x Cl(Ky).

LEMMA 5.2. Let functions u(-,6p) and v are bounded and continuous on
E. There exists a constant K > 0 such that for s1, s3, 0 < s1 < s <T

E[|1X,; = Xo 3] < 2 (52— 1) + (52— 1))

LEMMA 5.3. Let E C R be an open and convex set and x,y € E, and let
f: E xR — RF be a function that satisfies (P1) and (P2). Then for every
k € Z¢ there exist constants ki, ko > 0 such that

(5:3) 1Ck(2) = Cr()lly < k1K (K) [l =yl ,
(5-4) 1C(2)ly < k2 Kim (),

d m
where K7n(k) = (W]"_de‘)

1
LEMMA 5.4. 37, 4 T TR < T

If f satisfies (P1) and (P2), then
S [[n@e || < 3T lck@)l, < ke 3 Kaa ()

kezd kezd kezd

1
= ky(d 4+ 1)*! Z 1
o Ut [k o [Ral)

< +o00,

by Lemma 5.3 and Lemma 5.4, i.e. Fourier series (5.2) absolutely converges
and hence it converges to f(x,0) since f(z,-) is continuous by (P1) (see [30],
pp. 197-206).

THEOREM 5.5. Let © C R? be an open set and let f : Ex© — R be a
uniformly bounded function such that for all x € E C RF, f(x,-) € C4%(0),
and all partial derivatives of f of the orders m < d+2 are uniformly bounded.
Moreover, let (Xi);<,<p be a random process that satisfies (1.1) and let B
be a standard Brownian motion defined on the same filtered probability space.
Then there exists random function F : Q0 x © — R such that for all w € €,
F(w,-) € CY(©), and for all § € © (with F(9) = F(-,0))

F(G) = /OT f(Xt,G) dBt a.s.,

0

T
0
—F(0) = — (X B; as. forj=1,2,...,d.
ag] (9) /0 ae]f( t79)d t &.S. 10T j ) 4y ad
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PROOF OF THEOREM 5.5. Let 6’ € © be an arbitrary point. Since ©
is an open set, there exists open neighborhood U’ C © of §’ which is d-
dimensional rectangular such that CI(U’) C ©. Without loss of generality, let
us assume that U’ = Ky, and that f can be extended on E x R such that it
satisfies (P1) and (P2).

Let Cy(x) = (1/(2m)9) fCl(ng) f(z,0)e= 9 dp be a Fourier coefficient of
a scalar function f for k € Z¢ such that [k| <m =d+1 < d+2. Then Cy(")
is a bounded and continuous function on E by Lemma 5.3 that implies that
stochastic integral fOT Cx(X:) dB; is well defined. It follows that

<

kezd

/ Cx(X:) dBy /Ck (Xy) dBt

kezd

< VTk, Z Kqi1(k) < 400
kezd
by Lemmas 5.3 and 5.4 implying that

<

kezd

/ Cw(X;) dB; - k19 / Cw(Xy) dB;| < +00 as.

kezd

Hence series )y cya fOT Cx(Xy) dB;-e"%19) converges absolutely and uniformly
for all & € Ky on event Qo := {> cza fOT Cx(Xy) dBt‘ < 400} of probability
1. Then for all fixed w € g, its sum

Z/ Ci(X1) dBy(w) - ' 0 € Ky,

kezd

is a continuous function on Ky. Moreover,
a T ) T

0 / Ci(Xy)dBy - !0 ) = 5~ / iCx(X1)k; dBy
7 \/0 kezd [0

al)z

kezd

for all j =1,2,...,d, and hence functional series ) c;a z%(foT Cx(X:)dBy -

ei<k|9>) converges absolutely and uniformly on event

kezd

/ Ct)(X,) dB,

Q=

j < +00

/ C) (X;) dB,

kezd
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Since Cl(:j)( ) = (1/(2m)? fol (Ko) D0 9_f(x,0)e "kl g and 89 f is a bounded
function, it follows that P(2;) =1, and hence F(w,-)eC! (ICO) and

8 F(w,0) Z/ Cl)(X,) dBy(w) - ¢! *I0)

kezd

for all w € Qo N ﬂ?zl ), that is an event of probability 1.
Let

S(O) (z,0) Z Ci( ! X9 and Sm(m 0) := Z C’l((ej)(sv)ei(kle>
[k|<N [k|<N
(N € N) be partial sums of corresponding Fourier series (j = 1,2,...,d).
Since SJ(\(,))(XhQ) — f(X:,0) and S%)(Xt,ﬂ) - 8%jf(X,g,G) are uniformly
bounded with constants by Lemmas 5.3 and 5.4, and

Gl SO(X,,0) = f(X,,0), and L sﬂ(xt,e) 37

for all (¢,0) € [0,T] x Ko, it follows that

(Xt,0),

T T
/ SO (X,,0)dB, K/ F(Xy,0)dBy, N — +o00,
0 0

T T
/ s§g>(xt7e)d3tﬁ>/ if(XhH)chN—%i-oo,
0 o 0;

by the dominated convergence theorem for stochastic integrals [28, Theorem
2.12]. On the other hand, since [ S\ (X;,0)dB; and [, SY)(X;,0)dB; are
partial sums of functional series that a.s. converge to F(-, ) and %F(-, 0)
respectively, it follows that

00, 89

We can extend definition of F' on © in the following way. Let {U; : j €
N} be a countable open covering of © such that U; C CI(U;) C © be an
open rectangular. If Fy; is the function defined by Fourier series like above,
then F(w,0) := Fy,(w,0) if 0 € U; and for w from the probability-one-event
obtained as countable intersections of probability—one events like above. If
there exists j' # j such that 6 € U; N Uy, then Fy, ( fo (X¢,0)dB; =
Fy,(0) a.s. This implies that I is correctly defined. |

T 0 "o
F(-,0) :/0 f(X4,0)dB; as., and —F(-,0) = /0 (Xt,0)dB; as.

PROOF OF THEOREM 4.1. The conclusions follow directly by applying
(1.1) for 6 = 0y and then Theorem 5.5 on It6 stochastic integrals with respect
to components of k-dimensional Brownian motion W, and from the fact that
integrals with respect to the time variable and partial derivatives with respect
to 6 commute. O
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THEOREM 5.6. Let (Xt), ., be a random process that satisfies (1.1). Let
E CR* and © C R? be open and conver sets. Moreover, let f : E x © — R
be a function that satisfies (P1). We assume that u(-,6p) and v are bounded
and continuous on E.

Let a : E — RF be a bounded vector valued function. For every relatively
compact set IC C © there exist constants C1,Cy > 0 such that:

(5.5) sup‘Z/i (F(X0,0) = F(Xi1,0) |a(X))) dt’ < C1V/A,,
00 T Jtiy 2

(5.6) ||sup Z/i (F(X0) — (X 0) [ X)) || < ov/AL
e i=1 ti—1 L2

PROOF OF THEOREM 5.6. Let ¢y, ..., coq denote positive constants oc-
curring in the proof. Using Cauchy-Schwarz inequality for integrals and vec-
tors, Lemma 2.4 and boundedness of functions V. f and a, we have that there
exists a constant cog such that

noot 2
E <Sup’2/ <f(Xt,9)f(Xi_1,6)|a(Xt)>dt‘>

[USC] i=1 ti—1

n ti
3 / 1X, - Xo a2 dt] .
i=1 7t

For final step, we use Lemma 5.2.

n t?ﬂ
C20 Z/ E {HXt - XHH%} dt
i=1"ti

t'zfl

< ey

(5.7) < ¢ zn: /ti 2K ((t—ti1)® + (t—ti1))dt

2
< oK <3T2 + T> A, = CIA,,

so inequality (5.5) is proved.

Next, we prove inequality (5.6) by following the arguments from part of
the proof of Theorem 6.1 in [17]. The first main difference is that Brown-
ian motion W is multidimensional, so the first part of the proof is derived
componentwise, and then the continuous mapping theorem is used. Also, the
observed time interval is fixed compared to the proof of Theorem 6.1 in [17],
where this is not the case. For this reason, it is easier to justify the appli-
cation of the dominated convergence theorem for stochastic integrals to the
integrals defined below. Moreover, for the same reason, it is easier to obtain
the L2-bound of the right-hand side of the inequality in (5.9). To clarify the
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arguments presented and to distinguish details due to multidimensionality, we
provide the entire proof.

Without loss of generality, it is sufficient to prove it for I = KCp.

Let Sn(x,0) = > <y Cx(@)e’ kl9) he N-th partial sum of Fourier’s se-
ries of functions f(z,0). For fixed 8 € Ky and N € N, let us define the
following random processes

ZZ (X¢,0) — f(Xi1,0) | v(Xp)er) Ly, 0(t), t €0, T,

=1 =1

k n
N = DD (SN (X1, 0) = Sy (Xio1,0) | v(Xe)er) L,y 0(8), €0, T).

1=1 i=1
Moreover, let us define My = sup,cg pecii,) [1Sn (2, 0) — f(x,0)|, and
M = sup,cp Y yeza |Cx(w)]ly. For m = d+1, using (5.4) in Lemma 5.3 and
Lemma 5.4 we conclude that M is finite.
For every N € N

’ (N‘<ZZ D (Cu(Xy) = C(Ximn)|| Iv(Xeerlly Tip,y e (E)

=1 1i=1 |||k|<N
(58) S 2M621

2

where cp1 = maxj—1,._ [|[¥(X¢)er]|,.

Because of smoothness of function f, it can be shown that for fixed x € F,
My 400 SUPgeci(icy) 1SN (2, 0) — f(2,0)]l, = 0 holds (see [30]). Moreover,
using (5.4) in Lemma 5.3 and Lemma 5.4, for all x € E we have

1S (@, 8) = f(2,0)ll; < Y ICk(@)ly < k2 Y Kayi(k) < +oo.
k>N k>N

From the previous inequality we can easily determine that My — 0.
In the same manner as in (5.8), we obtain

sup [V —Vi| < 2Myear — 0, N — +oo.
t€[0,T]

The dominated convergence theorem for stochastic integrals [28, Theorem
2.12] applied on Itd integrals with respect to each component of Brownian
motion (W;); yields

T T
/ va)deﬂ/ VidWl, foril=1,... k,
0 0

when N — +o0o. Let us denote

t;
Z/ v awt = Z/ (Sn(X4,0) — Sn(Xio1,0) | v(Xe) dW;)

ti—1



230 M. HUZAK, S. LUBURA STRUNJAK AND A. VLAHEK STROK

k T n ti
1) = Z/ Vi dW] = Z/ (f(Xe,0) — f(Xiz1,0) | v(Xe) dWr) .
1=10 i=17ti-1

Using continuous mapping theorem [31, Theorem 2.3], it follows that I () 5
I1(0) when N — +o0.

Hence, for every 6 € Ko N Q¢ exists a subsequence (N,) = (N,(f)) and
an event A(), P(A) = 1, such that for all w € A(0), limy_, 4o In,(0)(w) =
I(0)(w). We define Ag := Npesc,noeA(f) and it is also the events of probability
one. On event Ay, for 8 € Ky N Q¢ we have that

1(0)] < |1(0) — In, (0))

i ‘ zn:/h < Z (Ciel(X1) = Cie( X)) e KI® ‘V(Xt)th> ‘
i=1"/ti—1

k| <Np

<|10) = In, ()] + > ]Z/t (C(Xy) — Ox(Xion) | v(Xy) dW,)

kezd i=1""

After letting p — +o0, it follows

HOIESSEDY / (Ci(Xe) = Cue(Xia) [ v(Xy) W)
kezd i=17ti-1
For g(X,0) = Y0, (f(X+,0) — f(Xi—1,0)) 14, , ¢(t) using Theorem 5.5
the mapping 6 — I(6) is almost surely a continuous function. There is an
event By of probability one such that for every w € By, suppe, ‘I(Q)(w)‘ =
sUPgei,nod |1(8)(w)]. Accordingly, on event Cy := Ay N By of probability one,
we have that

(5.9) sup |1(0)] < Z ‘2/7 (Cu(X1) = Cx(Xio1) | v(Xe) W)

0eko kezd i=1 ti—1

In analysing the squared L2-norm of the right-hand side in (5.9), we use
Lemma 2.3 (ii), the norm consistency, (5.3) from Lemma 5.3 (m = d+1), and
Lemma 5.2. The last inequality is obtained in the same way as in (5.7).

T

:iE (/t (C(X) — Ch(Xi1))T V(Xt)th>
i=1 tie1

- “ ;/ | (Cu(Xy) — Ck(Xiz1) | v(Xy) dWy)

ti—1

/ti (Cu(Xy) = Cu(Xiz1) | v(Xy) dWr) -

ti—1

+2 Y E
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ti—1

. /tl (Cl(X1) — Cu(X11) | v(X0) th>]

E
1

n

ti—1

n t;

> [ e - auxil; dt]

i=17ti-1

n 12 d+1 2(d+1) .
& Xt — Xi- dt

;/t'il ' <1+|k1|+-~-+kd|) 1% 12

d+1 2(d+1) n t; )
<c E [I1X, - Xi-al)3] at
i) A S A LR
1

2(d+1
< ea(d+1)% )(1 Tl o+ P

K2

/ [v(X)T (Cu(X2) — Ci(Xim)) | dt]

< ek

< cpkE

d+1
. . 1
Since series ) ) o4 (m) converges, we have

>

kezd

< +o00.

Z/ i (Cu(Xe) — C(Xio1) | v(Xy) dWy)

i=1vti-1

L2
Therefore, the series on the right hand side of (5.9) converges in L? and

almost sure to the same limits that are equal almost sure [8, Proposition
2.10.1]. Finally, we obtain

< Cov/ A,

sup |1(0)|
ey

L2
a

PrROOF OF THEOREM 4.3. Let us assume that E is a compact set. Let
cs, - - -,C19 be positive constants occurring in the proof. Using abbreviation in
(4.6) we define a random vector x} := [X;L’l, ce X?’d]T where each component
is equal to

. 1 t
XT,I’] =
’ \% A’ﬂ ti—1
We also introduce matrix 7functions RY and column vectors
J@i) = Jl(m), cee J,Em)] in the following form:

</: Vg (Xu)v(Xy) dW,

v(X,) dWS> .

R(J)(tve) = v.g](Xt)V(Xt)7 .] = 1527"'ad7
J0I (5) = RY (u,0) dW,.

ti—1
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Let C'= (Cji(t))o<t<T be a continuous adapted process given by

1t & .
Calt) = 5 /0 > Sprl(X) (P RY(5,0) | ef RO (5,60)) ds,  jil=1,....d.

p,r=1

We will prove that all conditions of Theorem 2.5 are fulfilled. Since F is a com-
pact set, the matrix function R (t,8) is bounded for every j = 1,2,...,d,

and for every ¢ = 1,2,...,n vectors xJ' are square-integrable random vec-
tors. Using the definition of the scalar product, it follows that for all
i =1,2,...,n, X7 is a sum of Ito integrals, hence it is a martingale. The

equality E {x?’j |.7-"n7i_1] = 0 trivially implies the statement of condition (i).
To satisfy condition (iii), it is sufficient to prove that for 1 < j < d and
1<m<k

%%E [X;L’j (th - th_l) ‘fn,i1:| Eo.

i=1

Using the product formula, we have

A5,
ZE {X?’j (th - WZZL) ’fn,z‘q}
i=1

1 ALk
Z\/TZZE

n i=1 p=1

t;

/ " (1996) vt e, awe- [ awr

ti—1 ti—1

]:n,i—l‘|

1 Aft k ti s ( ) T
= 2¥) y4 m
\/ATZZEUM /t (J (u)) v(Xy)e, AWP dW!

i=1p=1

ti S o T
+ / / AW (J<m>(s)) V(X,)e, WP
ti—1 Jti—1

+ </tl (J(i,j)(s))TV(Xs)ep dWP?, /:11 dWSm> ‘Fn,i1:|~

ti—1

Using the martingale property and the independence of the components of
Brownian motion, we have

A
ZE [X?yj (th - WtT_l) |fn,i71]
i=1

"
:\/ATZ;E[

3

/ti (J(i,j)(s))T v(Xs)em ds‘}—n’ill

ti—1
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Al ts
_ \/% ;E l/tll (J(iaj)(g))T W(Xs) —v(Xiz1)) em ds’]:n’i_ll
A, ti
I \/% ;E [/t (J(iJ)(s))T v(Xi_1)em ds|]-'m1] .

We denote by 7, (x) the m-th column of matrix v(z). Using Lemma 2.1 for
function 7y, on interval [t;_1, s], we have

ZE[ (W= W) P

- = ZE [(7996) " 0 = (6117 sl i

t

A ts s
_ \/ZTZE[ /t (769)" /t (Vo (Xu)u( X 00)

i=1 i—1 i—1

(5.10)  + 1Vgam(xu)) du ds\fn,i_l}

(5.11) ZE/ J@9) (s /Vum V(X)) AWy ds|Fr i 1].

Next, we analyze the L'-norm of (5.10). There exists a constant cg such that

/tti <J(i,j)(s)

1—1

At
LA

E E

/S (v’;m(Xu),u(Xua 90)

ti—1

n %ng/m(Xu)) du> ds]]—"m_ll

] < cs \/ETE{M

where M = supg< <r Hf(; RY) (u,0) quH2. Using Doob’s maximal inequal-
ity for vector martingale, we have that (5.10) converges to 0 in L' norm, so
it also converges to 0 in probability.

Let us denote Hy,(z) = Vi, (z)v(r). Using Itd formula for function
F(w,y) = (z|y), we have

N Z]E / 1</t.1R(j)(u’9)dWM -
1 & b .

= E/ / X, dWU‘R(]) u,0) dW,, ) ds|Fy.i_
Tn; < H(X,) (u,0) [P

Xu) qu> dS’fn7i1‘|
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el S </

\/72 Z E /tl / (u,0) 0 Hyp (X, ))pr duds|Foi 1]

=1 p,r=1

m (Xu) dVVu> d5|fn,i—1:|

Using the well-known characterization of L' random variables, it is easy to
prove that the integral sign and expectation can be interchanged so that the
first two summands are zero. For the third one there is a constant cg such
that

\/72 Z / / R (u,0) 0 Hyn (X ))w dUClS’}—n,i—l}

i=1 p,r=1

< CgT\/ n-

We conclude that expression (5.11) converges almost surely to 0, so it also
converges to zero in probability.
To prove (v), it is enough to show that for arbitrary j, 1 < j,<d

ZE[ P (N = Noy) [Faaa | 50, ¥N € My (W),

In a similar way as before, we have
At

SB[ (N = Nip) [
=1

Afl 17 t;

:LZE / <J(i’j)(s,0) I/(Xs)dWS>~/ dN5|]-'n7i_1]
ti—1 ti—1

ti S ..

LA e

ti—1 Jti—1

VA, i=1
/ dN, <J<w)(s 0)
ti—1 Jti—a

t; ti
< I <J(i’j)(u,9) u(Xu>ep> awy, [ dNu> \fn,i—ll
ti—1 i1

/ti <J(i7j)(u70) | V(Xu)ep> d[W?, N], |f7lvi—1]

ti—1

mzzﬁ

zlpl

V(Xu)ep> dw?r stjfm-l}

v(Xs) p> de‘fn’iI]
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We use the fact that the conditional expectation of the martingale difference
is zero [28, Theorem 2.2]. In the last equality we use the orthogonality of the
process N on the components of Brownian motion.

Next, we prove (iv). Let € > 0. Using Cauchy-Schwarz and Markov
inequality [11, Theorem 1.6.4], we have

i=1

4

no (R[]

<> E[INIE] PN > oF < > E )™ | ———
=1

M‘Q‘

1< -
= 52 E[Inl) <
i=1
To satisfy condition (iv), it is sufficient to prove that

Jmz3oE ()] =0

H(i,j)(s) — / <J(i,j)(u)
ti—1

there exists a constant c¢ig such that
1 « N
k[ (u)]
i=1
L5 G (gy)
- 2 Z;E [(H : (ti)> ]
= @ ;E l4 /ti1 (H(W)(s)>3 (J(%J)(S))TV(XS) de]
1 & ti o 2 .
6 n k t;
= x93 Y E Vt
nTog=1 p:l i—

ti 2
<garye|[ () (00) ]

i=1r=1

43 (30

Jj=1

If we denote by

V(X qu> |

(5.12)

(H(m(s))? <J<m‘)(s) | y()(s)e,,>2 ds]
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To analyze the expression under the integral sign, we apply It6 formula for
the function F(z,y) = x%y®. The independence of the components of Brow-
nian motion is essential for the calculation of the quadratic covariance and
variances.

(H@,j))Q . (J<z‘,j>)2

2 .
_2/ HOD (4 (u>(u)> dH D ()
+2 / (H< D (u )) TG () D) ()
ti—1

i—

n %/ 9 (Jy,j)(u))z d<H<W’>, H(i,j)>
tl 1 u
Lo [0 4G () g (id) 7(id)
+502 [ AHE ) (u)d<H ) gl >
1

ti—1 u

(5.13) t3 /tH 2 (H(ivﬂ)2 d <JT(i7j)7 Jr(i,j)>u

—9 / HGD ) (J,Ei’j)(u))2 (J@»j)(u))Tu(Xu)qu

ti—1

s . 2 . .
+2 / (HW)(U)) 709 (w)el RO9) (u, ) W,

ti—1

+ / (J,Sw'>(u))2 “V(Xu)TJ(i’j)(u)Hz du

ti—1

+4 / " HED ()16 () <(J(i’j)(u))T V(X,)

ti—1

() o] a

ti—1

eI RV (u, 9)> du

Considering equality (5.13), we conclude that

535 "”) ]

k
12610
< Ao DN
i=1r=1
48(}10 -
L5 3 e

.<<

/ / (769 (u H (Xu)TJW)(u)Hz duds]

/ H(m J(w)( )-
—1 1

TN W) (X,

e’ RV (u, 9)> du ds]
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1201 zn:zk: / / H(”) H fR(j)(u,H)Hz duds] :

By a similar reasoning as before (using norm consistency, Ité formula, Lemma
2.3 (i) and (ii)), there exist constants c¢i2 and c¢14 such that

n k t;
1 i 03) o ||
22012 ZZE / J(” HV(XU)TJ(Z’J)(u)H duds
A € i=1 r=1 tv, 1 tz 1 2
12 t; 2 .. ..
S S [ [ [ Elore] b
n€ i=1 p,r=1

E [(Jy,ﬁ(v)) “ dvduds < c19A, T,

and

o G e O L

i=1r=1"71

n 2
< :2132 Z/ / { H(”) )) } duds < c14A,T.
€

=1

Using the previous two bounds, there is a constant c; such that
48010 i
syl [ aewsew,
nti=1r=1
o T
. <(J(w)(u)) v(Xy)

< 3% > 5 / [ e (sw) |(70) v

: 1E[(H<Z¥j>)2 HeTTR(j)(u, Q)Hz] * duds

T RV (u, 9)> du ds} ’

< ClﬁAnT.

Hence, expression in (5.12) is bounded above by ¢17A,T so it converges to
zero when n — +o0.

Lastly, we show that assumption (ii) is fulfilled. For arbitrary and fixed
7,1 such that 1 < 5 <[ < d we consider

At

Z (E [X?’jx?l‘]:n,iq} —-E [X?7j|]:n,i71} -E [X?l‘]:n,ifl})

i=1
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AL )
_ Ainz Zk: E[/tjl (TN () [ v(X)ey ) dW?

i=1 p,r=1
. /t . (TED(s) [v(X)er ) AW |Foia .

Using the product formula and independence of the components of Brownian
motion, we have
(5.14)

t

n

Z (E [X?’jX?JLFn,i—J —-E [X?’j|]-"n7i_1} -E |:X17‘L7l|]:n,i—1]>
=1
_ Ain iiE l/tjil <J(i,j)(s) | u(Xs)ep> : <J(i,l)(3) | ,/(Xs)ep> ds|]-‘n,i11 .

i=1 p=1

Using simple relations of linear algebra it results that (5.14) is equal to

ALk t;
1 ‘ i i
L3y ][ st i)

i=1 p,r=1

Again, the main tool is It6 formula and independence of the components of
Brownian motion

ALk L
1 ’ ] %
E Z Z E l \ Spr(Xs)J,g 73)(8)]; 7l)(S) dS’fn’Z‘1‘|
=1 p,r=1 i—1
(5.15)
A,k tq s
= Ai Y E Spr(Xs) I (w)el RW (u, ) dW,, ds|}"nﬂ-11
=1 p,r=1 ti—1 ti—1
(5.16)
Afl, k t; s
1 i i .
+ In Z Z E . SPT’(XS) /t J;z(> ’l) (“)GTTR(”(U, 0) qu d5|fn711‘|
i=1p,r=1 i—1 i—1
(5.17)
ALk ¢, s
1 i )
D Vt Spr(Xs)/t <6$R(J)(u,9)eZR(l)(u,9)>duds|fn7i_1].
" i=1p,r=1 i—1 i—1

Since the matrix S is symmetric, it is enough to consider one of the terms
(5.15) and (5.16). Let ﬁ&f;f’l)(u,e) = Jr(i’j)(u)egR(l)(u, ). Using Jensen’s
inequality for conditional expectation, Cauchy-Schwarz inequality and some
simple inequalities, and Lemma 2.2, it can be shown that there is a constant
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c18 such that

2

RS
E

n ’L

/ Spr(X / R0 (u, 0) AW, ds| F i 1]

11pr1

A" 2
1 t; s -
- Z / Spr(Xs) / AT (u, 0) AW, ds|Fr i1
An pr=1"%ti-1 tioa
1 A ‘
+ FE[ < /t Spr(Xs) / A0 (u, 0) qudsyfn,HD

n i,m=1,i#m\p,r=1

k tm S B )
. (Z E / Sp,i(Xs)/ h{meal) (u, 0) AW, ds|fn,m_1D}
tm—1 t

p,r=1 m m—1

S Clg(TAn + TzAn),

o (5.15) converges to zero in L?. Hence, it converges to zero in probability,
too.
To analyze (5.17) we introduce the following notation

D = 3 [ spix D[ (P ROw0) | RO w.0)) duds.

pr=1"7ti-1 ti—1

Then, we have that (5.17) equals

(518) & Z]E[ D Fia |

t At
1 = i i 1 n i
(5.19) = = § (E [D,Ei%l)}f 71_71} _ Dgi,],l)) + X 2 :Dgi,J,l).
=1 n i

It can be shown that (5.18) converges to 0 in L? because there exists a constant
c19 such that

1 Al 2
1,5,1 il
K Fn ; (E |:D1§z ! )|f7l,i—1i| - Dt(, / )) < ClgTAn_

There is only left to show that (5.19) converges in probability to

Z/Spr s) TR<j>(s,0)|e§R<l>(s,9)> ds.

prl
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It is sufficient to show that for arbitrary p,r = 1,2,...,k the following con-
vergence holds

t

1 n ti S . P
A—Z/ SPT(XS)/tII <e,’£R<J>(u,e)|e§R<l>(u,9)> duds 5

1 _—
1 ) T p(0)
2/0 Spr(Xs)<erR (s.0)| el R (5,9)> ds

when n — +oo0.

Let us denote m(u, s)(w) = Spr(Xs(w)) (eX RY) (u,0) |eTR D(u,)). For
fixed w € €, using assumptions (A3), ( 4) and compactness of E function
m(u,s)(w) is bounded and continuous on [0,7] x [0,7]. Hence, there exist
uf(w), s7(w) € [ti—1,t;] such that uf(w) < sf(w) and

)
/ / (u, s) dudS*A— (uf,sy), i=1,2,....n
/ / usduds—f/mss

(5.20) :—Zm ur,uy) /mss
A:l

L Bn > (m(ui, s7) = m(ui, up))

We have

Since function given by (u s) — mlu,s) is continuous, there exists t* €
[tac ,t] such that %ﬁtAt (s,s)ds =% (t —tar ) m(t*,t*). Hence,

The first two terms of (5.21) forms Riemann integral sum so they converge
almost surely to % fot (s,s)ds. Boundedness of function m assures that
5 f AL M (s,8)ds converges almost surely to zero so (5.20) converges almost

surely to zero.
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Let € > 0. The function given by t — S,,(X;) is continuous on [0,T].
Moreover, it is uniformly continuous so there exists § > 0 such that for all
s,t €10,T7, |s — t| < 0 implies that |S,.(Xs) — Spr(Xt)| < €. Since A, tends
to 0, there exists ng € N such that for every n > ng, A, < § holds.

Therefore, for n > ng we have that

At
An ~ * * * * T
TZ(m(ul,sl) —m(uj,u)) | < €y

i=1
So (5.19) converges almost surely to Cj;(t) so it converges in probability.

Finally, we proved that conditions of Theorem 2.5 are satisfied, hence
the conclusion of theorem holds. We denote by mp the projection function
7r : D([0,T],R?) — R?, defined by nr((X¢,t € [0,7])) = Xpr. Then by
[6, Theorem 12.5] it is a continuous function. Since we have the following
relation

1

b

A,
(DL(0) — DLy (0)) = Vi (0) + 7 | | D7 ;
=1 1<t<T

the statement of Theorem 4.3 holds in the case of compact set E.

In general, when E C R* is open, there exists a set of open and
bounded sets (En)nen such that for every N € N, Cl(Ey) C Eny1 and
E = U}‘flEN. Without loss of generality, let g € F;. There exists a se-
quence of C*°(E)-functions (¢n) ey such that ¢y (z) € [0,1] for all 2 € E,
én(z) = 1 on Cl(Eyx) and én(z) = 0, on Cl(En+1)¢[7]. Let us define
pMN)(z,0) = én(z)u(z,0). Let ) be continuous functions on E such that
v (z) = v(z) on Cl(Ey) and v (z) = K on E\CI(En41) where K is
a square root of some constant positive definite k& x k matrix. Moreover, for
N € N we define Ty := inf{t > 0 : X; € E}. Since X is a continuous
process, (Tv)nen is an increasing sequence of stopping times and Ty 7 +00
a.s.

Let N € N be fixed. Let process XV) = (XN;0 < t < T) be a diffu-
sion process given as a strong solution of the following system of stochastic
differential equations

¢ t

(5.22) X\ = x0+/ M<N>(X§N>790)ds+/ V(XY aw,, 0<t<T.
0 0

Under assumptions (A2) and (A4) functions pu™)(-,6y) and vV)(.) are

bounded on E. They are also Lipschitz continuous. Using [29, Corollary

5.1.2] diffusion process (5.22) exists and it is unique a.s. Let

\/%T (DWV) 0) — Déi{V)(e))
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be the term from the statement of the theorem for diffusion (5.22). Then, first
o N ¢

part of the proof implies that ﬁ (DK(N) (0) — DY )(9)) ZvYWM(9),n —

400 where YV (9) ~ MN (0,2 (0)), and ) is a random matrix ¥(6)

that is applied on process XV) and functions pN) and ). Let us denote

Va(0) = A= (DU(0) — DL, (60)) and ViV (0) = A= (De<N> 0) — DN (9)).

Let f : RY = R be a bounded and continuous function, and let U be arbi-
trary bounded Fr-measurable random variable. For almost all w € € and

t € [0,T™M], processes X;(w) and X\ (w) are equal so we have:
L (Va@)U] - 0)0] |
(5:23) < [E[fGNOU Lz - B [FO0)U Lz |
+ |E [f(Val@)ULironery] = B[SV O)UT oo <ny] |

Using boundedness (5.23) is bounded by BP (T™W) < T) where B is some
positive constant. Using first part of the proof we have that

E[f(Va(0))U] — E[f(Y(0))U] | < BP (T™) < T).

lim
n

Letting N — 400 we have

lim
n

E[f(Va(0)U] - E[f(Y (0))U] | =0,
which implies the statement of the theorem. 0

PROOF OF THEOREM 4.4. The idea of the proof is similar to the case
when k = 1 (see [26, Theorem 5.4]). We denote by Z,(0) = Z,(w,0) =
ﬁ (DL(9) — DL, (8)). Since we assumed that certain functions are smooth
enough, using [16, Lemma 4.1], we have that function (w,6) — Z,(w,0) is
Fr®B(0©), for all n € N. Since MLE is a Fp-measurable random vector [16],
functions w — Z,(0) = Z,(w, §(w)) are Fr-measurable.

Let v € R? be an arbitrary fixed vector and let U be an arbitrary and
almost surely bounded Fp-measurable random variable. Let B > 0 be a
constant such that |[U| < B a.s. Using [25, Lemma 4.3], it is sufficient to
prove that

lim ‘IE {ei@‘Z"(é»U} ) [e—% Eir=1%”r2w(é>U} ‘ —0.

n—-+oo

For every n € N we define functions: h,1(w,0) = cos((v|Z,(w,0))),
hn,Q(wv 9) = sin (<U | Zn(wa 9))) and hn,S(w7 0) = 6_% EZ”':I vpv,r2p7~(w,9). For
m=1,...,d we denote by 0, h,; m-th partial derivative of h,; with respect
to 0,, for | = 1,2,3. Under assumption (A3), for every w € (Q, functions
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0+ hp1(0) = hna(w,0), 0 — hy2(0) = hyo(w,0) and 6 — hy 3 = by 3(w, 0)

s

are of class C'1(0). Using the mean value theorem, we obtain

m=1

d
(5.24) hin,1(61) = hn 1 (62)] < (Z Supla P, 1 (0 )I) 162 — 0] -

It is easy to see that in order to bound 9,,hy, i, we have to bound 0,,Z,, ; (for
hn,1 and hy, o) and 0, X (for hy, 3). After a tedious calculation, we have

IR
\% An ; ti—
(5.25) — S_I(Xi,l)améju(Xi,l, 9) | M(XS, (9())> ds

B \/%7 2:/; (s, 0) | S7H(X,)Omia( X, 0))
(5.26) — (05X i—1,0) | ST (Xi—1)Dmps( Xi_179)>) ds

- \/% Zﬂ;/j ((Ondym(Xe.0)| 57 (X (.. 0))
(5.27) —<amaj:(Xi/1,9 |57 Xiil)’u(Xiil’QD) ds

/72 5)0m 0 (X, 0)
n 1= I/L 1
(5.28) — STNX21)0m 0 (X, 0) | V(X)) dW).

OmZn ;(0) = (S™H(X ) Dm0 (X, 0)

Under assumption (A3), there exist 0,,Vg;(z) for every m,j = 1,...,d so
there exists

Ebc / Z S;m 5 <€Tng ) (X.s)|

€y IV g.(Xs)v(X5))) ds.

Assume for the moment that F is a compact set, so all partial derivatives that
appear in lines (5.25)-(5.29) are bounded functions on E.
Using (5.5) in Theorem 5.6, there exists a constant K ;,, > 0 such that

(5.29)

0€c©

tq
E[sup | FZ / 0mdiu( X, 0)
=1 ti—1
S (Xi )0 0y(Xi1,0) | (X 00)) ds|| < Ky

Then, let us denote f(z,0) = (9;u(z,0) | S~ (x)dmpu(z,0)).
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We construct a vector function f = | froee f]T and a vector function
a(z) = [£,--,7]". Using (5.5) in Theorem 5.6, there exists a constant

K j.m > 0 such that

[SUP|FZ/ ].u (Xs,0) |S 9)6m/1'(X879)>

0€6
—(0ju(X;-1,0) ‘ S™HX 1) Omp( X1, 9)>) dS‘] < Ko jm.

In the same manner, we conclude that there exists a constant K3 ;,,, > 0 such
that

[Suplrz 5 <a 0;u(X,,0) | S~H(X,)n(Xs, 0))

0cO
— <8m8ju(Xi_1, 9) ’ Sil(Xi_l),UJ(Xi_l, 9)>) d8| S K3,j,m-

Using (5.6) in Theorem 5.6, there exists a constant Ky j,, > 0 such that

{sup‘FZ/tl 1 s)0m0; (X5, 0)—

0cO
= 57 (X 1) 001X, 0) | V(X) AWL)|| < Kt jom.
Hence, for every j,m =1,2,...,d we have that
E [21618 5‘mZn,j(9)} < Kijm+Kojm+ Kz jm = Kjm.
Moreover, there exists a constant Ly, . > 0 such that

E |:Sup 8m2bc(9):| S Lm,b,c-
6cO

For | = 1,2,3 let us denote H, ; = Z’ranI SUpgco |Omhn,i(0)| and H, =
H,1+H,2+Hp,s3. Let us also denote F,, := hy, 1 +ihy 2 —hy 3. Using (5.24),
we can easily see that for every n € N we have
[ (61) — Fo(02)] < [hp1(601) — B 1(02)] + |Bin,2(01) — hin2(62)]
+ |hn,3(01) — hin3(02)]
< (Hpyi+Hpo+ Hpj3) |01 — 62

= Hy, [|6h — 0a2|,,
where
d d 1 d d
(Ha) <20|olly Y0 Y Kim 5 el Do D Linpe =K
m=1 j=1 m=1b,c=1

and the constant K does not depend on n.
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Using previously introduced notation, it is sufficient to prove that

lim ‘E {Fn(é)U} ‘ —0.
n—4oo
Let ¢ > 0 be arbitrary and fixed. We define § := 53=5. Since C1(©) is compact
set, there exists its finite cover, i.e. there exist finitely many balls K(6;,9),
I =1,...,N, such that §; € © and © C CI(0©) C U, K(0;,5). We define a
finite partition {K7,..., Ky} of set © in the following way:

K, = K(0:,6) N0,
Ky = K(0,0)NO©NKF,

Ky =K@y, 0)NONKS .. .NnK§_,.

‘E[ } ’ < ‘Z]E[ Fo () — Fn(OZ))UIL{éeKl}} ‘

+| ZE FaO0U ey |

On the event {# € K;} holds Hé -0 H2 < 4 so for the first summand in (5.30)

we have that

‘ZNZE[(Fn(é)—Fn(Gz))U {geK}H<ZE[lF 0) = Fu(0)IU 11 e, |
=1
N
<BYE|H

N
<BIY E|Huljey,| = BK6 ==
=

(5.30)

H2 l{éEKl}]

Since 0 is a Fr-measurable random vector, U]l{éeKl} is bounded a Fp-
measurable random variable for every [ = 1,..., N. For the second summand
in (5.30) Theorem 4.3 and [25, Lemma 4.3] imply

Jim E[F(0)UL e | = 0.

Moreover,

Jim | ZE [FaO)UL sy ] | = 0

holds.
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Finally, now we may choose ng = ng(e) € N such that for all n > ng

N
€
’ZE [Fn<el)U]1{é€Kl}} ’ < §
1=1
For all n > nyg it follows that
- e €
2[ron] | <545 =
‘ @OU]|<5+5=¢
The statement of the theorem holds when E is compact. Using the same

construction with stopping times (T) y¢y as in Theorem 4.3, we achieve the
general statement. 0

PrOOF OF LEMMA 4.5. Without loss of generality, we prove the asser-
tion for » = 0. The difference between ¢,, and ¢ equals
t;

0n(0) — £(0) = Z/ (STHXi—)(Xi-1,6)

i=1“ti-1

(5.31) — 57N X )u(X,,0) | dX)
- %Z/ i (</~L(Xz—170) ‘ Sil(Xifl)/,L(Xifl,g)>
i=1"ti—1

(5.32) — (u(X0,0) | S (X )u( X, 0)) ) ds.

Let us assume for the moment that E is compact set. Relations (5.5) and
(5.6) in Theorem 5.6 and (1.1) imply that for (5.31) there exists a constant
C > 0 such that

n tit1
sug‘ § / (STHXi—1)(Xi—1,0) — 571X )u(Xs, 0) | dX,) ‘
€O =1t

L2

is bounded above by C+v/A,,. Constructing a vector function in the same way
as in the proof of Theorem 4.4, we may use Theorem 5.6 again for (5.32).
Finally, there exists a constant Cx (which depends on process X) such that

< Cx VA,
L2

In the case when F is an open set or functions that appear in calculations
are not bounded, the same construction from proof of Theorem 4.3 has been
imposed. For an open set E there exists a sequence of open and bounded
sets (En)nen such that for all N € N, Cl(En) C Eny1, E = U}C’:OIEN, and
xo € Fy1. Also, there exists a sequence of C°°-functions (¢N)N€N such that
on(x) € [0,1] for all € E, and ¢én(x) = 1 on Cl(Ey) and ¢y (x) = 0 on
Cl(Enx41)€.

As before, we define functions p™V) (2, 0) = én (z)u(z,0) and vV (z) =
v(x) on Cl(Ey) and vN) () = K on E\CI(Eyn1) where K is a square root

sup [, (6) — £(6)]
6co
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of some constant positive definite k x k matrix. Also, we define a sequence
of stopping times (Tv)ycy and observe the diffusion process X (V) that is
connected to Ty .

By the same reasoning as in the proof of Theorem 4.3, the diffusion process
(5.22) exists and it is unique a.s. Let us denote the diffusion matrix of X V)
by S (z) == v (2)vN)(2)T. Under assumptions (A2-4) function (z, ) —
(SN =1(2)puN) (2, 0) satisfies the assumptions of Theorem 5.6. Using first
part of this proof, it follows that

sup (M) (0) — (M) (9)]
6O

< Cxnm VA,

L2
where constant C'y(~v) depends on process (Xt(N)) .
0<t<T

Let PI0 be a distribution of solution (5.22), and P,, a distribution of

solution (1.1). It follows that PJ(;([,V)() = P,,(+) on o-algebra o (Xsary : s > 0)
[29, Corollary 10.1.2]. Hence,

P<sup|e( >A\ﬁ>
<P ((sup16a(0) - 40) > AVEL Tw < 7))
+PGWM9N@—%MWM>A¢AQ
6cO

1
<P(Ty <T)+ E || sup [N (0 e““e]
<Py <T)+ B[ Isuw [670) - €(0)
<P(Ty <T)+ sup (V) (0) — 1N (g
<SP(In<T)+ Afaegl”() ()IL2
:P(TNST)“‘ZCX(N)-

Let first n — 400, then A — +00 and finally N — 4+o00. We conclude that

lim lim IP’< |%W)g(g)|>A>O.
A—+oo n—+o00 96@ \/An

|

LEMMA 5.7. Let © be a convex and relatively compact set. Assume (Al-
6). Then

/D2 @+@ é)z)dz.i(an_é)%yw),

where Y(@) MN(0, Z(é))
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LEMMA 5.8. Let © be a convex and relatively compact set. Assume (Al-
6). Then
sup HD%(@ — D200 + 2(0,, — é))H 5o.
2€[0,1] F
LEMMA 5.9. Let © be a convex and relatively compact set. Assume (Al-
6). Then
1
VA

The last three lemmas are the same as in the case of a one-dimensional diffu-
sion [26] and so are their proofs.

D20(6) (én - é) =L MN(0,5(6)).

PRrROOF OF THEOREM 4.7. Considering Theorem 4.3, Theorem 4.4 and
Theorem 4.6 and using the equality (4.1), the conclusion of this theorem
follows easily from the last three lemmas. Since D?{(f) is a negatively definite

matrix (A6), it is a regular matrix, so its inverse exists. (Dzé(é)) is also a

symmetric matrix. Finally, the desired result follows from Lemma 5.9. ]

6. EXAMPLE AND SIMULATIONS

The stochastic model that we used for simulations is the Heston model
analyzed in [4]. The model is used for the analysis of financial data and is
given by

dY; = (a — bY;) dt + o1/Y; dW},
dX; = (a — BY,) dt + 02\/Y, (detl V12 dwg) ,

where a > 0, b, € R, 01 > 0, 09 > 0, p € (—1,1) and (W},Wf)po is
a two-dimensional standard Wiener process. Although this model does not
satisfy the assumption of uniform ellipticity, it is shown in [4, Proposition 2.1]
that there exists a pathwise unique strong solution of (6.1) for ¢ > 0, and that
the log-likelihood function can be written using results from [24, Section 7,
p- 296], as was done in Section 3 of [4]. For simulation purposes, a version
of Theorem 4.7 is used in which 2(0) and D2¢(6) are replaced by ,(6,,) and

D?%(,,(6,,), respectively. Matrix ¥,,(6,,) whose elements are given by

(6.1)

n k
En(0)0 = % DD Ser(Xim)(el Vo (Xi)r(Xia) |

i=1 p,r=1
GZVQZ (Xi—l)V(Xi—1)>

can be understood as the discretized version of matrix ¥(6). Since the drift
function in (6.1) is linear in @, matrices X(#) and X, (6) do not depend on 6.
The proof of such a version of Theorem 4.7 is similar to the proofs of Lemma
5.9 and 5.11 in [26].
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MLE 6 of the process in (6.1) is explicitly given by

I Yods Td{ T(YT—yo)

_ 1 TfT dis - — Yo fo
JTveds [Td — 2 | [y Yads [ d{ — T(Xr — o)
Ve T g

Tde)i XT—,’E()) 0 Y.

(6.2)

o O o

if fOT Y, ds fOT ds/Y, > T?. This condition is satisfied if the parameters of the
model are such that a € [0’%/2, +oo>, beR, o7 >0 and yg > 0. Moreover,
MLE in (6.2) is unique when «, 8 and xg are real numbers, oo > 0 and
e (—1,1)[4].
We define the vector function u(z,y,a,b,a, ) and the matrix function
v(z,y) as

_Ja—by _ oy 0
N(m7yaavb7avﬂ)_ |:a_6y:|7 V(‘T7y)_ O'QP\/y UZm :

As explained in Section 3, we simulate M realizations of discrete random
sample (Y;,,Xy,),, for i = 1,2,...,N and N = 2!, with parameters a = 2,
b=-08, a=0.02 =200 =0.7, 00 =0.6, p=-0.8, zp = In100 and
yo = 0.5. The time interval is [0,7] for T' = 1 and the subdivision of points
is equidistant, t; = %z fori=0,...,N.

Because of the linearity of the function p in the parameters and the second
summand in (3.1) the discrete log-likelihood is a quadratic function in a, b,
and 3, thus it has a maximum. Using the abbreviations X;, = X; and Y3, =
Y;, the AMLE for the vector of drift parameters 8,, is given by

n n Y=Y
A Zz 11/’-‘ 127.:1T_T(Yn_y0)

G
— Y, — YL n

(6.3) bl _ . T v~ AaYa —90) Yl vy
an Ap S0 Vi Yy B — (X, — o)
B,

X:i—X;
Ty, === = An( X — m0) iy 75

-1
where F = (AQ S Y1 Y v - T2) . After long and tedious cal-

culation, we obtain the matrices %,,(6,,) and D?1,,(6,). The formulas are
1 —01
7 0 s O
_ Ay~ 1 0 0 0 0
Zn(en):JZT —o1p a'% )
2 = Yisa mi—p 0 o3(1-p%) 0
0 0 0
_ 2 _ _1 T
D2l 0 =G 05 0'102p:| ® |: z 1Y;_1 "
(On) [—alagp o T Ay Y Y
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where G = 1/(0203(1 — p?)) and ® denotes the Kronecker product of two
matrices [12].

Since MLE can not be calculated using (6.2), we estimate it with the
formulas in (6.3). Then we compute AMLE also with (6.3), but with
fewer points than for MLE. More precisely, we take a subsample of length
n=2k<I and A, = % Then we determine the percentage of val-

nes HE,/EH(enfD?zn(en) (7. —0) :
2

where x7_,(r) is (1 —p)-quantile of x*-distribution with r degrees of freedom.
The degrees of freedom 7 correspond to the rank of the covariance matrix

of the observed expression in the norm. The matrix 3,,(6,) is a symmetric
and singular matrix (and X(6) as well). From the fact that p € (=1, 1), we
conclude that its submatrix of nonzero elements is a strictly positive definite
matrix of rank 2. Since symmetric matrices are orthogonally diagonalizable,
the eigenvalue decomposition of the submatrix is the same as its singular value
decomposition (SVD) [12]. The SVD of the matrix %,,(6,,) is then obtained
by placing zeros on the diagonal matrix of SVD of the submatrix and adding
vectors to the set of its eigenvectors to complete the basis of R. Let us denote
the resulting SVD by UDUT. It is now easy to see that the generalized inverse
of the square root of ¥, (6,) is given by UDUT where D is such a diagonal
matrix that for all i < 2, d;; = 1/+/d;; and for i > 2, d;; = 0. For this reason,
after a short calculation, we conclude that in our case the covariance matrix

—+ _ K
of ﬁ\ [3,(0,) D?1,(0,) (Qn - 9) is an identical matrix of rank r = 2.

that are in the interval [0, x3_,(r)]

TABLE 1. M = 1000, p = 0.025, [ = 12

k 3 4 5 6 7 8
% || 0.675 0.812 0.867 0.942 0.952 0.972

TABLE 2. M = 1000, p = 0.05, [ = 14

k 3 4 ) 6 7 8 9 10
% || 0.589 0.740 0.826 0.884 0.911 0.935 0.944 0.95

TABLE 3. M = 1000, p = 0.05, [ = 16

k 3 4 5 6 7 8 9 10 11
% || 0.596 0.726 0.831 0.904 0.921 0.931 0.933 0.939 0.955
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Tables 1, 2 and 3 show that an increase in k causes an increase in the
percentage so that the value, for a given p, approaches 1 — p.

7. APPENDIX

PROOF OF LEMMA 4.2. Let ¢q,...,c7 be positive constants occurring in

the proof. For function g;(z) = g;(z,0) ((z,0) € E x ©) as in (4.6), under
(A2) and (A4) we use Lemma 2.1 in (4.3) and (4.5).

n

(95 (Xs) = 9j(Xi1) [ (X5, 00)) ds

o = ; /< / (Vo (X)X, 00)

(7.1) + 5 Vg5(X,)) du

(X o,00) ) ds

(7.2) + \/272/t< t’jlvgj(xu)y(xu) ; /,L(XS,00)> ds.

VlA*Z/ (9;(Xs) — g;(Xiz1) | v(Xs) dWs)
=1

ti—1

- Z /< | (Ttanxo0)

1
t;

v(X,) W, )
| -

b Vg (X )r(Xa) AW, | v(Xs) dW, Y.
TZ< J(XV(X,) dW, | v(X,) >
Also, under (A3) and (A4) we use Lemma 2.2 in (

4.4) for function:

(74)  fi(@) = f3(@,0) = (ST @)n(2,0) | du(x,0)), (2.6) € E xO.

frz/ (f3(Xim1) = £5(X)) ds

FZ/ ~ [(Xi1) ds

t;

vfj |N(Xu790>>

(7.5) +5Tr (S(Xu)V(ij(Xu))))) duds

—_
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\/1A*Z/ /s (Vfi(X) | v(Xy)dW,) ds
n ;1 Jti—1 Jtia

For each j = 1,2,...,d, we define a component of vector V,, as V.7 () =(7.1)+
(7.2)+(7.3)+(7.5)+(7.6). We will prove that for all j = 1,2,...,d V;J con-
verges in probability to zero, when n — 4o00. Obviously, then vector V,,(6)
converges in probability to 04, when n — 4-oc0.

For simplicity, we propose some new notation: G;(z,6) = Vg, (x)u(x,0)+
%Vggj (). Using Cauchy-Schwartz inequality for vectors and boundedness of
functions we conclude that for (7.1) there exist constant ¢; such that

1 n ti S
\/FZ/ </ G](Xu,ﬁo) du S C1V/ AnT
n o1 Jti—1 ti—1

In the same manner, we conclude that for (7.5) there exists constant co such
that

(7.6) -

N(XS7 90)> ds

t;

—J%Z / (415X [ 1(X0,00))
n,_q ti—1

ti—1

S C24\/ AnT

In the sequel, we analyze (7.2) using Lemma 2.1 for function « — pu(z, 6p).

+ %Tf (S(X)V (V5(X.))) ) duds

1 n ti /S
— Vg (Xy)v(Xy,) dW,
m; < | Vg (Kup(Xa)

u(Xs,00)> ds

1 n ti s
(7.7) = /A Z </ Vg; (Xu)v(Xy) dW, N(Xi—1790)> ds
n 1 Jtio ti—1
1 n ti S
T /A Z/t < \ Vg (Xu)v(Xy) AW,
n =1 Yti-1 i—1
(78) | VX 0K ) du) ds
ti—1
1 n ti S
+ WZ/t | Vg (X)r(Xu) W,
noi=1 i—1 i—1
1 S
(7.9) 5/ Vgu(Xu,Ho)du> ds
ti—1

1 n /ti S
+ Vg (X )v(X,) dW,
Tﬂ; () Ve

(7.10) / V(X 00)1(Xo) qu> ds
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For (7.7) and (7.8) + (7.9) it is sufficient to prove that it converges to
zero in L2. Then it converges in probability to zero, too. The L? convergence
of (7.7) is proved in the sequel.

2
1
E (\/Tnl_ /11</11vg_] ) ( Ll790)>d$>]
2
1 n
:Ani_lE</H</HVgJ X,) AW, | (X, 1,90>>d3>
+m1§;§n /ti1 . 95 (Xu)v(Xu) w(Xi—1,60o) s

(/ </ Ve (Xz_1,90)> dsﬂ
/:1 </;1 Vg;(Xu)v(Xy) ﬂ(Xi_1,00)> d5>2

[ (0 swsamesan s )

2
| Xz, 80) 5 ds
2
2
2)
E (/ Vg5 (Xu)v (X)) 5 du> < ey, T.
ti—1 ti—1

Using Doob’s maximal inequality for vector martingale [28, Theorem 1.7] and
Lemma 2.3 (i) we conclude that there exists constant cs such that (7.8) +
(7.9) is bounded in the following way:

| e /1 < /1 Vi (K A,

S

r; < | Ve (XX
< es/A,T.

I
b~
I

=

~//

IN
l>‘H
=

IN
-
i-
=

| Vo) aw,

ti—1

IA
Ple
M:
s
- =
~

Il
l>‘u<;
M:
s
T :

/ VIU/ Xuaeo) (Xu,eo) du> ds

ti—1
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To prove convergence of (7.10) we use It formula for the function F : R* x
R* — R, F(y,z) = (y|z) on [t;—1, s] and vector martingales

Y, ::/ Vg (Xu)v(X,)dW,, Zs ::/ Viu( Xy, 00)v(Xy) dW,.
ti—1 ti

When we calculate quadratic variation <Yl, Z l>s, it is crucial to use indepen-
dence of components of Brownian motion. Then, (7.10) equals

S

= < © Vg (X (X)W,

Vu(Xy, 00)v(X,)dW,, )ds
=), (X (X, >

(7.11)
+ \/%Z/t /t </t“ Vi(Xo, 00)(X,) dW, ng(Xu)y(Xu)qu>ds
(7. 12) -
\/7 / / </ Vg (Xu)v(Xy) dW, Vu(Xu,HO)V(Xu)qu>ds
(7.13)
(Vg (X4)) o (Vu(Xy, 00)v(Xy) o duds.
Fz;/ / 1}21 95( (Vi X, 00 )

Expressions (7.6), (7.11) and (7.12) we treat in the same manner as (7.7).
Because of boundedness of function in (7.13), it is bounded by ¢s/A, T
By a similar reasoning as for (7.7) there exists constant c¢;7 such that

2
1 n ti /S
E G;i(Xy,00)du|v(Xs)dWs < c7 AT
(E; < (X, 00) du | v(X5) >) ;

Hence, we can conclude that (7.3) converges in L? to zero so it converges also
in probability to zero.
In the end, every component of V,,(0) converges in probability to zero so

we can conclude that the whole vector V;,(6) 504, n — +o00. 0
PrROOF OF LEMMA 5.2.

| | |

For the first integral we use Cauchy-Schwarz inequality for integrals, and for
the second one we use Lemma 2.3 (i). Finally, we have

E (11X, - X, 3]

S2 2
/ (X, 00) dt

S1 2

S2
E [HXSz - Xsllli} <2E +2E / v(X,) dW,

51
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<250 =0 | [ ool ar] + 28| [ pixo o

S1 S1

< 2K ((32 — 51)2 + (82 — 31)) .

d

PrOOF OF LEMMA 5.3. Without loss of generality (Remark 5.1) we can
assume that assumption (P2) is fulfilled for function f. We prove (5.3). When
m = ki +---+ kq and ¢; = sign(k;), j =1,...,d, we have

(14 [Ea| + k2| + -+ - + [ka])™ [[Ci(@) — Cx(m) 5
=(1+erki+- - +eqka)” ||Cx(z) — Cx(w) ]l
(7.14) = Z ( e )5{1 e || O () — Cr(w)
T I JOsJ1s- -5 0d
Jot--tja=m

<@+)" |l @-cdw),.

Here we use the multinomial theorem and the property of Fourier coefficients,
namely C’l((")(x) = i"kICy(x). Using the definition of Fourier coefficient and

Lemma 2.4, inequality (7.14) yields

|Cila) = Cicw)ll,
< Knllo) |G (@) - 0 )
1 ” o
< Kn g [ 10500 = D 0.0, a0

1 1
< K, (k)—— D™ — ), ) _
< Ko )(%)d /CWCO)/O |VeD} f (2 + s(y — ) 9)||F ds - ||z —yll, do

< k1Ko (k) [lz —ylly -

The beginning of proving (5.4) is the same as in (7.14). Afterwards we analyze
it in the following way

d+1 ™o
C < D f(x,0)||. do
” “(“””)”2<1+|k1|+-~-+|kd|> 2n)? /cw 1516 Ol

< koK (K).

|

PrROOF OF LEMMA 5.4. The proof is the same as one part of the proof
of Lemma 6.7 in [17]. d
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PRIBLIZNI PROCJENITELJ NAJVECE
VJERODOSTOJNOSTI PARAMETARA POMAKA U
VISEDIMENZIONALNOM DIFUZIJSKOM MODELU

MILJENKO HUZAK, SNJEZANA LUBURA STRUNJAK I ANDREJA VLAHEK
STROK

SAZETAK. Za fiksni T i k > 2 proucavamo k-dimenzionalnu vektorsku
stohasticku diferencijalnu jednadzbu dX; = u(X¢,0)dt + v(X¢) dWy, na
intervalu [0,7T]. Vektor parametara pomaka 6 je nepoznat. Ovisnost o 6
opcéenito je nelinearna. Dokazujemo da je razlika izmedu pribliznog proc-
jenitelja maksimalne vjerodostojnosti parametra pomaka 6, = gn,T do-
bivena iz diskretnih opazanja (X;a,,0 < i < n) i procjenitelja najvece
vjerodostojnosti 6 =6r dobivenog iz neprekidnih opazanja (X¢,0 < ¢ <
T), kada A, = T/n tezi nuli, konvergira stabilno po distribuciji prema
mjeSovitom normalnom slucajnom vektoru s matricom kovarijance koja
ovisi 0 0 i putu (X¢,0 <t < T). Uniformna elipti¢nost difuzijske matrice
S(x) = v(z)v(z)T pojavljuje se kao glavna pretpostavka o funkciji difuzij-
skog koeficijenta.



