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Abstract: Seismic damage shows that the out-of-plane collapse of unreinforced masonry walls is very common. Especially in the teaching buildings, the out-of-plane collapse 
of the longitudinal load-bearing walls leads to the disproportionate collapse of the building, which results in serious loss of life and property. It is assumed that the in-plane 
stiffness of the unreinforced masonry floor system is infinite, and the effect of the integral bending of building on the story drift is ignored. The load-displacement relationship 
for out-of-plane of unreinforced wall under vertical dead load and horizontal seismic load was deduced with the bilinear constitutive relationship of masonry under 
compression, the second-order effect of vertical load on deformation being considered. The influence of axial compression ratio and the height-thickness ratio of the wall on 
the failure model and the load-displacement characteristics in the elastic state, ultimate state and collapse state were also studied. A theoretical method for the collapse 
mechanism and the aseismic design of the unreinforced masonry structure based on displacement was provided. This study has significant implications for the seismic 
performance design, post earthquake structural reinforcement, and seismic grade evaluation of unreinforced masonry structures. 
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1 INTRODUCTION 

Earthquake damage shows that unreinforced masonry 
buildings without anti-seismic design are damaged or 
collapsed seriously [1]. There are many such houses in 
existing Chinese buildings, including rural houses in 
remote areas, masonry structures built before the 
promulgation of the seismic design code, and historical 
protection buildings. The strength/mass ratio of 
unreinforced masonry structure is quite small frequently, 
and the inertial force is not constrained in the direction 
outside the plane, which is prone to the occurrence of 
brittle failure outside the plane and the formation of brittle 
collapse mechanism [2]. 

In order to evaluate the out-of-plane seismic 
performance of the walls of unreinforced masonry 
buildings, domestic and foreign scholars have studied the 
collapse process and collapse mechanism of unreinforced 
masonry structures by using shaking table test, pseudo-
dynamic test and computer simulation [3-9]. These studies 
are related to the load - displacement characteristics of 
unreinforced masonry walls. At present, there are mainly 
two types of rigid body model. One is the rigid body model, 
which compares the wall cracking under the action of 
external load to the rigid body movement, and establishes 
bilinear P-Δ model for structural dynamics analysis [10-
14]. The second is the semi-rigid model. The wall is 
assumed as an elastic-plastic compression member, and the 
influence of second-order deformation on the stability of 
the structure is considered. When the maximum 
compressive strain of the section exceeds the ultimate 
compressive strain, the member moves according to the 
rigid body. In these studies, the influence of vertical load 
eccentricity, different supporting conditions at both ends of 
the wall, construction quality [15-18] and other factors 
were considered respectively.  In addition, static test, 
dynamic test, field test, or existing constitutive relation 
[19-24] are adopted to study the mechanism of wall 
collapse outside the plane by using the established trilinear 
P-Δ model.

The above studies are based on non-load-bearing
walls. Vertical load only considers the structural dead 
weight, while horizontal load is the inertial force generated 
by the wall's dead weight, which is evenly distributed along 
the wall height without considering the influence of the 

displacement between floors. However, in the Wenchuan 
earthquake and Yushu earthquake, many mixed-structure 
teaching buildings with vertical and horizontal walls and 
load-bearing structures of primary and secondary schools 
collapsed [1]. This kind of house in the big earthquake, the 
horizontal load bearing the transverse wall cracking, 
resulting in the horizontal displacement of the floor greatly 
increased, and the floor load of the deep beam to the 
window wall compressive stress. The displacement of the 
collapse outside the plane is very small, and the wall 
between the longitudinal load-bearing windows is easy to 
collapse outside the plane, leading to the whole collapse of 
the building. 

There is very little theoretical research and 
experimental research on unreinforced masonry out of 
plane, and the data is incomplete, which cannot guide the 
design and seismic performance analysis of unreinforced 
masonry out of plane. It is not possible to evaluate the 
seismic performance of each wall in the masonry structure. 
This article adopts the interlayer shear model. Under the 
action of vertical loads and horizontal displacements 
transmitted from the floor, utilizing the existing masonry 
constitutive relationship and considering material 
nonlinearity, a semi rigid model method is adopted, derived 
the P formula for the entire process of unreinforced 
masonry wall panels bearing horizontal displacement out 
of plane from loading to collapse - Δ Load displacement 
relationship. The relationship between the load 
displacement curve of the wall at different stages and the 
vertical load and the wall height thickness ratio is studied. 
It provides a theoretical basis for analyzing and studying 
the collapse mechanism of masonry walls under 
earthquake and seismic evaluation and reinforcement of 
existing unreinforced masonry buildings. 

2 ANALYSIS MODEL 

In the multi-story rigid scheme, the non-reinforced 
masonry houses have large stiffness and few layers. Under 
the horizontal earthquake, shear deformation is the main 
deformation, and the floor does not rotate. The masonry 
walls can be regarded as the bearing members with fixed 
ends at the bottom and moving fixed supports at the top. 
The calculation diagram is shown in Fig. 1. 
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Under seismic action, the vertical load N at the top of 
the wall is assumed to be constant. Under the action of 
horizontal earthquake, the horizontal displacement 
between floors is Δ, and the wall top bears the concentrated 
out-of-plane load P. It is worth noting that the dead weight 
will also cause the inertia force along the wall height in the 
earthquake, but the effect on the load-bearing wall, relative 
to the horizontal displacement of the wall top, can be 
ignored. 

Obviously, the horizontal displacement between floors 
caused by earthquake will increase the eccentricity of the 
longitudinal wall, reduce the compressive bearing capacity 
and stability of the wall, and promote the failure and 
collapse of the bearing longitudinal wall. In order to 
analyze the relationship between load and displacement 
during the failure and collapse of load-bearing walls, the 
following assumptions are made. 

 

 

 

 
Figure 1 Wall calculation diagram 

 
(1) The stress and strain curve of masonry under 

compression is shown in Fig. 2, which is an ideal elastic-
plastic material. The elastic modulus is E, the compressive 
strength is fm, the peak compressive strain is εp = 0.002, and 
the ultimate compressive strain is εu = 0.0035. 

(2) The section strain conforms to the condition of 
plane section; 

(3) Ignoring the tensile strength of masonry. 
 

 
Figure 2 Compressive stress-strain curve of masonry 

 
Note that the stress and strain of the section are 

positive with pressure, and the strain and stress of the 
section at the bottom of the wall are εc and σc respectively 

on the side with larger compressive strain, and εc
' and σc

' on 
the other side. With the increase of horizontal 
displacement, the failure process of the bottom and top 
sections of the wall is divided into three stages: elastic 
stage, elastoplastic stage and collapse stage. 

 
3 LOAD-DISPLACEMENT CHARACTERISTICS OF WALL 

AT ELASTIC STAGE 
 

When the horizontal load is small, the component is in 
the elastic stage. According to the structural stability 
theory, the relationship between the wall top displacement 
δ and the horizontal load P is obtained: 
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The following Eq. (2) can be deduced from Eq. (1). 
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Obviously, when Eq. (3) is satisfied, the wall will be 

unstable failure. On the contrary, the structure will be 
material failure. Before material failure, the bending 
moment at the bottom and top of the wall is shown in Eq. 
(4). 
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4 LOAD-DISPLACEMENT CHARACTERISTICS OF WALL 

IN ELASTOPLASTIC STAGE 
4.1 Failure Pattern 

 
When material failure occurs in the structure, the 

failure will occur at the bottom and top section of the wall 
with the maximum bending moment. According to the 
section, there are two kinds of failure modes: tensile 
damage and compression failure. 

(1) When k is small, horizontal cracking occurs first on 
the side with small compressive strain, and then the side 
with large compressive strain changes to reach the ultimate 
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compressive strain εu. The structure is damaged in tension, 
as shown in Fig. 3. 

(2) When k is larger, the peak compressive strain of 
masonry is εp on the side with larger compressive strain. 
Then horizontal cracking occurs on the side with low 

compressive strain. On the side with larger compressive 
strain, the ultimate compressive strain of masonry is εu. The 
structure is damaged under compression, as shown in Fig. 
4. 

 

 
Figure 3Tensile failure process and stress strain distribution of wall bottom section 

Note: (a) Apply vertical load; (b) Elastic stage; (c) Will not crack (at the end of elastic stage); (d) Cracked, but the compression area remains elastic; (e) The maximum 
compressive strain reaches εp; (f) Cracking, elasto-plastic in compression zone; (g) Limit state, maximum compressive strain reaches εu 

 

 
Figure 4 Compression failure process and stress strain distribution of wall bottom section 

Note: (a) Apply vertical load; (b) Elastic stage; (c) The maximum compressive strain reaches εp (end of elastic stage); (d) Elastoplasticity in compression zone; (e) Will not 
crack; (f) Cracking, elasto-plastic in compression zone; (g) Limit state, maximum compressive strain reaches εu 

 
When the maximum compressive strain of the section 

reaches the ultimate compressive strain, both kinds of 
failure rotate according to the resultant point of the rigid 
body around the compression zone of the section. Finally, 
the moment generated by the load reaches the resistance 
moment of the section and the wall collapses. 

 
4.2 Tensile Damage 

 
(1) Load (cracking) and displacement at the end of 

elastic stage  
Ignoring the tensile strength of masonry, when 

cracking, σ′c = 0, the horizontal cracking load is Eq. (5) and 
the cracking displacement is Eq. (6). 
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As shown in Fig. 3c, the maximum compressive stress 

at the bottom of the wall at the time of cracking is σcr by 
taking an equilibrium in the y direction. 

2cr mkf                                                                           (7) 

 
Based on the assumption of flat section, the curvature 

of the wall bottom section is ϕcr. 
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(2) P-Δ curves after cracking (εc < εp) 
With the increase of horizontal displacement, the 

bottom section of the cracked wall is detached, and the 
actual compression zone height of masonry is x. When εc < 
εp, the sectional stress presents a triangular distribution, and 
the maximum compressive stress σc < fm, as shown in Fig. 
3d. 

Based on the equilibrium condition and the assumption 
of plane section, the curvature ϕ of section is obtained. 
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More conservatively, it is considered that the 

displacement of the top of the wall is proportional to the 
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curvature, then the displacement of the top of the wall is 
obtained. 
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According to Eq. (10) and torque equilibrium 

condition, it can be obtained. 
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(3) Horizontal load and displacement when εc = εp 
When εc = εp, the stress-strain of the wall bottom 

section is shown in Fig. 3e. Based on the assumption of 
plane section and equilibrium condition, the horizontal 
load Pp and the horizontal displacement Δp are obtained. 
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(4) P-Δ curves after cracking (εp < εc < εu) 
When εp < εc < εu, the distribution of stress and strain at 

the section is shown in Fig. 3f. Based on the balance 
equation, physical equation, assumption of plane section 
and assumption that the displacement of wall top is 
proportional to the curvature, the following formula is 
obtained. 
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(5) Ultimate load and ultimate displacement 
When εc = εu, the masonry on the compressive side is 

crushed, and the distribution of stress and strain on the 
section is shown in Fig. 3g. The ultimate displacement Δu 
and ultimate load Pu are obtained from the assumption of 
plane section and equilibrium condition. 
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4.3 Compression Failure 
 

(1) The end of the elastic stage 
When εc = εp, the stress-strain distribution of the 

section is shown in Fig. 4c. Based on the mechanics of 
materials and Eqs. (2) and (4), the horizontal load Pp2 and 
the horizontal displacement Δp2 at the end of the elastic 
stage are obtained. 
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The curvature of the wall bottom section is obtained. 
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(2) Before cracking (εp < εc < εu) P-Δ curve 
When εp < εc < εu, the stress-strain of the section is 

shown in Fig. 3d. Based on the balance equation, physical 
equation, assumption of plane section and assumption that 
the displacement of wall top is proportional to the 
curvature, the following formula is obtained. 
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(3) Cracking load and cracking displacement 
With the increase of horizontal displacement, ε′c 

decreases until ε′c = 0, at which time the wall is in the state 
of uncracked, as shown in Fig. 4e. The corresponding 
horizontal displacement Δcr2 and horizontal force Pcr2 can 
be obtained according to the conditions of plane section 
and equilibrium. 
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(4) P-Δ curves after cracking (εp < εc < εu) 
When εp < εc < εu, the section is cracked, and the stress-

strain distribution is shown in Fig. 4f. According to the 
condition of plane section, physical equation, equilibrium 
condition and assumption that the displacement of wall top 
is proportional to the curvature, the following formula is 
obtained. 
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(5) Ultimate load and ultimate displacement 
When εc = εu, the stress-strain distribution of the 

section is shown in Fig. 4g. According to the assumption 
of plane section and equilibrium condition, the ultimate 
displacement Δu2 and ultimate load Pu2 are obtained. 
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5 LOAD-DISPLACEMENT CHARACTERISTICS OF WALL 

COLLAPSE STAGE 
5.1 P-Δ curve before Collapse 

 
When εc > εu, the wall approximately behaves as a rigid 

body rotating around the compression zone, and the stress 
and height of the compression zone remain unchanged. 
According to the equilibrium condition, the P-Δ relation of 
the wall is obtained. 
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In formula, ξ = εp/εu. 

 
5.2 Case of Collapse 
 

When the horizontal force P = 0 in the collapse stage, 
the wall collapses, and the unstable displacement of the 
wall is Δins. 
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6 DISCUSSION 
6.1 The Boundary between the Two Types of Damage 
 

The boundary failure characteristics of tensile failure 
and compression failure are as follows. When the 
minimum compressive strain of section in elastic stage is 
0, the maximum compressive strain of section reaches the 
peak compressive strain at the same time, namely Pcr = Pp2. 
According to Eqs. (5) and (17), the boundary axial 
compression ratio of the first and second types of failure is 
k1 = 0.5. 

 
6.2 P-Δ Curve of the Wall 
 

(1) Tensile failure 
According to Eqs. (2), (11), (14) and (26), 

dimensionless load-displacement curves 
m

P

f bh H


  of 

tensile failure members with different coaxial pressure 
ratios can be drawn when β = 18, as shown in Fig. 5. 

When k < k1a, the wall collapses before the maximum 
compressive strain reaches εp. When k1a < k < k1b, the wall 
collapses before the maximum compressive strain of the 
section reaches εu. Two boundary values k1a and k1b are 
deduced according to the following equation and 
definition. 
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When β = 18, k1a = 0.059, k1b = 0.168. 

 

 
Figure 5 Load-displacement curve of tensile wall when β = 18 

 
(2) Compression failure 
According to Eqs. (2), (20), (23) and (26), the 

dimensionless load-displacement curve 
m

P

f bh H


  of 

tensile failure members with different coaxial pressure 
ratios can be drawn when β = 18, as shown in Fig. 6. 

 

 
Figure 6 The load-displacement curve of the wall when β = 18 

 
When k2a < k < k2b, the side with small compressive 

stress of section has cracked, but the maximum 
compressive strain of section does not reach εu, and the 
wall collapses. When k2b < k < 1, the wall collapses before 
the maximum compressive strain of the section reaches εu, 
and the minimum compressive stress of the section is 
greater than 0 (full section compression). Two bound 
values k2a and k2b are derived from the definition and the 
equation below. 
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In formula,
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When β = 18, k2a = 0.777, k2b = 0.975. 
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6.3 Influence of Axial Compression Ratio and Height-
Thickness Ratio on Horizontal Load and Displacement 
at the End of Elastic Stage 

 
According to Eqs. (5) and (17) and (6) and (18), the 

variation rules of horizontal load, displacement and axial 
compression ratio at the end of elastic stage of walls with 
different height and thickness ratios can be obtained, as 
shown in Figs. 7 and 8.  

 

 
Figure 7 The relation between horizontal load and axial compression ratio and 

height-thickness ratio at the end of elastic stage 
 

 
Figure 8 The relation between the displacement ratio and axial compression 

ratio and the ratio of height and thickness at the end of elastic stage 
 

As can be seen from the figure, when tensile failure 
occurs, the horizontal load and interlayer displacement 
ratio at the end of the elastic stage increase with the axial 
compression ratio. As can be seen from the figure, in 
tensile failure, the horizontal load and interlayer 
displacement ratio at the end of the elastic stage increase 
with the increase of axial compression ratio, while the 
compression failure is on the contrary. The higher the ratio 
of height to thickness, the smaller the horizontal load at the 
end of the elastic stage and the larger the displacement ratio 
between horizontal layers. 
 
6.4 Influence of Axial Compression Ratio and Height-

Thickness Ratio on Ultimate Load and Ultimate 
Displacement 

 
According to Eqs. (16) and (25), as well as Eqs. (15) 

and (24), the variation rules of ultimate load, ultimate 
displacement and axial compression ratio of walls with 
different height and thickness ratios can be obtained. As 
shown in Figs. 9 and 10, the following conclusions can be 
drawn from the figures. 
 

 
Figure 9 Variation law of wall ultimate load with axial compression ratio and 

height-thickness ratio 
 

 
Figure 10 Variation law of ultimate interlayer displacement ratio of wall with axial 

compression ratio and height-thickness ratio 
 
(1) The horizontal ultimate load of tensile failure 

increases with the increase of axial compression ratio, but 
the opposite is true of compressive failure. 

(2) The horizontal ultimate load decreases with the 
increase of height-thickness ratio. 

(3) When k is very small or very large (see 5.2 in this 
article), the wall collapse occurs when the maximum 
compressive strain does not reach εu, and the horizontal 
ultimate load is very small and can be ignored. 

(4) The horizontal ultimate displacement ratio 
decreases with the increase of axial compression ratio, 
especially when the axial compression ratio k < 0.2, the 
ultimate displacement decreases sharply. 

(5) The horizontal limit interlayer displacement ratio 
increases with the increase of height-thickness ratio. 

 
6.5 Influence of Axial Compression Ratio and Height-

Thickness Ratio on Collapse Displacement 
 

 
Figure 11 Variation law of unstable displacement with axial compression ratio 

and height-thickness ratio of wall collapse 
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According to Eq. (26), the variation law of unstable 
displacement with axial compression ratio during wall 
collapse can be obtained (Fig. 10). Fig. 11 shows that the 
inter-story displacement ratio decreases with the increase 
of axial compression ratio and height-thickness ratio. It is 
noted that when the axial compression ratio is very small, 
the wall collapse occurs when the maximum compressive 
strain does not reach εu, and the collapse displacement is 
not much different from that obtained by Eq. (26). When 
the axial compression ratio is very large, it is assumed that 
the stress distribution of the section at the collapse stage is 
the same as that under the ultimate load, and there is some 
error with the actual situation. However, the displacement 
ratio between collapsed layers is already very small, so it 
is 0 approximately, which is safe. 

 
7 CONCLUSION 

 
Based on basic assumptions, load displacement 

characteristics of unreinforced masonry bearing walls 
under out-of-plane loads are analyzed, and the following 
conclusions are obtained. 

(1) The failure characteristics of unreinforced masonry 
walls under external load can be divided into tensile failure 
and compression failure. 

(2) In tensile failure, the horizontal load and interlayer 
displacement ratio at the end of elastic stage increase with 
the increase of axial compression ratio, but the 
compression failure is the opposite. The higher the ratio of 
height to thickness, the smaller the horizontal load at the 
end of elastic stage and the larger the displacement ratio 
between horizontal layers. 

(3) The horizontal ultimate load of tensile failure 
increases with the increase of axial pressure, but the 
opposite is true of compressive failure. 

(4) The horizontal ultimate load of tensile failure 
increases with the increase of axial compression ratio, 
while the compressive failure is opposite. The horizontal 
ultimate load decreases with the increase of height-
thickness ratio. 

(5) The horizontal limit interlayer displacement ratio 
decreases with the increase of axial compression ratio and 
increases with the increase of height-thickness ratio. 

(6) The displacement ratio between layers decreases 
with the increase of axial compression ratio and height-
thickness ratio. 

This article proposes a static elastic-plastic analysis 
method for unreinforced masonry structures based on the 
out of plane load position relationship of wall panels, 
which provides a better development for the design method 
of unreinforced masonry structures. 
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