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Abstract: Research presented in this paper analyzes the accuracy and applicability of analytical expressions to describe the electric field of a high-voltage glass insulator. The 
metal cap and the metal pin of the glass insulator are represented by coaxial cylindrical electrodes. The insulating materials between them are modeled as coaxial hollow cylinders. 
Analytical expressions for the electric field in these insulating materials are derived. Using these expressions, the spatial distribution of the electric field in the insulating materials 
was determined. Suitable software, based on the finite element method (FEM), was used to determine the spatial distribution of the electric field in dielectrics in the same space. 
Both analyses were performed under quasi-static conditions, and the results of the analytical expressions were compared with the FEM results. Discrepancies between the results 
of the two mentioned analyses were observed. The reasons for the observed discrepancies and the applicability of the presented analytical expressions are commented on. 
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1 INTRODUCTION 
 

The significant development of the electric power grid 
began in the second half of the 19th century. Since then, the 
power grid has become more complex and the electric power 
which is carried from different sources to consumers is 
getting increasingly higher. To reduce transmission losses, 
voltage levels have become higher. Reliability and 
availability are also getting higher. All of the above has 
become possible with the simultaneous development of all 
components in the transmission and distribution of 
electricity. One of the important components in the 
transmission and distribution of electricity are insulators [1-
3]. 

In this article, when researches talk about insulators, they 
refer to high-voltage (HV) insulators with the application in 
the transmission and distribution of electricity. As the 
mentioned development of the electric power grid took place 
all the time from applied electricity beginnings, also 
developments of HV isolators have been continuously 
improved. 

Knowledge of the exact electric field (E-field) 
distribution is crucial in the process of designing and 
analysing HV components such as HV insulators. The 
calculation of E-fields requires the solution of the field 
formulation according to Maxwell's equations with meeting 
the boundary requirements [4]. This can be done by applying 
analytical or numerical methods [5-7]. Due to the geometric 
complexity of HV components, analytical expressions are 
rarely applicable [4]. To demonstrate, a short review of the 
selected examples will be provided. Analytical expressions 
in HV technology can be used to determine the electric field 
in the vicinity of HV overhead transmission lines [8, 9]. Also, 
analytical expressions can be used to determine the induced 
current densities and voltages in a two-layer soil by an HV 
transmission line [10]. Since the energy stored in an E-field 
must be equal to the energy stored in the equivalent 
capacitance, when the expression for the E-field of a 
particular geometry is known, the capacitance of this 
geometry is also known. This enables the application of 
analytical expressions for E-fields to determine the 

capacitance of overhead transmission lines [11]. The 
aforesaid also applies to HV cables [12]. With analytical 
expressions, it is possible to describe the E-field inside of HV 
direct current cable insulations, considering a varying 
conductivity in the vicinity of an interface, e.g. in cable 
joints, which usually consists of two different dielectrics 
[13]. Analytical expressions in HV technology can also be 
combined with the results obtained by numerical methods. 
This has proven to be particularly suitable for analysing and 
interpreting the results obtained by numerical methods. For 
example, by combining analytical expressions and 
simulation results obtained by the Finite Element Method 
(FEM), it is possible to analyse and interpret the 
intensification of the E-field due to the presence of water 
droplets on the surface of HV insulators [14]. 

A special advantage of numerical methods, in relation to 
the analytical ones, is that they enable the analysis of 
arbitrarily complex geometries and geometric 
configurations, while certain approximations of geometric 
shapes are always present in analytical methods. Due to the 
stated advantages of numerical methods, the use of analytical 
methods in describing the E-field in insulators has decreased, 
and has given way to numerical methods in 
electromagnetism. Today, the use of numerical methods in 
electromagnetism exclusively dominates the analysis of 
electromagnetic fields in insulators. 

Nevertheless, it is still beneficial to have suitable 
analytical expressions, although approximate, to describe the 
E-fields in insulators. Analytical expressions simplify 
theoretical considerations, indicate functional relations 
between physical quantities and enable rapid qualitative 
considerations. At the same time, if they give reasonably 
(acceptable) accurate results, the results obtained by them 
can serve as an indicator of the validity of numerical 
calculation. That is, to check whether there is any error in 
modelling using numerical methods. This was a strong 
motivation to investigate whether it is possible, and if yes, 
how accurately the E-field in the space between the metal cap 
and the metal pin can be described. 

In order to derive analytical expressions that can describe 
the electric field in the specified zone, an approximation of 
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the geometry of the specified zone was performed. The metal 
cap and metal pin are represented by coaxial cylindrical 
electrodes. The insulating materials between the metal cap 
and the metal pin (cement and glass) are modelled as hollow 
coaxial cylinders. Using derived expressions on a concrete 
example of a disk insulator, the spatial distribution of the E-
field in dielectrics was determined. In order to determine the 
accuracy of the obtained results, the same calculation was 
performed by the FEM. For this purpose, commercial 
software Ansys based on the FEM was used. Deviations of 
the results obtained by analytical expressions in relation to 
the accurate results obtained by applying the FEM were 
observed. The underlying reasons for the observed deviations 
and the applicability limits of the presented analytical 
expressions are commented on. 
 
2 HIGH VOLTAGE GLASS INSULATORS 
 

Significant progress on several levels has been made 
since HV insulators were first used. The technological 
process for producing insulating materials without 
microdefects and microinhomogeneities has been improved. 
New insulating materials, such as composite polymers, have 
been discovered [15, 16]. The insulator geometry has been 
improved and the surface has been treated with materials 
(coatings) that reduce their adhesion to the insulator surface 
[17-19]. This is especially important for porcelain insulators, 
where moisture and dirt deposits on the surface of porcelain 
insulators affect the E-field distribution, which can lead to 
partial discharges. The influence of non-uniform thermal 
properties of the materials making up the insulators, i.e. non-
uniform expansions due to temperature changes causing 
material stresses and micro-fractures, are minimized by 
proper design. 

Despite advances in the synthesis of polymeric 
composite insulators with suitable mechanical, thermal and 
electrical properties for the fabrication of HV insulators, 
traditionally used materials such as porcelain and glass still 
dominate in applications. One such glass insulator is 
described in this article. Common types of HV insulators 
used in transmission and distribution are pin insulators, 
shackle insulators, suspension insulators (disk or cord), strain 
or tension insulators. As for the insulating materials used, 
insulators for power transmission and distribution HV are 
made of glass, ceramic materials, such as porcelain, or 
polymers, also called polymer composites. Sometimes, the 
insulator name also includes the name of the insulator 
geometric shape, e.g. disk insulators. 

In this article, the focus is on disk-shaped (bell-shaped) 
insulators. HV cap-and-pin (disk) insulators [2], regardless 
of which material is chosen as the primary insulator (glass or 
porcelain), have a similar shape. A typical HV disk insulator 
(porcelain or glass as the primary insulator material) has the 
shape of a bell (disk) (Fig. 1 [20, 21]). When the line voltage 
requires more insulation than a single disk insulator can 
provide, disk insulators are connected in series. 
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Figure 1 Structure of the analyzed glass disk insulator 

 
3 THEORETICAL BACKGROUND (BOUNDARY 

CONDITIONS) 
 

Solving electromagnetic problems requires knowledge 
of the boundary conditions at the boundary between two 
media with different electromagnetic properties [22-24]. In 
this section, a brief overview of the boundary conditions at 
the boundaries of the two media found in the case study 
analyzed in this article is given. The boundary conditions for 
an E-field on an interface separating two homogeneous 
isotropic materials can be written in a concise form [22, 23]: 
 

1 2( ) 0n E E× − =
 

 ,                                                              (1) 
 
where n  is the normal vector to the boundary surface, 1E



 is 
electric field in medium no 1 next to the boundary surface 
and 2E



 is electric field in medium no 2 next to the boundary 
surface. Basically, the previous equation shows that the 
tangential component of the electric field remains unchanged 
at the boundary of the two media. That is, the tangential 
component of the electric field is continuous across the 
interface (Fig. 2) [23]: 
 

1, 2,t tE E=
 

.                                                                         (2) 
 
Boundary conditions for electric displacement field D



 
on a boundary surface separating two homogeneous isotropic 
materials can be written in a concise form [23]: 
 

1 2( ) 0n D D⋅ − =
 

 ,                                                               (3) 
 

where n  is the normal vector to the boundary surface, 1D


 is 
electric displacement field in the medium denoted by 1 next 
to the boundary surface, 2D



 is electric displacement field in 
the medium denoted by 2 next to the boundary surface. 
Basically, the previous equation shows that the normal 
component of the electric displacement field remains 
unchanged at the boundary of the two media (Fig. 2). That is, 
the normal component of the electric displacement field D



 
is continuous across the interface [23]: 
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1, 2,n nD D=
 

.                                                                       (4) 
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Figure 2 Graphical representation of boundary conditions for the electric field and 
electric displacement field at the interface of two media with different permitivities 

 
4 MODELLING THE ELECTRIC FIELD OF THE GLASS 

INSULATOR 
 
The space of interest for modelling is the space between 

the metal cap and the metal pin (Fig. 3 and 4). The inner 
cylinder represents the metal pin and the outer cylinder 
represents the metal cap. The space between these two metal 
cylinders is filled with a complex (heterogeneous) insulating 
material. That is, with the cement around the inner electrode, 
then with the glass, and again with the cement between the 
glass and the outer electrode. Each layer of the insulating 
material is represented by a hollow cylinder, and the 
cylinders are coaxial (Fig. 3 and 4). 
 

a) b)

Figure 3 A sketch of the disc insulator and an equivalent system of coaxial 
electrodes with a complex dielectric between them 

 
In the following text, are presented the key steps in 

deriving expressions for the E-field of a coaxial structure 
consisting of three dielectrics. The presented derivation is an 
extension of the typical derivation for E-fields of coaxial 
structures to the case of multiple dielectrics [22, 23]. The 
expressions presented for determining the electric field in the 
space between coaxial metal cylinders are derived assuming 
very long cylinders. However, when this is not the case, as in 
this article, the expressions provide an approximation of the 
electric field. Another limitation of the analytical approach is 
cement modelling. Electrical conductivity of cement (semi-

conductive, Tab. 1) is high compared to insulating materials, 
which affects the field distribution. 
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Figure 4 Detailed view of the equivalent system of coaxial electrodes with a 

complex dielectric between them 
 

Since cylinders are initially assumed to be infinite in 
length, the electric field has only a radial component. The 
electric field is a function of the distance from the 
longitudinal axis of the coaxial cylinders and it also depends 
on the dielectric constant of the medium. 
 

1 1 2

2 2 3

3 3 4

ˆ( )  for ,
ˆ( ) ( )  for ,
ˆ( )  for ,

r

r

r

E r a R r R
E r E r a R r R

E r a R r R

⋅ ≤ ≤
= ⋅ ≤ ≤
 ⋅ ≤ ≤



                                   (5) 

 
where râ  is unit vector along the r axis. The electric field in 
the space around the inner electrode, a space filled with 
cement, is denoted by 1E . The electric field in the space 
filled with glass is denoted by 2E . The electric field in the 
space filled with cement (the space between the glass and the 
outer electrode) is denoted by 3E . The E-field in the space 
around a flat and very long cylindrical conductor is 
determined by the expression [22, 23]: 
 

1
1

1( )
2π

E r
r

λ
ε

= ⋅ ,                                                               (6) 

 
where 1ε  is the permittivity of the medium in which the inner 
electrode is located (cement), r is radial distance from the 
longitudinal axis of the inner electrode and λ  is line charge 
density. According to the boundary condition described by 
Eq. (4), the following applies: 
 

1 2 2 2( ) ( )D R D R= ,                                                            (7) 
2 3 3 3( ) ( )D R D R= .                                                            (8) 

 
Applying constitutive equation to expression (7) and (8), 

and taking into account (6), gives: 
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For the practical application of the previous expression, 

it is necessary to determine the line charge density λ. One 
way this can be done is presented below. The relationship 
between electric potential and electric field is described by 
the expression [22, 23]: 
 

gradE ϕ= −


.                                                                    (10) 
 

By integrating the previous expression along the 
integration curve lying on the radial axis, the expression for 
the voltage between the outer and inner metal cylinders is 
obtained: 
 

d
d

da d a
a

U E sϕ ϕ= − = −∫




.                                                (11) 

 
Taking into account Eq. (9), the previous line integral 

with integration limits from a to d, needs to be broken down 
into three line integrals: 
 

1 2 3d d d
b c d

da
a b c

U E s E s E s= − − −∫ ∫ ∫
  

  

.                                   (12) 

 
Inserting Eq. (9) into the previous expression and after 

performing the integration gives: 
 

2 3 4

1 1 2 2 1 3
ln ln ln

2π 2π 2π
ad

R R RU
R R R

λ λ λ
ε ε ε

= + + .                (13) 

 
The charge on the electrodes is determined by the 

expressions: 
 

adQ C U= ⋅ ,                                                                     (14) 
Q Lλ= ⋅ ,                                                                         (15) 
 
where λ is line charge density, C is capacitance, Uad is voltage 
between the electrodes and L is cylinder length. Combining 
the previous two expressions gives: 
 

adC U
L

λ ⋅
= ,                                                                     (16) 

2 3 4

1 1 2 2 1 3

2π
1 1 1ln ln ln

LC
R R R
R R Rε ε ε

=
+ +

.                               (17) 

 

Inserting of Eq. (17) into Eq. (16) gives: 
 

2 3 4

1 1 2 2 1 3

2π
1 1 1ln ln ln

adU
R R R
R R R

λ

ε ε ε

=
+ +

.                               (18) 

 
Eq. (18), together with Eq. (9), allows the determination 

of the electric field in the space between the inner and outer 
electrodes. Typically, at 10 kV/400 V distribution tower, on 
the 10 kV side, two glass insulators are used per phase (Fig. 
1). Voltage distribution, along the insulator string (glass or 
porcelain), is not linear due to stray capacitances. Therefore, 
the voltage in a two-unit string is not equally shared by each 
unit. Nevertheless, given the comparison of the results 
obtained by the analytical and numerical approach, it is 
sufficient to choose a reasonable value of voltage as input 
given for both calculation types. Therefore, voltage of 5 kV 
was adopted for the field calculation in the insulator. 

The properties of insulating materials relevant for the 
analysis are summarized in Tab. 1 [25-27]. The field 
calculation was performed for values Uad = 5 kV, εr1 = 15 
(cement), εr2 = 5 (glass), εr3 = εr1 = 15 (cement), ε0 = 
8.854×10‒12 F/m. According to the previously derived 
expressions, the calculation of the electric field in the area of 
interest was performed using software package Mathcad 14 
[28]. Software package Mathcad was used to automate the 
process of calculations and obtain graphical representations. 
Other programs, such as Matlab, can be used for this purpose 
[29]. 

The results of the calculation using analytical 
expressions are shown in Fig. 9 and Fig. 11. 
 

Table 1 Properties of materials relevant for insulator modelling 

Material Relative permitivity 
εr (-) 

Electric conductivity 
σ (S/m) 

Air 1,0 10‒13 - 10‒18 
Glass 4 - 6,5 10‒11 - 10‒15 
Cement 2 - 30 10‒3 - 10‒4 
Steel (cast) 1,0 5×106 

 
5 FINITE ELEMENT ANALYSIS 
 

In the calculation of the electric field with the finite 
element method, the same material properties were used as 
in the calculation with analytical expressions. For this 
purpose, commercial software Ansys based on the FEM was 
used [30]. Within the Ansys software package, the Maxwell 
module and the electrostatic solver were selected. The 
segmentation of the computational domain was done by 
limiting the number of elements to 10,000 elements. Next, 
selected is an adaptive solver setup with a maximum number 
of pass equal to 20 and a percentage error of 0.1%. The 2D 
Ansys model of the disc insulator with two paths, along 
which the electric field is calculated in particular detail, is 
shown in Fig. 5. The results of the calculation with FEM are 
shown in Figs. 6-8 and Fig. 10.  
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Path #1

Path #2

 
Figure 5 2D Ansys model of the disc insulator with two paths along which the 

electric field is calculated in particular detail 
 

 
Figure 6 Distribution of the electric field inside and outside the disk insulator 
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Figure 7 Distribution of the electric field inside and outside the disk insulator. 

Enlarged detail on the area between the metal pin and the metal cap 
 

El
ec

tri
c f

iel
d (

V/
m

)

Distance (mm)  
Figure 8 Electric field along path # 1 calculated by the finite element method 

 
The electric field strengths at the boundary points 

between two media (insulating materials) determined by the 

finite element method and the analytical expressions are 
summarized in Tab. 2 and Tab. 3. 
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Figure 9 Electric field along path # 1 calculated by the analytical expressions 
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Figure 10 Electric field along path # 2 calculated by the finite element method 
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Figure 11 Electric field along path # 2 calculated by the analytical expressions 

 
Table 2 Electric field along path # 1 at points of discontinuity *, ** 

Radial distance Marker Electric field (kV/m) 
FEM Analytic 

R1+ m1 112 250 
R2‒ m2 136 134 
R2+ m3 354 362 
R3‒ m4 251 208 
R3+ m5 95 76 
R4‒ m6 62 63 

* R1 = 8,5 mm, R2 = 16 mm, R3 = 28 mm, R4 = 34 mm 
** 

0
lim ( )
R

R R R+
∆ →

= + ∆ , 
0

lim ( )
R

R R R−
∆ →

= − ∆  
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Table 3 Electric field along path # 2 at points of discontinuity *, ** 

Radial distance Marker Electric field (kV/m) 
FEM Analytic 

R1+ m1 107 246 
R2‒ m2 97 150 
R2+ m3 258 407 
R3‒ m4 357 220 
R3+ m5 137 80 
R4‒ m6 139 65 

* R1 = 8,5 mm, R2 = 14 mm, R3 = 26 mm, R4 = 32 mm 
** 

0
lim ( )
R

R R R+
∆ →

= + ∆ , 
0

lim ( )
R

R R R−
∆ →

= − ∆  
 
6 ANALYSIS OF RESULTS 
 

When analyzing the results obtained by the analytical 
expressions and FEM, the results obtained by FEM are 
considered accurate and the results obtained by the analytical 
expressions are considered approximate. Theoretically, there 
are several physical phenomena that affect the distribution of 
the electric field in the space between the metal cap and the 
metal pin of the glass pane insulator. It is known from 
electrostatics that on the surface of conductive bodies the 
charge concentration is higher in areas with smaller radius of 
curvature such as edges, spikes, ends of elongated bodies, 
etc. In the case of disk insulators, the increased charge 
concentrations are found at both ends of the metal pin and at 
the opening of the metal cap (Fig. 6 and Fig. 7). For this 
reason, the analytical expressions presented are not valid 
(applicable) for calculating the electric field in the immediate 
vicinity of the end of the metal pin inside the metal cap, nor 
are they valid (applicable) for calculating the electric field in 
the immediate vicinity of the opening of the metal cap. In 
addition, there is another phenomenon that significantly 
affects the distribution of the electric field in the considered 
part of the space. In order to mechanically strengthen the 
connection of the metal cap with the rest of the insulator, the 
inner surface of the metal cap has a corrugated (fluted) cross-
section. Therefore, the insulating materials (glass and 
cement) inside the cap have the same wavy pattern. Due to 
the change in the radius of curvature on the inside of the 
metal cap, the charge concentration is non-uniform along the 
inner surface of the metal cap. In convex areas, the charge 
concentration is higher than in concave areas. Therefore, the 
electric field strength along the inner surface of the metal cap 
is higher in convex regions than in concave regions. 

According to the analytical expressions, the E-field may 
exhibit sudden (sharp) jumps at dielectric boundaries, but the 
E-field always decreases monotonically as the radial distance 
increases. Such a global trend of E-field behavior is disturbed 
by the local influence of non-uniform charge concentration 
on convex and concave zones of the inner surface of the metal 
cap. If the path, along which the E-field is analyzed, 
coincides with the concave zone of the inner surface of the 
metal cap, as in path #1, the waveforms of the E-field 
obtained by the finite element method and analytical 
expressions are similar (Fig. 8 and Fig. 9). When the path, 
along which the E-field is analyzed, coincides with the 
convex zone of the inner surface of the metal cap, as in path 
# 2, the waveforms of the E-field obtained by the finite 

element method and analytical expressions differ drastically 
(Fig. 10 and Fig. 11). 

The numerical values of the E-field (Figs. 8 - 11, Tab. 2 
and Tab. 3) show that the numerical values obtained with 
FEM and the analytical expressions are of the same order of 
magnitude. Although the analytical expressions provide 
approximate values, these values are physically meaningful. 
As such, they are useful for theoretical considerations and 
can be used in the initial stages of insulator design. However, 
for more detailed analysis and design, it is inevitable to use 
FEM. 
 
7 RECAPITULATION ANNOTATION 
 

Investigating the possibility of describing E-fields with 
simple analytical expressions, such as those used in coaxial 
capacitors to describe E-fields in HV glass disk insulators, 
can be done relatively easily at the analytical level. The space 
between the metal cap and the metal pin is represented as a 
complex dielectric. Analytical expressions for the electric 
field in these dielectrics are derived. The applicability of the 
presented expressions was verified by numerical calculations 
using the finite element method. In this work, the significant 
influence of convex and concave zones on the inner surface 
of the metal cap on the electric field distribution in the space 
between the metal pin and the metal cap was demonstrated. 
The work showed that it is possible to determine the 
approximate distribution of the electric field in the space 
between the metal pin and the metal cap of the glass insulator 
using the analytical expressions presented. However, the 
article also pointed to the limitations of the analytical 
expressions. Therefore, the presented analytical expressions 
have their theoretical meaning and can be useful in the initial 
stage of glass insulator design. The finite element method 
once again proved its superiority and proved to be an 
indispensable tool for the analysis and design of glass 
insulators. 
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