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PARABOLIC INDUCTION FROM TWO SEGMENTS,
LINKED UNDER CONTRAGREDIENT, WITH A ONE HALF
CUSPIDAL REDUCIBILITY, A SPECIAL CASE
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ABSTRACT. In this paper, we determine the composition series of the

induced representation §([v~%p,vp]) X 5([V%p, vbp]) x o where a,b,c €

Z +% such that % < a < b < ¢ pis an irreducible cuspidal unitary

representation of a general linear group and o is an irreducible cuspidal

1
representation of a classical group such that v2 p x o reduces.

1. INTRODUCTION

The problem of determining the composition series of induced representa-
tions is important for the representation theory. Namely, classes of representa-
tions of certain interest, like irreducible, unitary, tempered representations or
discrete series, are often placed inside parabolically induced representations,
raising a question of their position. Despite the interest, complete description
of the composition factors of induced representations is known only in some
special cases, such as [2,7,9,14,22], and for some low-rank groups.

This paper is a continuation of the effort from [3,4] to study classes of
parabolically induced representations similar to ones appearing in the Mceglin-
Tadi¢ classification of discrete series ([11,13]). To explain this we introduce
some notation. Fix a local non-archimedean field F' of characteristic different
than two. Let p be an irreducible cuspidal unitary representation of some
GL(m,F), and x,y € R, such that y —x + 1 € Z>¢. By Zelevinsky classifica-
tion, the set A = [v7p,v¥p] = {V*p,...,v¥p} is called a segment. We have a
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unique irreducible subrepresentation
6(A) = o([v"p,v¥p]) = v¥p x - x VT,

of the parabolically induced representation. If A C A’ then 6(A) x §(A’) =
§(A’) x §(A) is irreducible. Set e(A) = (x + y)/2. Given a sequence of
segments Aq, ..., Ag, such that e(A;) > -+ > e(Ag) > 0 and an irreducible
tempered representation 7, of a symplectic or (full) orthogonal group, we have
a unique irreducible quotient, called the Langlands quotient

(A1) x -+ x 0(Ak) X T = L(6(A1) x -+ X 6(Ag) X T)

of the parabolically induced representation. Let p be as above, and ¢ an
irreducible cuspidal representation of a symplectic or (full) orthogonal group
such that V%p X o reduces. Let a,b,c € Z + % such that % <a<b<e In
[3], we determined composition series of induced representation

3([v="p,vop)) x 6([v2 p,v"p]) @ 0.

The search for composition factors relied on decomposing kernels of inter-
twining operators using results of [14]. This approach held in [4], where
we considered an arbitrary number of segments A;. There, one of condi-
tions was on segments involved: induced representations §(A;) x 6(4A;) and

—~

0(A;) x 8(Aj),1 # j, are to be irreducible, where ~ stands for the contragre-
dient. As a result, all discrete series there appeared as subrepresentations.
Neither this property nor the condition holds in the present paper, where we
consider composition series of induced representation

3([vp,v°p)) x 8([v% p,v*p]) x o,

even though all irreducible subquotients, including discrete series, are pre-
served. Moreover, decomposing kernels of intertwining operators requires
more basic tools developed in [14], complicating our search.

To describe our results, we introduce some discrete series, appearing as
only irreducible subrepresentations in the following induced representations
(for more details see Section 3):

0q = O [V%p, v%p]) x o, and similarly for o, and o.. Further

J;:C — (5([1/%,0, vPp]) X o, O’;C +oy. = 5([v="p,v%]) x 0,

and similarly for of.. Finally O‘;aa s 8([vzp,vp]) x al:fc. Now we have
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THEOREM 1.1. Let ¢ = 8([v=%p,vp]) x 8([v2 p, vPp]) x o and define rep-
resentations:

Wi :a;:c,a + L(6 [V%p,uap]) X oy

)

Wa =L(6([v% p.v"0]) % o) + L[, v"p]) % o)+
L(3([2 9, 7*0) % 0.0) + L1, v°p])  00),

Wa =L(3(lv2 p,"p)) o) + L[, v°p]) 2 )+
Opea+ L0, v5p)) x 8([7 p, 17 p]) x 0,

Wy =L(¢).
Then there exists a sequence {0} = Vo C V3 C Vo C V3 CVy =1, such that
Vi/Viei @2 W, i=1,...,4.
Further, W1 is chosen to be the largest possible, then Ws, and so on.

Now we describe the content of the paper.

After Preliminaries, we fix the notation in Section 3 and collect some re-
ducibility results. Intertwining operators and an approach to decompose the
induced representation are considered in Section 4. In Section 5, we deter-
mine the occuring discrete series. The remaining non-tempered candidates,
not provided in Section 4, are listed in Section 6. Their occurrence is con-
firmed in Sections 7-9. Composition factors are described in Section 10. To
determine composition series, we decompose kernels of intertwining operators
in Sections 11-13, and provide the main result in Section 14.

2. PRELIMINARIES

Let F' be a local non-archimedean field of characteristic different than
two. As in [13], fix a tower of symplectic or orthogonal non-degenerate F
vector spaces V,,, n > 0 where n is the Witt index. We denote by G,, the
group of isometries of V,,. It has split rank n. Also, we fix the set of standard
parabolic subgroups in the usual way. Standard parabolic proper subgroups
of G, are in bijection with the set of ordered partitions of positive integers
m < n:

{s=(n1,...,ng) | n1+--+n=m,k >0} +— Py,
P, = MyN,, Levi factorization with M, Levi factor,
Ms; =2 GL(ny, F) X -+ X GL(nk, F) X Gp—m.
By Alg GG,, we denote smooth representations of G, Irr G,, irreducible repre-

sentations, and subscript f.I. means finite length, u unitary, and cusp cuspi-
dal. Also denote Alg G = U,>0Alg G, and so on. We use a similar notation
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for GL(n,F). For §; € Alg GL(n;, F), i = 1,...,k and 7 € Alg G, let
T=0®R R 7 € Alg My and

01 X =+ X O NT:IndAGj;(ﬂ)
be the representation induced from 7 using normalized parabolic induction.

If 0 € Alg G, we denote by r4(0) = rpr,(0) = Jacqi]: (o) the normalized
Jacquet module of o. We have the Frobenius reciprocity

Homg, (o, Indfj; (m)) = Homyy, (Jacqfﬂ (o), 7).
Let p € Ity cuspGL and z,y € R, such that y — x4+ 1 € Z>(. The set
A= p,vp] ={v’p,....v"p}
is called a segment. We have a unique irreducible subrepresentation
§([v*p,v¥p]) = v¥p x - x 7,

of the induced representation, and it is essentially square integrable. We also
denote e([v"p,v¥p]) = e(8([v"p,v¥p]) = LEL. For y — 2 + 1 € Zo define
[V p,v¥p] = 0 and §(0) is the irreducible representation of the trivial group.
Let A = [v=¥p, v~ "p] where p denotes the contragredient of p. We have
§(AY = 6(A). By [22] if 6 € Irr GL is essentially square integrable, there
exists a segment A such that § = §(A). Let §; = §(A;),e; = e(d;),1 = 1,2.
We have

81 x 0 reduces < Ay U Ay is a segment and Ay € Ay, Ay € Ay.

In that case, if e; > eo, the induced representation has a unique irreducible
quotient, called Langlands quotient, and a unique irreducible subrepresenta-
tion. They swap positions in d x §; and make composition factors. We have
an exact sequence

(S(Al U Ag) X 5(A1 N AQ) — 51 X 62 —» L(61 X 52) = L(51,52).

Given a sequence 6; = §(A;), i =1,...,k such that e(A;) > --- > e(Ag) >0
and 7 € Irr G, tempered, the Langlands quotient is a unique irreducible
quotient:

01 X oo X 0 X T = L(01 X -+« X J X T),
and it appears with multiplicity one in the induced representation. It is also
a unique irreducible subrepresentation of

6~1><~-~><(§€><17%(61><~--><(5k>47)~.

Permuting d;-s and possibly taking contragredients does not change compo-
sition factors. Every irreducible representation of GG,, can be written as a
Langlands quotient.
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If o is a discrete series representation of GG, then by the Meeglin-Tadié,
now unconditional, classification ([11,13]), it is described by an admissible
triple

(Jord, ocysp; €)-

Here Jord is a set of pairs (a, p) where p = p € Irty, cuspGL and a € Zwg, of
parity depending on p, such that §([v=(¢=1/2p v(@=1/2p]) % 5 is irreducible,
but there exists an integer a’ > a, of the parity same as a such that the
induced representation reduces when we replace a with a’. We write

Jord, = {a: (a,p) € Jord}

and for a € Jord, let a_ be the largest element of Jord, strictly less than
a, if such exists. Next, there exists a unique, up to an isomorphism, oeysp €
IrreyspG, such that there exists 7 € IrrGL and 0 < T X 0¢ysp. 1t is called
the partial cuspidal support of o. Finally, € is a function from a subset of
Jord U (Jord x Jord) into {£1}. Assume (a,p) € Jord and a is even. Then
€(a, p) is defined, and if ¢ = min(Jord,)

ela,p) =1 3In" € IrG, o < §(["%p, @ V/2p)) s 7,
while if a_ exists
ela,p)e(a_,p) ™t =1 In" eIrG, o < §([pla=TY/2p pa=D/25]) s 7"

Now we recall the Tadi¢ formula for computing Jacquet modules of in-
duced representations. Let R(G,,) be the Grothendieck group of the category
of smooth representations of G,, of finite length. It is the free Abelian group
generated by classes of irreducible representations of G,,. If ¢ is a smooth finite
length representation of G,, denote by s.s.(o) the semisimplification of o, that
is the sum of classes of composition series of 0. Put R(G) = @,>0R(G,).
Let R} (G) be a Zs( subspan of classes of irreducible representations. For
m,m2 € R(G) we define m < mq if m —m € R(J{(G). Similarly define
R(GL) = ®,>0R(GL(n, F)). We have the map u* : R(G) — R(GL) ® R(G)
defined by

wo)=1®c+ Zs.s.(r(k)(c;’)), o € R(G).
k=1

The following result derives from Theorems 5.4 and 6.5 of [18], see also Section
1. in [13]. They are based on Geometrical Lemma (2.11 of [1]).

THEOREM 2.1. Let o € Algy; G, and [V*p,v¥p] # 0 a segment. Then

y—zxz+1 ¢

prO(rp ) xo) = > Yy

8’ Qo' <p*(o) =0 j5=0
([ vp, v pl) X 8([W T p, vt p]) x 8 @ 8([v' T p, 1" pl) 2 o

(2.1)
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where 8’ ® o' denotes an irreducible subquotient in the appropriate Jacquet
module.

Now we provide results of [10], about Jacquet modules of some irreducible
representations. Consider induced representation

=6l p,vpl) n o

where 0 € IrreyspG, p = p € Ity cuspGL, such that I/%p x o reduces, and
a,c € 7 + %, such that ¢ — a > 0. We define terms §([v~%p,v°p]+;0),
d([v=%p,v°p|_; o) and L(6([v%p,v°p]); o). Each of them is either an irre-
ducible representation or zero.

If £ < —a, then 7 is irreducible and L(§([v=%p,v°p]); o) = &, while other
terms are zero.

If —a < 1 then 7 reduces. We denote by §([v=%p,v°p]+;0) a unique
irreducible subquotient that has in its minimal standard Jacquet module at
least one irreducible subquotient whose all exponents are non-negative.

If —a= %, then 7 is of length two, §([v~%p,v°p]+;0) is a discrete series
subrepresentation and L(§([v~%p, v°p]); o) is the Langlands quotient of w. The
remaining term is zero.

If —a < —%, and a = ¢, then 7 is a direct sum of two tempered repre-
sentations, §([v ™%, v°p|1+;0) and §([v~%p, v p]—;0). The remaining term is
Z€ero.

If —a < —%, and a # ¢, then 7 is of length three. It has two dis-
crete series representations, o([v~%p,v°ply;0) and 6([v~%p,v°p]_;0), and
L(6([v=%p,v°p]); o) is the Langlands quotient.

We have in R(G)

3([v™p, v pl) x o =0([v™"p, v pl150) + 0([v ™" p, v pl -5 0)+

(2:2) L(3([v™p,vp)); 0).

where the right hand side equals to

S <t Lo pl)io),
S s B pleio) + LG o 0l)io),
c=a—a<—g: 5 pliio) + (v i),
(23)  cta—a<—g: 0y p v plio) + oy v 0)

+ L6([v™%p,vp]); 0).
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Now we have
(2.4)
+1-1
wO(v o vpleio)) = D (v v p]) x S([ T p, v ) @0

i=—a—1

+ 2 Z S([v™"p,vp)) x 8([ T p,vp]) @ 6([v*p, v plas 0)

i=—a—1j=i+1

+ 3 ST (i vl) x (1 e vt)) ® LG pav ) o).

—a—1<i<a i+1<j<a
iti<—1

If we write 8([v2p, v 2p|4;0) for o, we have
(25) @@, vpls0)) = > S p,vop)) @ 6([v2p,vply; o).

j=—%

Andfora<%or%§a<cwehave

(2.6)
pH(L(S([v =", v p));0)) = > L(S([v ™" p, v p]), 6([V" o, vp)) @ 0
+ Y > L[ v ), 6([7 o)) @ L(S([v T p, 17 p]); 0)
—a—1<i<c i+1<j5<¢

0<i+j

3. NOTATION AND BASIC REDUCIBILITIES

In this section, we fix the notation and prepare some reducibility results.
Let p be an irreducible unitary cuspidal representation of GL(m,, F') and ¢
an irreducible cuspidal representation of G, such that I/%p x o reduces. By
Proposition 2.4 of [16] p is self-dual. We consider

1 1
§§a,b,c€Z+§,

that need not be fixed, but when appearing together in a formula, we have,
depending on which appears, a < b < ¢. We denote the representation we
want to decompose

e 1
b =6(lv"p,vp)) x 6([v2p,°p]) X 0.
Further, we shorten some notations from (2.2):

0 = 0([V2p, 1 pl430), 0y, =0V 0 p o) s0), o, = (v, o045 0).

The following result is Theorem 2.3 from [14].
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THEOREM 3.1. With discrete series being subrepresentations, we have in

R(G)

3([v2p,vp]) x 0 = 0 + L(3([v2 p,v"p]) % 0),

S([vp, %)) x 0 = O';:c +o,.+ L(5([v="p,v%p]) x o).
Here

Jord(o,) = {(2a+ 1,p)} U Jord(o),
Jord(al':c) = Jord(o, ) ={(2b+1,p), (2¢ + 1,p)} U Jord(o).

Further, €our ot s and oy extend €y, such that €5, (2a +1,p) =1, and
EUIC(%+ 1,p) = EUZTC(2C+ 1,p) = 1’€0b_,c(2b+ 1,p) = €op (2¢+1,p) =—1.

The next proposition follows from Theorem 2.1 of [14].
ProrosITION 3.2. We use a,jc o= J;Lb o) Opea and o, . to denote non-
isomorphic discrete series, such that in R(G) we have

S(v=lp, %)) X 0q = abfc,a + 0y 0t L(6([v="p,v%p)) ¥ 04) and

(v p, v pl) @ oe = aif ., oy, + LGV p, 1)) % 0e).

These discrete series appear as subrepresentations in induced representations.
Also

Jord(cf;:c’a) = Jord(abfcﬂ) = Jord(a;b@)
={(2a+1,p),(2b+1,p), (2c + 1,p)} U Jord(o)

and €ob .7 Cop and €5, extend €, such that
eo-ltc,a (2a +1 p) =1 Eazjr,c,a<2b +1, p) =1, Ealfcya(2c +1,p) =1,
;. (20t 1p) =1, €y (20 1p)=—1, e (20+1,p)=—1,

€, Qutlp)=-1 - @2+lp)=-1 ¢ (2c+lp) =1
Observe that
'U’*(o-lic,a) > 6([v ™%, v°p]) @ o + 0([v "0, v°p]) ® 0,
(3.1) W (0 ea) 2 ("0, v%0]) @ 0,
W (0gye) = 0, "p)) @ 0.

We finished introducing notation and state some more reducibility results.
Here is a consequence of Theorem 6.3 of [17], see also section 3 there.

PROPOSITION 3.3. We have in R(G), with multiplicity one:
V“p><~-~><1/% X o> 0.

The next lemma follows from Theorem 5.1 (ii) of [14].
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LEMMA 3.4. We have in R(G),

5([1/%p’ ]/a‘p]) X op = O'Ib =+ L(5 I/%p, Vap]) X O'b), and

(I

3([v2p,vbp]) % 00 = ol + L(O([v™p,v7p]) % o)+
L(8([v2 p,v"p]) % 0b) + L(8([v% p,v"p]) % 0a).

By Proposition 2.4 of [3] we have

LEMMA 3.5. We have in R(G)

(3.2) §([v2 p,v*p]) x o, = 0f .+ L(5([v2 p,v%p]) % oif.), so
(3.3) w(oi, ) = 0V p,vp)) @ oif,.

The next is Proposition 3.2 of [8].

THEOREM 3.6. With discrete series being a subrepresentation, we have in

R(G)
([ p, v pl) @ ob = 0y o + L(S([v ™" p, vp]) 3 03)
+L(([vp,v*p]) % oc) + L(3([v~"p,v°p]) % 0a).
Finally we have the main result of [3].

THEOREM 3.7. With discrete series being a subrepresentation, we have in
R(G)
3([v="p,v%p)) x 8([v2 p,v"p)) % o
= L(3([v2 p,v"pl) % o) + L(O([v2 p,v°p)) % 00) + 03y + O
+ L(([v~"p,v°p]) % 0a) + L(([v " p,v°p]) x 3([v2 p,v"p]) 0.

4. DECOMPOSING MIXED CASE

As we are interested in the composition series of induced representations,
we shall need a result that follows from proofs of Theorems 2-1 and 2-6 from

[5].
THEOREM 4.1. There exists a contravariant exact functor:
Alg G,y 25 Alg G,
such that
2, welrr Gy,

and if 6; € Irr GL(n;, F),i=1,..,k, m=n1+---+ng and 7 € Irr G,_p,
we have

(51><-~~><5k><17—)A25~1><~-><c§€>47-.
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PrOOF. We follow the same lines as in proofs of Theorems 2-1 and 2-
6 from [5]. If G, is orthogonal, then A is just contragredient. If G, is
symplectic, by a result of Waldspurger (Chapter 4, II.1 of [12]), for any el-
ement 7 € GSp(2n) of similitude —1, and © € IrrG, we have T = 7",
where 77(g) = w(ngn~"'). Now choose an element of the form n = (id,n’) €
GL(n,F) x GSp(0,F) = GL(n, F) x F*, identified with the Levi subgroup
of the appropriate maximal parabolic subgroup of GSp(2n, F'), where 1’ is an
element with similitude equal to —1, as n is. For A = no ~, we have

(61><-~-><6kNT)N”%(&x---x&x?)"%&x~--x&xr.

Consider some standard intertwining operators

o~

S p.vpl) x 8([wEp, v pl) wo  —=—  8([vEp, 1 p]) x 8([v " p,vp]) Mo

elfo Elgo

3([v2p,v"p)) x 8([vp,vp]) % & 3([v=p,v°p)) x 8([vZp,vp]) % o
| [

3([v2p,v"p)) x 8([v = p,v"pl) % & 3([v=p,vop)) x 8([v " p, v 2p]) M o
| e

3([v = p,vp)) x 8([vZp, 1)) % & (v p,v ™2 p)) x 8([vp,v%p]) M &

s [

8([vp,vop]) x 8([v "o, v 2 p]) x o ——— §([v""p, v 2 p]) X 8([vCp,v%p]) X 0.

We denoted 1 = 6([v=p, v°p]) x 8([v2p,Pp]) x o. Also for all i > 1 denote
K; = Ker f;, and H; = Ker g;. By Theorems 3.1 and 4.1, we have

K, = H3" = 6([V%p, vPp]) x of. +(5([u%p, vp]) x Oo
Ky = HY = 5([v="p,1"p]) x 8([v2 p,v"p]) % o,

Kz = H =2 6([v  p,vp]) % oy,
(

c)

and no kernel contains L(1)). Thus we have:

Im(fso---0ofy) = L(Y) = Im(gs0---0gop),
and the diagram is commutative up to a constant. We have in R(G):
(4.1) Vi K; <9y <K+ Ko+ Ks+ L(¥).

The composition factors of Ko and K3 are determined by Theorems 3.6 and
3.7. So in search of remaining subquotients, we need to decompose Ki. After
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that, we determine the multiplicities of all subquotients of v. Note that by
Lemma 8.1 of [13], all tempered subquotients of 1 are discrete series.

5. DISCRETE SERIES SUBQUOTIENTS

Here we determine discrete series subquotients in three induced represen-

tations
(5.1) 3([v=p,v°pl) x 8([v2p,17p]) x @
' > §([vEp,vbp)) } b+ 8([vEp, v0p]) M oy

where the inequality follows from Theorem 3.1. We start with candidates.
LEMMA 5.1. Only possible discrete series subquotients appearing in

3([v=p,v%p) x 8([v2p,v"p]) x &
are U;:C}a, O'b_)c’a and O'a_,b’c.

PRrROOF. Consider cuspidal support of the induced representation and
Meeglin Tadié¢ classification of discrete series. Since vts p appears 3 times
in the cuspidal support, possible discrete series are subrepresentations of a
representation of the form

o([v™Yp,v7p]) X 0y,
%,Whereeither0<x<y<zor0<y<z<z,
and o, is a unique irreducible subrepresentation of 8([v2 p, 1% p]) ¥ o. We look
at the first case. Here z is the largest such that v*%p appears once in the
cuspidal support, so we must have z = ¢. Further, y is the largest such that
vEYp appears two times in the cuspidal support, so it must be b. Finally,
is the largest such that v*%p appears three times in the cuspidal support, so

it must be a. Same reasoning goes for the second case, where we have =z = c,
z=b, and y = a. By Theorem 2.1 of [14], we look for subrepresentations

for some % <z yzelZ+

a,b,c

— §([v"%,1%p]) xo. and a;fc’aEBabic’a — §([v"p, v°p]) X Ta,
|

+
Ub,c,a@a

To determine which of these discrete series do appear in (5.1), and what are
their multiplicities, we need a couple of lemmas.
LEMMA 5.2. We have in R(G), with mazimum multiplicity
52) 3([v2p, ")) % (w7 p,v7p)) x @
>1- 0'2:0 +1-0,.+1 - L(3([v"p,v%p]) % o).

PROOF. Check multiplicity two of 6([v='p,v]) ® o and one of
§([v=¢p,v’p]) ® o in u*(&([yép, vPp]) x 5([V%p, v°p]) x o) and use Theorem
3.1. O



88 I. CIGANOVIC

LEMMA 5.3. We have in R(G), with mazimum multiplicities:

(3([v= p, v°p]) %8 (v p, v°p]) % o)
>1-6([vzp, %)) @ op, +1- §([vEp,v%p)) ® O

PROOF. The claim can be deduced from (2.1) and Lemma 5.2. d

LEMMA 5.4. We have in R(G), with mazimum multiplicities:
w (B2 p,vbp]) xok,) > 1-6([v = p, v p)) @ o+ 1 6([v2 p, %)) @ 0,
+0-8([2p,vp)) ® Tp e
PROOF. By (2.1) consider 0 < s <r <b+ 3,8 ®0’ < p*(of,), and
(5:3) o pv2p]) x (WP p,vPp]) x 8 @ (WP p, P o)) w0

First we look for 6([v=%p,v%p]) ® o.. Observe that v°p is not in a cuspidal
support of ¢, so in (2.4) we have j = ¢ and

@' < Y s p) @6 p, o)y o).

i=—a—1

Searching for »~%p in cuspidal support in (5.3), left of ®, we have options

1

er—b=—-a,50b+1—s5> 3, and we have i = —5, s = b — a and

1

2
o' = 68([vip,v°ply;0) = oo

eb+t1l—s=—-a,sos>b+ % and this is not possible.

e —i = —a, this is not possible since J([vF1p, v°p| ;o) is zero.

Looking for &([v2 p, v%p]) ® oy, ., we have r = b+ 1 and s = 0. Thus we search

m
!

' @ 8([v2p, v p)) x o

Now in (2.4) we have j = c and i = —3, so ¢’ = §([vzp,v°ply; o) = 0. But,
0y, L 5([1/%;), vPp]) x 0., and 02'0 appears there once, by Lemma 3.4. d

LEMMA 5.5. We have in R(G), with mazimum multiplicities:
(2 p ")) % 0 ) 2 0-5([v ™ p,"pl) @ 0 + 0 6([v2p, v p]) @ 0

PrROOF. The proof goes as in Lemma 5.4, with the difference that one
now obtains ¢’ = (5([V%,p, v°]|_;0), but the term on the right-hand side is
zero, by (2.2). |

Now we determine all discrete series that appear on the left-hand side of
(5.1).
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PROPOSITION 5.6. Writting all discrete series, with multiplicities, we
have in R(G):

S o) X (2 p v P m o 2 10y 1y,
S(wip o) ot 21 07
3([v2p,v"p)) % 0. > 0.

PrROOF. By (5.1) and Lemma 5.1, only possible discrete series subquo-

+
tients in all of these representations are Thear Opeq a0d 0, bt By Theorem

3.7and (4.1), O'b cqand oy . appearin §([v=%p,v%p]) x8([vzp,Pp])xo. Lem-
mas 3.5 and 5.3 show that they appear with multiplicity one. Now (3.1) and

Lemma 5.4 show that we have only one discrete series in 8([v2 p, %p]) % ot

which is ab+c .» and none in the 5([vzp, vbp)) x by Lemma 5.5. Since we

aca

have no o, . in neither 5([vzp, vPp]) x ot . nor §([vzp, vPp]) x «.c» Theorems
3.6 and 3.7, and (4.1), show that we have no Oppe il
5([v=p,v°p]) x 8([v2p,v*p]) % 0. 0

6. NON-TEMPERED CANDIDATES

As noted in Section 4, we search for possible remaining non-tempered
subquotients in

O(w2p, w0l) X o+ (w2 p, v0l) X o
We have
PROPOSITION 6.1. If 7 is a non-tempered subquotient of 6([v2p,vp])
o e different from its Langlands quotient, then  is either L(d([v 2p, %)) %
oy ) or L(6([v=p,vbp]) x o).
PROOF. We use Lemma 2.2 of [14] (in terms of that lemma 7m <

§([v=hp,vt2p)) x o, —=ly = 3,1y = band 0 = 0 .). So we look for possi-
ble embeddings

><IO'

(6.1) T (v p, P p]) X,

where —a; + 1 < 0 and 7’ is irreducible. By the lemma, there exists an
irreducible representation o1 such that

{“*(UZC) > 6([vzp, v p)) @ 0y

6.2
(62) 7 < 3([v g, vp]) o

and we must have

3
(6.3) b>
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We have two possible cases:
a) f1 = —5. Now o1 = 0] .
e Assume that 7 is tempered. We may take 2c; +1 € Jord, (o, .). Now
a1 = c is not possible, since that would imply b > ¢. Thus a; = a, and
w <O p,p]) xa k.

Looking at the cuspidal support on the right hand side, Lemma 8.1 of

[13] implies that 7’ is a discrete series. Thus 7’ = o;c orm’ =0, .. By

Section 8. of [20], we have 7’ = a;c. So (6.1) is written as

T 5([V7ap,l/7%p]) X 0;0.

Thus, we have m 2 L(6([v2 p, v%p]) x a;fc).

o If 7' is not tempered, by Lemma 2.2 of [14], there exist 2 + 1 €
Jord,(of.) and (B2 +1)- = (B2)- +1 € Jord, (o) = {2a+1,2c+1},
such that (in terms of the lemma oy < (B2)- < 82 < as < l3) we have

ar <a<c<ay<h

So ¢ < b, but this is a contradiction.

b) B1 > 3. Then, by the lemma, 281 +1 € Jord, (o) = {2a+1,2c+1}.

Since 1
C>b20[1>ﬁ1,—§

we have $; = a and oy > a. Now (6.2) gives
; 1
H (UIC) > 5([V2p, Vap]) ®o1.
To determine oy, we look at p*(of.). In (2.4) it is necessary to pick j = ¢

and i = —%, and we have

o1=8([v2p.v ply;0) = o
So far, we have

= (v~ *p,v%p]) x 7,
(6.4) 7 < B[, 1)) o,

a < a; <b.
If oy = b then 7’ = o, and m < §([v~"p,v%p]) x o, S0

™= L(3([vp, 1"p]) % 0v),
as expected. Thus, we assume

a<ap <b.

Since Jord,(0.)N[201 41,20+ 1] = {2c¢+1}N[2a;1 +1,2b+1] = (), Proposition
3.1 ii) of [14] implies that §([v®1+1p,%p]) x o, is irreducible. So

7 2 §([v*H p, 1 pl) w0 2 5(Ip v ) o
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and finally

T 6([ " p, %)) X 6([v " p, v T p]) X o
Now, by Lemma 5.5 of [6], either m < §([v"p,v%p]) x &, or there exists an
irreducible representation 7 < §([v~* p,v*p]) X o, such that
pl) x 7.

The second case is not possible since, similar to (6.3), we would obtain —% <
d

05171

T 8([v"p, v~

—a; — 1(< —1 — 1), a contradiction.

Using the same methods as above, we obtain

PROPOSITION 6.2. If 7 is a non-tempered subquotient of 6([v2p,v’p))

Mo, different from its Langlands quotient, then m is L(3([v2 p, v%p]) % Oy e)-

(l c’
7. MULTIPLICITY OF L(6([v2 p,v%p]) x oif)
Here we write explicitly L(§([vzp,vp]) O'bic) as a non-tempered sub-
quotient of & ([l/%p, vPp]) x a ., different from its unique Langlands quotient,
as claimed by Lemma 6.2 of [15] We start with a couple of lemmas.

LEMMA 7.1. Discrete series a{fc and o, . appear with multiplicity one in
equations

Loy, <6(W™*p, %)) xog
Loy, < 6(W* ™+ p, %)) xog e,
Lo, + 10, <8([v" o, %)) x 6([vp,vp]) @ 0
PRrROOF. This follows from Section 8. of [20] and (2.1). d

The next two lemmas follow.
LEMMA 7.2. Both §([v~%p, V_%p])®a;jc and §([v~%p, V_%p])®0'l:c appear
with multiplicity one in p* (8([v="p,v°p]) x 8([v2 p,vPp]) % 7).
LEMMA 7.3. For € = + irreducible representation 6([v=p,v"2p]) @ T e
appears with multiplicity one in p*(5([vz p,vbp]) % T4 )
Using Lemmas 7.2 and 7.3 we have the following result.
PROPOSITION 7.4. With all multiplicities being one, we have in R(Q)
(w2 p,v"p)) x ok, > 1- L(8([v? p,v"p)) % 07,
3([v2p,v"p)) @ oq . > 1+ L(5(
3([v="p,v°p]) x 8([v2p, 1 p) 3 o > 1+ L(8(
(
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8. MurripLICITY OF L(§([v~%,1%p]) % o)

By Theorem 3.6 and (4.1), this subquotient does appear in
5([v=p, v°p)) x8([v2 p,v*p]) o, but also as a candidate in 6([v2 p, vPp]) 3o

a,c?

by Proposition 6.1, so we need to check its multiplicity. We want to obtain a
subquotient in some of its Jacquet module, used to identify it.
First we state a result of Proposition 3.9 of [21].

LEMMA 8.1. In appropriate Grothendieck group we have
1 1 11 _1 1
vipxuvipxo =06 2pvipliio) + (v 2p,v2pl-;0)
—|—L(1/% Xoy) +L(V%p X 13 p X o).
LEMMA 8.2. We have in R(G), with multiplicity one
5([v2p,v"0]) x 3([w2 p,v0p)) 3 0 > 1- L(8([v2 p,v*p]) % o).

PROOF. By Lemma 8.1 we may assume b > 2. Obviously, L((S([u%p7 )
x0op) does appear as a subquotient, so we need to prove multiplicity one. Let
us denote s s )

m=0([v2p,v"p]) x 8([v2p,vp]) ® L(vZp x 0y).
It is enough to see that m appears in both
- 1 ok 1 1
i) wt (Lo vPpl) xow))  and i) 1" (8([ p,v0p]) X ([ p,000]) 3 ),
and that its multiplicity is one in ii).
We start with i). By Theorem 5.1 of [14] ii), and Lemma 5.4 there, we have
in R(G)

1

5([v? p,v"p)) % 0 = Gremp + L(3([v? p, V" p]) ¥ 1),

Where Otemyp 18 an irreducible tempered subquotient of §([v=tp,v°p]) x 0. By
7 % p*(0temp). On the other hand, by (2.5) u*(op) > 5([vip,vbp]) ® o1,
S0 from (2.1) we have
(01w p,p]) ) = 8([v p,1pl) x 8([Ep,vbp]) @ vipxay >

Toweproveii),lookfor0§i§j§b+%and0§5§r§b+%such
that

3([v2p, v p)) x 8([v2 p,vbpl) < 6V p, v 2 p]) x S([WPH T p, b))
x 8([v" " p, v 2 p]) X ([T, 00,
and
L(v2pxoy) < (W p, v p]) x 6T p, 0P p)) % o
The first equation implies i =r = b+ 5 and j=s=0b— % The second is
L(l/%p X 0%) < y%p X l/%p X 0.

Multiplicity one in the second follows from Lemma 8.1. O
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LEMMA 8.3. We have in R(G), with multiplicity one
3([v2p,v°p]) x 8([v2 p,vbpl) x o > 1+ L(3([v2 p, 1" p]) % o).

PROOF. Use Lemma 3.4, (2.1) and (2.4) to show that §([v**1p,vp]) ®
L(8([vzp,vPp]) % 03) appears in u*(L(8([v2 p,1°p])  0.)), and Lemma 8.2
that it appears once in p*(8([v2 p, v°p]) x 8([vzp,vPp]) % o). O

Now we provide a subquotient that can be used to identify L(5([v=%p,1*p])
Xoe).

LEMMA 8.4. We have in R(G)
(L[ =p,vbp]) 3 0c)) > 8([v2 p,v"p]) @ L(S([v2 p, vPp]) % 0).
Proor. By Proposition 3.2, we have
([ p, ")) M oe = 0yl F 00y A+ L(O([V ™, 10p]) X 0.

To prove the claim, one can use (2.1) and a square integrability criterium, see
the end of Section 2 of [19]. O

LEMMA 8.5. We have in R(G), with mazimum multiplicity

wr(O([v " p,vop)) x 6([v2 p, v p]) 1 0) > 1-8([v2 p, v p) @ L(S([v2 p, 17 p]) X ).

ProOF. Use (2.1) and Lemma 8.3. O

LEMMA 8.6. We have in R(G), with mazimum multiplicity
w62 p,vPpl) x ol ) > 1-6([v2 p,v"p]) ® L(3([v2 p, v p]) x o).

PROOF. By (3.1) p*(of.) > 5([v2 p,v"p]) @ 0. The inequality follows by
(2.1) and multiplicity one by (5.1) and Lemma 8.5. |

Finally we have

PROPOSITION 8.7. Both induced representations

O0([v~%p, v°p]) x (5([1/%,0, Vo)) x o and (5([1/%p, Vo)) x o

,C?
contain L(6([v=%p,v%p]) X 0.) as a subquotient, with multiplicity one.
pVp

PRrROOF. Theorem 3.6 and (4.1) give existence in the first representation,
and Lemmas 8.4 and 8.5 multiplicity one. For the second, use (5.1), and
Lemma 8.6. d
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9. MurreLicity oF L(§([v=°p,v¢p]) x a,)

We observe that by Theorems 3.6 and 3.7, L(3([v~"p, v¢p]) x o,) appears
two times in (4.1). So we determine its multiplicity. First we state a result
that we use later.

LEMMA 9.1. We have in R(G), with multiplicity one
(L[, v%p)) % 04)) > 1-6([v2 p,v7p)) @ L(3([v~"p, v%p]) x 0).
PROOF. Denote the subquotient by 7. By (2.5)
w*(0a) > 8([v2p,v%p)) ® 7,
0

wr(S([v="p, v p)) x 0q) > .
Comparing Proposition 3.2 and Lemma 3.5, it is enough to show

W2 p, v p) o) £ .
So by (2.1) consider 0 < j <i<a-+ %, i®d < N*(szc) and
S, E ) x 6([* L p, ) x & @ BV p, 1T p]) o

As &' should not contain neither v°p nor v“p in its cuspidal support, by (2.4),
we have ' ® 0’ =1 ®obic, and i = j = a+ 3, giving §([vzp, vp]) ®crgtc 2T
O

PROPOSITION 9.2. We have in R(G), with multiplicity one
3([v="p,vop]) x 8([v2p, 1)) 3 0 > 1+ L(8([v~"p,v°p)) % ).
PROOF. It is easy to check that §([v~¢p,%p]) ® o, appears with multi-
plicity one in p*(8([v=%p, v°p]) x 6([vzp,v"p]) x o). 0
10. COMPOSITION FACTORS
Here we determine composition factors of the kernel K7 from Section 4.
PROPOSITION 10.1. We have in R(G)
3([v2p,vPp)) %ol = L2 p, ) x 0f )+ 0f
+ L(8([v2 p,v"p)) % o) + L(3([v " p,vPp]) % o).

PROOF. Discrete series subquotients are determined in Proposition 5.6.
Remaining irreducible subquotients are described by Propositions 6.1, 7.4 and
8.7. d

PrOPOSITION 10.2. We have in R(G)
3([v2 p,vp)) % 07, = L(8([v% p,v°p]) % 05.0) + L(8([v p,v°p]) % 0;,).
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PRrOOF. Possible discrete series subquotients are discussed in Proposition
5.6. Remaining irreducible subquotients are described by Propositions 6.2 and
7.4. ]

THEOREM 10.3. We have in R(G)

3([v=p, v p]) (w2 p, v pl) % o = L(5([v~"p,v°p]) x 6([v2 p,v"p]) % 0)
+ L(8([v2 p, v pl) % o) + L(S([v =" p,v°p]) % o)
+ 0y + LO([v 10, 0%0)) % 6([v2 p,v7p)) % 0)
+ L(8([v2 p,v"p)) % o) + L(([v =" p, vPp]) % o)
+ L(8([v2 p,vp)) x 07 ) + L(6([v ™10, v5p]) % 04)
oty + L2 p,v ) % 0y,).

(
(

Proor. By (4.1), Theorems 3.6 and 3.7, and Propositions 10.1 and 10.2,
we listed all irreducible subquotients, up to multiplicities. Proposition 5.6
shows multiplicity one for discrete series. Propositions 7.4, 8.7 and 9.2, show
multiplicity one for L(é([yép, vepl) % a;c), L(§([v=2p, 1)) x a.),
L(6([vtp,v%p]) % 04), and L(8([v2p,v%p]) 0y.). Remaining irreducible
subquotients appear with a multiplicity one in K; + Ko + K3 + L(%), on the
right hand side of (4.1), by Theorems 3.6 and 3.7, and Propositions 10.1 and
10.2. |

11. COMPOSITION SERIES OF &([v%p,1%p]) % o, AND &([v2p,1%p]) X 0

Here we determine the composition series of the kernel K7, from Section
4. For the first representation, we show that a discrete series is a subrepesen-
tation, and use intertwining operators to position other subquotients.

The first lemma follows directly from (2.4) and (2.5).

LEMMA 11.1. We have in R(G), with mazimum multiplicities:
w(8([v2 p,vPp]) x 8([v2 p,v"p)) % 0) > 2 6([v™p,v"p)) @ 0.

The next proposition gives positions of both aZfaa and L(5([v=%p, vbp])
XOc).

ProrosiTION 11.2. We have embeddings

T oo = S p 1)) M oefog

b,c,a
— 8([v2p, ")) ¥ o .
PROOF. By Theorem 2-6. of [5] and Lemma 3.4 we have an epimorphism

_ _1
5= p.vdpl) xoe o,
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Now we have a composition of an embedding and an epimorphism

3([v=p,vPp]) 3 a0 = 8([v2 p, v p]) X 8([v " p, v 2 p]) % o

+

(11.1) )
— 5([vzp,v’p]) x ot

By Propositions 3.2, and 5.6 and Lemma 11.1, all representations in (11.1),
have 0;0 ., as a subquotient, with multiplicity one, and the last doesn’t contain

o~ O

a,b,c’

Now we want to see a position of L(8([v2p,v%p]) x U;C). First we state
two lemmas that can be proved using (2.1), (2.4), Proposition 3.2, and Lemma
3.9.

LEMMA 11.3. We have in R(G), with multiplicity one:
(11.2) 5 (LO(E povpl) % 07.)) = 1-0(1v"p,0p)) & L(3([v% p,0%0]) % o).
LEMMA 11.4. We have in R(G), with mazimum multiplicities:
W (O[3, p)) % 8([ p,0%0]) 2 )
> 1-0([v2p,v"p)) @ o, + 1-6([v"p,v°p]) @ L(8([v2 p, v p]) X 0).
The next proposition gives position of L(8([v2p, v%p]) % U;fc)
ProrosIiTION 11.5. There exists an embedding
(w2 p,v7p)) % o, > 3([w2p,v0p)) 3 ok

PROOF. Denote m = 5([V%p, vepl) X 5([V%p, v¥p]) x o.. By Lemma 3.4,
we have

3([v3 p,vPp]) % ot 8([vE p,vPp]) x 8([v p,v%p]) ¥ 0 =,
and by (3.2)

0F o + L2 p,0%p)) x 07 ) ") 8([vE p,v%0)) % o, > .

It is enough to show that both U;a,a and L(6([vzp,v%p]) % U{:C) appear in 7
once. This follows by Lemmas 3.5, 11.3 and 11.4. ]

Finally we have the following result.

PROPOSITION 11.6. Induced representation 6([v2p,v’p]) of. has a
unique irreducible subrepresentation and unique quotient. We have an exact
sequence

L(5([v2 p,vp)) % o) + L(O([v="p,v%p]) % o) =
(w2 p, ")) % o oJoty, . = L2 p,v"p) x o).
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PRrOOF. Composition factors are determined by Proposition 10.1. Posi-
tion of irreducible subquotients are determined by Propositions 3.2, 11.2, 3.5
and 11.5. O

By Theorem 4.1, we have

COROLLARY 11.7. Induced representation &([v="p,v~2p]) of. has a
unique irreducible subrepresentation and a unique irreducible quotient. We
have an exact sequence

L(5([v2 p,v"p]) % o) + L(5([vp,17p]) % o) —
3([v=tp, v =2 p)) } ok /L7 p,v0p]) ¥ o) — o

a,b,c’

Now we state the composition series of 8([v2p,vbp]) x o, as a direct

consequence of Proposition 10.2. "
ProrosiTiON 11.8. We have a non split exact sequence
L(5([v2 p,vp)) % 0y) = 8([v2 p,vPp]) % o, — L(8([v2 p,vPp)) % 07,).
By Theorem 4.1, we have
COROLLARY 11.9. We have a non split exact sequence

L6([v2p,v*p)) @ o) = 8([v™1p, v 2 p]) ) o, — L(8([v2 p,v%p]) % 0y,).

12. COMPOSITION SERIES OF &([v¢p,%p]) X 6([v2 p,v%p]) % &
Here we determine the composition series of the kernel K5 from Section 4.

ProproSITION 12.1. Induced representation
§([v=cp,vbp)) x 8([v2 p, v*p]) x o has ezactly one irreducible subrepresentation,
and two irreducible quotients. We have an exact sequence

O3 a + L0 p,v%0)) x 8([W2 p, %)) % 0) + 0y,
< 8([v™p, vp)) x 8([vE p,v%p]) 3 0 /L(S([vp, v°p]) % 04)
— L(3([v2 p,v"p]) % o) + L(3([v2 p,v"p]) % 0y,).

PROOF. Denote the induced representation by w. By Theorem 3.7, 7 is
a multiplicity one representation with irreducible subquotients listed in the
claim. Consider embeddings

S([v=p,%p]) X 04 =,
3([v2p,vp)) x L(3([v™"p,v°p)) x o) =,
3([v="p,v%pl) % L(8([v¥ p, 17 pl) % 0) =7,

o([v™%p, V*%p]) X Jbic 7.
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We shall describe representations on the left and the claim will follow.
e By Proposition 3.2, §([v~¢p, ¥p]) x o, has a unique irreducible subrep-
resentation

L(6([v~"p,v%p]) x 0,), and two irreducible quotients alfaa.
e By Corrolary 4.1 of [3], 6([v2 p, v*p]) x L(8([v~bp, v°p]) x &) is a quotient

of 6([v2 p, v*p]) x 8([v~"bp,vp]) X o containing a unique irreducible subrepre-
sentation L(6([v="p,vp]) x 0,) and a quotient

L(([v~"p,v°p]) x 8([v2 p,v"p]) x 7).

e By Corrolary 4.1 of [3], 8([v="p, v°p]) x L(5([v'2 p, v*p]) 3 0) is a quotient
of 5([u%p, vp]) x 6([v=p,vp]) x o, containing a unique irreducible quotient
L(6([v2 p,v"p]) x 8([v~"p,v"p)) x 0)

+

and two irreducible subrepresentations: L(d([v2 p,v%p]) x oif,). Thus 7 has

a quotient, containing two irreducible quotients L(J V%p, v%pl) x o ) and a
b,c

unique irreducible subrepresentation L(8([v2 p, v%p]) x 6([v=p, v°p]) % o).

e Similarly, by Lemma 3.5, for every € € {+,—} 7 has a quotient, con-
taining a unique irreducible subrepresentation oy . , and a unique irreducible
quotient

L(5([v? p,v"p)) % 0f ).

By Theorem 4.1, we have the following corollary.

COROLLARY 12.2. Induced representation §([v="bp, v¢p]) x 6([v=p, v~ 2 p])
o has exactly two irreducible subrepresentations and one irreducible quotient.
We have an ezact sequence

O ea + L™ p,v%0)) X 8([v2 p,v%p]) X 0) + 0y
= 0([v"p,v°p]) x (v p,v 2 p]) M @
JLG([v2p,vp)) % 03f,) + L(6([v2 p, v p)) % 07,,))
— L(6([v="bp,v°p]) % 04).

13. COMPOSITION SERIES OF 0([v™%p,v°p]) X o}

Here we determine composition series of the kernel K3 = §([v—p,v%p])
X oy from Section 4. First we determine subrepresentations.

ProrosiTiON 13.1. We have a unique subrepresentation

U;qa = §([v %, v°p]) X 0p.
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PrOOF. Compare Theorem 3.6 and Proposition 11.2 with

5([v="p,vopl) 3 ap = 8([v2 p,v7p]) x 8([v =" p,v°p]) ¥ 0.

Now we determine position of L(5([v="p,v¢p]) x 0,).
LEMMA 13.2. We have in R(G), with mazimum multiplicities
3([v2p,v°p)) % 6([v2 p,v7p]) % 04
>1- a;cﬂ +1.0,,,+1: L(6([v™"p,v%p]) % 04),
5([v2p.vpl) % o,
>1- O’;aa +0-0y,.,+1 L(6([v"p,v%p)) % 04).

Proor. By Proposition 3.2, Ubic ., appears in the first formula. For the

multiplicity one use (2.1), (3.3) and (5.2) to search for §([v2p,v%p]) @ a;t’c.
For the third summand use Lemmas 3.4 and 9.1. Similarly show the second
formula. 0

LEMMA 13.3. We have an embedding
0([v=%p,v°p]) X op — (5([V%p, vpl) X U;b.
PrROOF. By Lemma 3.4 we have composition of an embedding and an
epimorphism
3([v=p,v°p)) 3 o = 8([v2 p,vp]) X 8([v " p, v 2 pl) X
—» (5([V%p, vpl) O'Ib.

Lemmas 3.4 and 3.5, Theorem 3.6, and Lemma 13.2, imply that all representa-
tions here have Ugfm as a subquotient, with multiplicity one. By Proposition

13.1, al;f . 15 @ unique irreducible subrepresentation of ([v~2p,v°p]) X op.
The claim follows. ad
LEMMA 13.4. We have an embedding

810" p, ) % 0003y > ([ p,1p]) 2

PrOOF. Consider a composition of an embedding and an epimorphism
3([v="p,v°p)) % 70 = 6([v2 p,v°p]) X S([v ", v 2 p]) X 74
— (5([V%p7 vpl) Uzb.

By Proposition 3.2 §([v=p, v¢p]) x oy = OZ:C’a-l-Olzc’a—l—L((S([z/_bp, vepl) X og),
with discrete series being subrepresentations. Apply Lemma 13.2. O

The next proposition gives a position of L(5([v=bp,v¢p]) x 04).
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ProrosITION 13.5. We have an embedding
3([v="p,vp)) M 0a/oy, o = O([Vp,vop]) X 0.
PROOF. By Proposition 3.2 and Theorem 3.6 we have in R(G)
(100" ) % 0/ < (10 py0°0]) 2
By Lemmas 13.3 and 13.4, these representations embed into

§([vzp,vop]) % aIw which has irreducible subquotiens of the first representa-
tions with multiplicity one, by Lemma 13.2. O

Finally we determine position of L(5([v=%p,v’p]) x o.).
PrOPOSITION 13.6. We have an embedding
S0, ) % 00 /oy 610 po ) 5

Proor. By Proposition 11.2 we have

3(v="p, o)) mocfog, . = (W2 p, 1 p]) x o, so

a,c’

3= p, V) % 0/, . —0([vp,v°p]) X 3([vZ p,17p]) ¥ 0, and
3([v="p,v°p)) % o =0 ([v™p,v%p)) x 6([v2 p,vPp]) ¥ 0.

The claim follows, since by Theorem 10.3 the representation on the right is
multiplicity one, and by Proposition 3.2 and Theorem 3.6 we have in R(G)

S([v=p,v’p)) X 0e/oy . < O p, v p]) X 0.

Now we write composition series for §([v=%p,v°p]) X gy.

PROPOSITION 13.7. Induced representation §([v~%p,v°p]) X o, has a
unique irreducible subrepresentation. We have an exact sequence
L(8([v="p,vp]) % 0a) + L(5([v™p,p]) X 0,) =
51" p,vp]) %y [ty . — LV, v°p]) % ).

ProoOF. Composition factors are determined by Theorem 3.6. Positions
of irreducible subquotients are determined by Propositions 3.2, 13.1, 13.5 and
13.6. d

By Theorem 4.1, we have

COROLLARY 13.8. Induced representation 6([v~°p, v®p]) X op has a unique
irreducible quotient. We have an exact sequence

L[ p,v°0)) % 00) + LO([~ p,1p]) 3 0)
([%p,v"p]) % o/ LS~ v°p]) % 1) = oy .
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14. THE MAIN RESULT

Here we give the main result, a composition series of the representation .

THEOREM 14.1. Let ¢ = 8([v=p,v°p]) x 8([v2p,vPp]) x o and define
representations

]
Wa =L(6([v% p,v"p]) % o;,)
L(([v p,v"p)) % 0 0) + L(5
W3 =L(3([v2p,v"p]) x o)
Opea+ L[ "0, v5p)) x 8([v7 p, 1))
Wy =L(¥).
Then there exists a sequence {0} = Vo C V3 C Vo C V3 CVy =4, such that
Vi/Vicio 2W,, i=1,...,4.
Further, W1 is chosen to be the largest possible, then Ws, and so on.

PROOF. We use the notation K;, H;, and f; from Section 4. Composition
series of K1, K> and K3 are determined by Propositions 11.6, 11.8, 12.1,
and Corollary 13.8. Composition series of Hy, Hy and Hj are determined by
Proposition 13.7 and Corollaries 12.2, 11.9 and 11.7. For all ¢ > 1 denote

ki = Kz ﬂIm(fi_l O .- Ofo), hl = Hz ﬂIm(gi_l [oJUNN Ogo).

Set Ko = ko = {0}. Let 7 be an irreducible subquotient of 9, and 1 <7 < 3.
Obviously

7 <Im(fioi0--0fy) < Vj<i m¢%Kj.

This implies that if 7 < K}, for some (0 <)j < i, taking j minimal, we have
m € Im(fj_10---0fy). Thus m < k; for some j < i. Now we have

Jdi<i n<K; <= dj<i w<k;andso
7 <Im(fic10---0fg) < Vj<i m&kj.

We conclude that k; consists of irreducible subquotients of K; that do not
appear in any of k;_1,...,kg. It is clear that we can write this in R(G) as

ki =|Ki—kizp—-— koJR;(G),

where for 7 € R(G),m = Y, mym;, m; € Z, m; ¥ m; € IrrG for i # j, we

define
UTJR;;(G): Z MG
{ilm;>0}
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Now we have in R(G)

k1=K, ky=[K;— liRJ(G)v ky =| K3 — ko — liRJ(G)v

hl :Hl, ]7,2 :I_Hg—hljRar(G), ]7,3 ZI_H?’_hQ_hlJRar(G)'
We have k; &2 K7 and hy & H;. Further, calculating composition factors of
ko and ho and comparing with composition series of K5 and Hs, we see that
ko and hg have exactly two irreducible quotients. Similarly, we determine k3

and hs. So we have exact sequences, and no irreducible subquotient can go
on lower position:

(14.1)

L(([v2p,v°p]) % yf,) + L(3([v="p, 1 p]) x 00) + L(3([v2 p,vPp]) % 0 ) =
ki /(00 + LO([v2 p,v°p)) x 0y,)) = L(6([v2 p, 1)) % o),

(14.2)

ko L(O([v="p,v°p]) % 00) = 0y, + L(S([v 10, v°p]) x 8([v2 p,1"p]) % 0),

ks =2 L(5([v™%p,v°p]) % o),

L(([v="p,v°p]) % 0a) + L(3([v " p,1"p]) % o) =

h/ofy,. — LO([v™p,v%p]) % o),

(14.5)

ha/(L(3([v? p, v p]) % 07,) + L(8([v7 p,v"p)) % 0;,,)) =
o+ LO(1p,0%0]) x 8([v2 p,v"p]) % 0),

(14.6)

hs 2 L(3([v= p,v"p]) % o) + L(8([v2 p,17p]) % 0y,).

We define representations V;, i = 1,...,4 as follows. By (14.1) W; < 1. Let
V1 be its image. Further, (14.1) and (14.4) show W3 < 4 /V. Let V2 be the
preimage of W5 in 1. Denote representations

¢ =L(([v?p,v"p]) x 0,),
v =L(5([v™p,v°p]) % o),
M =0y, , + L([v"p,v°p]) x 8([v2 p,v"p]) % 0),
T =/ Va.
By (14.1) and (14.4) we have embeddings
(14.7) (=T
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By (14.1) and (14.2) we have an embedding and an epimorphism

M < 7/C & T, thus  P7Y(M)/¢= M,
By (14.4) and (14.5) we have an embedding and an epimorphism
M‘—>7’/V&T, thus P, Y(M)/v = M.
We have in R(G)
(14.8) P:Y(M) =M+ and P, (M) =M +v.
We claim that in R(G)
PCY (M) N PN (M) = M.
Inclusions P, (M) <  and P;'(M) < 7 induce an embedding
PLM)/(PN(M) 0 B (M)) < 7/ B (M),
This shows that in R(G)
PoY (M) = P (M) N P (M) <7 — P (M), and by (14.8)
M+¢(—P{(M)NPY (M) <7—M —w.
So, we consider in R(G)
(14.9) M+ ¢+v <P (M)N P Y (M) + (1 — M)
By Proposition 10.2, 9 is a multiplicity one, and so is 7. Also, in R(G)
T=¢p-Vo=9¢-W1—-W> > M.

Now, any irreducible subquotient of M does not appear in 7— M, so by (14.9),
it must appear in P{l(M) N P, Y (M). We conclude that in R(G)

PN (M) N PN (M) > M.
Thus (14.8) shows that in R(G)
PHM)N P (M) = M.

Now, since 7/¢ is a multiplicity one, and P, is injective on P{l (M)NP,; Y (M),
both compositions

M S7/¢ — (r/¢)/Po(P7 (M) 0 By (M) and
PLM) 0 B (M) S35 /¢ - (7/€) /(M)

are zero. Thus i(M) = PC(Pgl(M) NP1 (M)).
We conclude M = PEI(M) N P;1(M), and have an embedding

(14.10) M <.
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Combining (14.7) and (14.10) we have an embedding
W3 = 1/ Vs.
Let V5 be the preimage of W3 in 9. We see that in R(G):

Q/JR(:G)WlJrWQJngﬂLL(d)).

We proved the filtration formula. Now we show the last claim, about maximal-
ity. Decompositions of k1 and hy, (14.1) and (14.4), show that no irreducible
subquotient of W5, can be a subrepresentation of ¢. They also show that
L(6([v2p, vPp]) x ot.) and L(6([v~%p,v°p]) X 03) can not be embedded into
¥ /V1. To see the same for factors of M, first assume that Opea /1.
Since k1 /Vh — ¢ /Vi, and k1 doesn’t contain O car WE obtain Opea < U/k.
On the other hand ko < 4/k1, and ko contains Thocar but not as a subrepre-

sentation. Since v is a multiplicity one, we got a contradiction. Similarly for
the other factor of M. |
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PARABOLICKA INDUKCIJA IZ DVA SEGMENTA,
POVEZANIH OBZIROM NA KONTRAGREDIJENT, SA
KUSPIDALNOM REDUCIBILNOSTI JEDNE POLOVINE,
POSEBAN SLUCAJ

Icor Cicanovié

SAZETAK. U ovom radu smo odredili kompozicione nizove inducirane
reprezentacije §([v~%p, v°p]) X 6([V%p, vbp]) %o, gdjesua, b, c € Z+% takvi
da je % < a < b < ¢, p je ireducibilna kuspidalna unitarna reprezentacija
opce linearne grupe i o je ireducibilna kuspidalna reprezentacija klasi¢ne
grupe, takva da se v2 p x o reducira.



