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Products of Fermat or Mersenne numbers in some sequences
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Abstract. Let P, be an n-th Padovan number, E,, an n-th Perrin number, and N, an
n-th Narayana number. In this paper, we solve the Diophantine equations

P, =(2"—1)(2" - 1),

E,=(2"-1)(2"-1),

and

N, = (2°+1)(2° £ 1),
in positive integers n, a and b. Therefore, we determine the Padovan or Perrin numbers
that are products of two Mersenne numbers and the Narayana numbers that are products
of two Mersenne or Fermat numbers.
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1. Introduction

Let (Uy) and (V,,) be two linear recurrent sequences. The problem of finding the
common terms of (U,) and (V) was treated in [10], [12], [15], [16], [19]. Their
authors proved, under some assumption, that the Diophantine equation

U,=Vn

has only finitely many integer solutions (m,n).
The Padovan sequence (Pn)nZO is defined by

Pn+3:Pn+1+Pn7

for n > 0, where Py = P; = P, = 1. This is the sequence A000931 in the OEIS [20].
A few terms of this sequence are

1,1,1,2,2,3,4,5,7,9,12, 16, 21, 28, 37, 49, 65, 86, 114, 151, 200, 265, 351, 465, 616, . . .
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Let (Ey),» be the Perrin sequence given by
En+3 - En+1 + Ena

for n > 0, where Ey = 3, 1 = 0 and E; = 2. Tt is the OEIS [20] A001608 sequence.
Its first few terms are

3,0,2,3,2,5,5,7,10,12,17, 22,29, 39, 51,68, 90, 119, 158, 209, 277, . ..

Narayana’s cows sequence (N,), - originated from a herd of cows and calves prob-
lem, proposed by the Indian mathematician Narayana in his book Ganita Kaumudi
[1]. It is the sequence A000930 in the OEIS [20] satisfying the recurrence relation

Nn+3 = Nn+2 + Nna (1)

for n > 0, with initial terms Ny = 0 and N; = Ny = 1. The first few terms of
(Nn)n20 are
0,1,1,1,2,3,4,6,9, 13,19, 28,41, 60, 88, . . ..

For n > 0, the n'* Fermat number, denoted by F,, is a number of the form
F,=2% +1.
The first elements of its list are

3,5,17,257,65537, 4294967297, 18446744073709551617,

340282366920938463463374607431768211457, . . ..

This sequence is indexed as A000125 in the OEIS [20]. It is known that every odd
prime number of the form 2* + 1 is a Fermat number and such primes are called
Fermat primes. It is conjectured that just the first five numbers in this sequence are
primes. More details and properties of the Fermat numbers may be found in [11].
For n > 0, the n'* Mersenne number, denoted by M,,, is a number of the form

M, =2" —1.
The first elements of its list are
0,1,3,7,15,31,63,127,255,511, 1023, 2047, 4095, 8191, 16383, . ..

These numbers are named after Mersenne, who studied them, though the term
usually refers to numbers of the form 2P — 1, where p is a prime.

It is known that if M,, is a prime, then n is also a prime. It is conjectured that
there are infinitely many Mersenne primes, (see [11]).

In this paper, we are interested in solving equations involving Padovan, Perrin,
Narayana, Fermat, and Mersenne numbers. The case of Padovan and Perrin num-
bers, which are products of two Fermat numbers, has been treated in [2]. Mainly,
we will prove the following theorems.
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Theorem 1. All the solutions of the Diophantine equation

P, = (27— 1)(2° - 1), (2)
i nonnegative integers n, a and b, with 1 < a < b, are given by

Pp=P=P=02'-1)2'-1)=1, P=(2"'-1)(2°-1)=3,
Py=(2'-1)(2°-1)=7, Py=(2*-1)(2°-1)=9, Ppp=(2>°-1)(2°-1) =21,
Pis = (22 —1)(2° —1) =49 and Py = (2* —1)(2° — 1) = 465.

Theorem 2. All the solutions of the Diophantine equation

E,=(2"—1)(2° - 1), (3)
i nonnegative integers n, a and b, with 0 < a < b, are given by

Eo=E;=02'-1)(22-1)=3, E1=0 and E;=(2' -1)(2°-1)=T.

Theorem 3. All the solutions of the Diophantine equations

N, =(2¢+1)(2° £1), (4)
in nonnegative integers n, a and b, with 1 < a < b, are given by
Ni=Ny=N3=2'-1)2'=1) =1, Ny=(2'—-1)(22—-1) = (2! —1)(2' +1) = 3,
Ng=2'"+ D'+ ) =2"+D)2* -1 ="' - 1)2*+1) = (22 - 1)(22 - 1) =9,

Nis=(2' = 1)(2" + 1) = 129
and
Nig= (2" +1)(2° — 1) = (22 = 1)(2° — 1) = 189.
By theorems 1 and 2 one can easily deduce the following consequence.

Corollary 1. The only Padovan and Perrin numbers which are Mersenne numbers
CI,T(BPQZPl:PQ:l, P5=3, Pg=7cde0:E3:3, E1:0, E7:7.

By Theorem 3 we deduce the following consequences.

Corollary 2. The only product of two Fermat numbers in Narayana’s cows sequence
is Ng = 9, and the only product of two Mersenne numbers in Narayana’s cows
sequence are Ng =0, Ny = No = N3 =1, Ns =3, Ng =9, Nig = 189.

Corollary 3. The only Mersenne numbers in Narayana’s cows sequence are
No=0, Ny=Ny=N3=1, N;=3.

Notice that the case Ny = 0 gives infinitely many solutions.

Our proofs of theorems 1, 2 and 3 are mainly based on linear forms in logarithms
of algebraic numbers and a reduction algorithm originally introduced by Baker and
Davenport in [3]. Here, we use a modified version of the result due to Dujella-
Pethd [7].
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2. Useful properties of these sequences

2.1. Properties of Padovan and Perrin sequences

In this subsection, we recall some facts and properties of the Padovan and the Perrin
sequences which will be used later. Their characteristic equation

2—rx—-1=0

has roots a, 3,7 = 3, where

a:’r‘l—‘r’l“g 6:—7‘1—7“24—7;\/3(7“1—7‘2)
6 12
and
ry = /108 + 12v/69 and 7o = {/108 — 12v/69.
Let
__0-p0-y) __ 1ta
o(@=fla=r)  —a?+3atl’
ooy 148
PTB-)B-7)  —B+38+1
R () N C A
B O ) [ ) B N SRS R
Binet’s formula of P, is
P, = cqa" + cgf" + ¢y, foralln >0, (5)
and that of E,, is
E,=a"+p"+4", foralln>0. (6)
Numerically, we have
1.32 < a < 1.33,

0.86 < |8] = || < 0.87,
0.72 < cq < 0.73,
0.24 < |cg| = |e4] < 0.25.

It is easy to check that

1Bl =l = a2,

Furthermore, using induction, one can prove the following inequalities:

a"?< P, <a™t, foralln>4, (M)

and
Q" ?<E, <o, foralln>2. (8)
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2.2. Properties of the Narayana sequence

3

The characteristic equation of sequence (1) is 3 — 22 — 1 = 0, which has roots p, 6,

A\ = 0, where
_ f’/m+ 2 1
6 3116 +124/93 3
and

v/116 4+ 121/93 1 1

5 = — — + —_
12 3v/116 +12v/93 3
iy V3 [ V116 +12v93 2
2 6 33/116 + 1293 )
Narayana’s cows sequence has Binet’s formula
N, =Cpp" + C56" + C A", for all n > 0, (9)
where
p 1 A
Cp= , Cs = ;o Ch=
P p=8)(p—N) (0=p)6=A) (A=p)(A=9)

Formula (9) can also be written in the form

Ny, = cpp™ 2 + 50" 2+ exA™2, for all n >0, (10)
where
1 1 1
Cp = — 5 Cs = ) C\ = 1= .
P2 T B2 TN 42

The coefficient ¢, has the minimal polynomial 3123 — 312% 4+ 10z — 1 over Z and all
the zeros of this polynomial lie strictly inside the unit circle.
Numerically, we have

1.46 < p < 1.47,
0.82 < |§] = |A| < 0.83,
0.19 < ¢, < 0.2,

0.40 < |es| = |ea] < 0.41.

Using the facts from the introduction, one can prove that the n'* Narayana number
satisfies the following inequalities:

prE < Ny <", (11)

for all n > 1, (see [4]).
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3. The proof of Theorem 1

We take equation (2) with non-negative integers (n,a,b), where 1 < a < b, and
assume that n > 4.
Using inequality (7) and equation (2), we obtain

a7z—2 < Pn — (2a _ 1)(217 _ 1) < 2a+b
and
2a+b72 —_ (Qafl)(Qbfl) < (2a _ 1)(217 o 1) _ Pn < Oénfl.
Hence, we get
log 2 log 2

—2)—=+1< —= 2
(a+b )loga+ _n<(a+b)loga+

log 2
Thus, using 2.43 < 082 < 2.5, we deduce that
log o

2.43(a+b) —3.86 <n < 2.5(a+0b) + 2. (12)
From Binet’s formula (5), we rewrite equation (2) and obtain
|caa™ — 2070 < 2% 420 4+ 14 2|cq] - [B|" < 2% +2° + 2,
for n > 4. Dividing through by 2°t* we get

1 1 2 4
T <=4+ —+

b 2a 9a+b < 27’ (13)

where
[y = cqa2- @0 _ 1

Before determining a lower bound of I'y, let us recall a useful result related to Baker’s
method.

Let a be an algebraic number of degree d, let a > 0 be the leading coefficient of
its minimal polynomial over Z and let a = oV, ..., a(? denote its conjugates. We
denote by

d
h(a) = é <loga + Zlog (max{|a(i)|, 1}))

the logarithmic height of . This height has the following properties. For «,
algebraic numbers, we have

h(aB) < h(e) + h(B),
h(a £ 8) <log2+ h(a) + h(B).

Moreover, for any algebraic number o # 0 and for any n € Z,

h(a™) < In|h(«).
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Now, let K be an algebraic number field of degree dg. Let my,...,7; € K and
dy,...,d; be nonzero integers. Let D > max{|d1|,...,|d;|} and

1
I'= Hngi —1.
i=1
Let Aq,...,A; be real numbers such that
A; > b (n;) == max{dxh(n;),|logn;|,0.16}, for j=1,... 1

The first tool that we need is the following result due to Matveev [14]. But, we will
use the version of Bugeaud, Mignotte and Siksek [[6], Theorem 9.4].

Theorem 4. IfT' # 0, then
log |T| > —1.4-30"3 . 1*5 . d% (1 4 log dg)(1 + log D) A; ... A;.

Now, one can observe that I'y # 0. To see this, we consider the Q-automorphism
o of the Galois extension Q(a, 8) over Q given by o(a) := § and o(5) := . Thus,
we have
1 <29 = |o(coa™)| = leg||B]™ < |es| < 0.25,

which is a contradiction. Hence I'y # 0 and we can apply Theorem 4 to it. To do
this, we consider

M i=Cay Mi=a, N3:=2, dy:=1, do:=mn, d3:=—(a+0D).

The algebraic numbers 7y, 12, 15 are elements of the field K = Q(«) and dx = 3. We
have that h(rn2) = log /3 and h(n3) = log2. Thus, we can take

max{3h(nz), |lognz],0.16} < 0.3 := Ay

and
max{3h(ns), | log ns|,0.16} < 2.08 := Aj.

On the other hand, the minimal polynomial of ¢, is

2323 — 2322 + 62 — 1

and has roots ca, cg and ¢,. Since ¢, < 1 and |cg| = |¢y| < 1, then we get
log 23
h(m) = —5—-

So, we can take
max{3h(m),|logm],0.16} < 3.14 := A;.

Finally, inequality (12) implies that we can choose D := n+3.86 > max{1,n,a+b}.
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From Theorem 4, we obtain

log|Ty| > —1.4-30° - 3%5.32(1 + log 3)(1 + log(n + 3.86)) - 3.14 - 0.3 - 2.08
> —5.30- 10" - (1 + log(n + 3.86)).

By the fact 1 + log(n + 3.86) < 2.3logn, which holds for all n > 4, we obtain
log ;| > —1.22 - 10" log n,

which, combined with (13), gives

alog?2 < 1.23-10'3logn. (14)
We rewrite equation (2) as
P,
T p1=2°
20 —1 + ’
and consequently
Ca™ cgB” + " 2|es| - |5
=1 P <1 T <15
2¢ — 1 ‘ 2¢ — 1 =i 2¢ — 1 ’
for a > 1. Dividing through by 2°, we obtain
1.5
Ta| < b (15)
where c
[yi=—"—a"27" 1.
20 —1

Note that with a similar argument as above, it can be proved that I's # 0. So, we
can apply Theorem 4 to it. We consider

¢
m = Til’ N =, n3:=2, di:=1, do:=mn, d3:= —b.

Thus, D :=n + 3.86. The heights of 72 and 73 have already been calculated. From
the properties of the heights we get that

h(m) < h(ca) +h(2* —1) < 1.74 + alog2 + log2 < 1.24 - 10" log n,
where we have used inequality (14). We choose
max{3h(n),|logm|,0.16} < 3.72- 10" logn := A;,
As and As as above. Therefore, from Theorem 4 we obtain
log |Ty| > —1.4-30%-3*.3%(1 + log 3)(1 + log(n + 3.86))-3.72-10"* log n-0.3-2.08,
ie.,

log |Ta| > —1.45 - 10% - (log n)?, (16)
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where we used as above the inequality 1 + log(n + 3.86) < 2.3logn, for all n > 4.
Using inequalities (16) and (15), we obtain

1.46 - 1026 - (logn)?

b
< log 2

< 2.11-10% - (logn)?,

which, combined with inequalities (12) and (14), gives

< 5.3-10%.

(logn)?

To solve the above inequality, we will recall the following result of Guzman and Luca
[9], which will be very useful.

Lemma 1. If m > 1, T > (4m?)™ and T > z/(logz)™, then
x < 2™T(logT)™.
Therefore, taking m := 2 and T := 5.3 - 10?6 in Lemma 1, we get
n < 8.03-10%. (17)

The above bound for n is very high. So, we will reduce it. To do this, we need to
recall a variant of the reduction method of Baker and Davenport [3] due to Dujella
and Petho [7]. We use the one given by Bravo, Gémez, and Luca [5].

Lemma 2. Let M be a positive integer, let p/q be a convergent of the continued
fraction of the irrational T such that ¢ > 6M, and let A, B, u be some real numbers
with A > 0 and B > 1. Let further € = ||uq|| — M - ||7q||, where || - || denotes the
distance from the nearest integer. If € > 0, then there is no solution of the inequality

0<|mr—n+pul <AB™F,
i positive integers m, n and k with

log(Aq/e)

<M and k >
= an ~— logB

‘We first consider

1
Ay :=(a+b)log2 —nloga + log (> ,

(o3

and go to inequality (13). Note that e™™ —1 =T # 0. Thus, A; # 0. If A; <0,
then

4
0< A <eMl—1=1 < TR

If A; >0, we have 1 —e~™ = ’e‘Al — 1‘ < 1/2. Hence, eM < 2. Thus, we get

8
0<A1<eA1—1:eA1|F1|<2—a.
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So, in both cases we have

8
0< A < 2a°
Dividing through by log o we get
29
mr =gl < 2
where
log 2 log (é)
m:=a+b, 7:= ——and p:=——"=.
log o log o

We apply Lemma 2. Put M := 8.03-10%°, A:=29 and B :=2. Sincem = a+b < n,
from (17) we have that M is the upper bound on m. A quick computation with Maple
reveals that the convergent

prs _ 282395017118878325061463089070767
qrs  114563487859252086811297203459350

of 7 is such that g73 > 6M and ¢ > 0.25250824 > 0. Therefore, we get

“< log 2 ©8

1 | (29 ‘ 114563487859252086811297203459350> <114
5 < .

Next, we consider 1 < a < 113 and

2¢ —1
Ao ::blogZ—nloga—i—log( ),

(63

and go to inequality (15). Note that e™®2 —1 =Ty # 0. Thus, Ay # 0. With an
argument similar to the above one, we get

3
0<|As| < 2

Dividing through by log o we get
11
= n et ual < o

where
lo —2(1_1)
log 2 5 (%
m:=b, T:= o8 and po, = ———2% (1<a<113).

log o log o

We apply Lemma 2. Put M :=8.03-10%0, A:=11 and B :=2. Since m =b < n,
from (17) we have that M is the upper bound on m. A quick computation with
Maple proves that the convergent

pre _ 2592237732498067229906504496359523

qre  1051632564289621179667018535723768
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of 7 is such that ¢7s > 6M and £, > 0.0004236 > 0, for all 1 < a < 113. Therefore,
we get that the maximum value of lmglggiqB/a) over all 1 < a < 113 is 124.360687 ...
which, according to Lemma 2, is an upper bound of b.

Hence, we deduce that the possible solutions (n,a,b) of equation (2) satisfy
1 < a < b<124. Therefore, we use inequality (12) to obtain n < 621.

Finally, we used Maple to compare P, and (2% —1)(20 — 1), for 0 < n < 621 and
1 <a <b<124. We checked that all the solutions of equation (2) in nonnegative
integers n, a and b, with 1 < a < b, are given by

Phb=P =P, =02'"-1)2"-1)=1, Ps=(2"-1)(22-1) =3,

Pa=(2'-1)(22-1)=7, Py=(22-1)(22-1)=9, P =(22-1)(2°-1) =21,
Pis=(2°—1)(2° —1) =49 and P = (2* — 1)(2° — 1) = 465.

This completes the proof of Theorem 1.

4. Proof of Theorem 2

We start the study of equation (3) in non-negative integers (n, a,b), where 1 < a < b,

and we may assume that n > 4. The proof of Theorem 2 is similar to that of

Theorem 1. But for the sake of completeness, we will give most of the details.
Using inequality (8) and equation (3), we obtain

"< B, = (29— 1)(2° —1) < 207,

and
20tb=2 < (22 —1)(2° - 1) = E, < a™*L.

Hence, we get

log 2

log 2
(a+b-2); o8

+ 2.

—l<n<(a+Db)
oga log o

log 2
Thus, using 2.43 < 82 < 2.5, we deduce that
log o

2.43(a+b) —5.86 <n < 2.5(a+b)+2. (18)
From Binet’s formula (6), we rewrite equation (3) and obtain
la® —29%| < 2% +2° + 1+ 218" < 2" +2° + 3.
Dividing through by 2°+° we get

1 1 3 5
—+— < =, 19
2b + 2a + 9a+b 2a ( )

‘Fgl <

where
[y := a2 (@t _ 1,
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Observe that I's £ 0. To see this, we consider the Q-automorphism o of the Galois
extension Q(a, 8) over Q given by o(«) := 8 and o(8) := «. Thus, we obtain

1 <29t = |g(a™)| = |B" < 0.87,

which is a contradiction. Hence I's # 0 and we can apply Theorem 4 to it. To do
this, we consider

mi=a, ne =2, di:=n, dy:=—(a+Db).

As previously, we have
A1 = 03, A2 = 2.08.

Furthermore, inequality (18) implies that we can choose D := n+5.86 > max{n,a+
b}. Using Theorem 4, we obtain

log |T's| > —1.4-30%T3 . 2%5 . 3%(1 + log 3)(1 + log(n + 5.86)) - 0.3 - 2.08
> —9.08 - 107 - (1 + log(n + 5.86)).

As 1+log(n + 5.86) < 2.4logn, for all n > 4, one can see that
log |T'3| > —2.18 - 10" log n.
Combining this with (19), gives
alog?2 < 2.19-10" logn. (20)

We go back to equation (3) and rewrite it as

Ey b
1=2
20 — 1 +
Consequently, we obtain
a” b B+ 218
—2|=|-1-—| <1 2.74
20 — 1 ’ 20 —1 |~ +2‘1—1< ’
for @ > 1. Dividing through by 2°, we obtain
2.74
ITal < <5 (21)
where )
ry:= 50 _ 1a"2_b -1

Note that with a similar argument as above, it can be proved that I'y # 0. So, we
can apply Theorem 4 to it. To do this, we consider

1
M= gg g RI= @ Ny = 2, dy:=1, dg:=mn, d3:= —b.
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Again here, one can easily see that
Ay :=0.3, A3:=2.08, D:=n+5.86.
Using the properties of the heights, we get
h(m) = h(2* —1) < 0.7+ alog2 < 2.2-10'%log n,
where we have used inequality (20). We choose
max{3h(n1),|logm|,0.16} < 6.6 - 10'°logn := A;.
Therefore, from Theorem 4, we obtain
log |Ty| > —1.4-303%3.3%5.32(1 + log 3)(1 + log(n + 5.86))-6.6-10'" log n-0.3-2.08,
ie.,
log |T4| > —2.69 - 10%® - (logn)?, (22)

knowing that 1+ log(n + 5.86) < 2.41ogn, for all n > 4. Using inequalities (22) and
(21), one can see that

2.7-10%3 - (logn)?

b
< log 2

<3.9-10% - (logn)?.

Combining this with inequalities (18) and (20), gives

< 9.76 - 10%3.

(logn)?
Taking m := 2 and T := 9.76 - 10?3 in Lemma 1, we get
n < 1.2-10%. (23)
Now, we will reduce the above bound on n. To do this, we first consider
As:=(a+b)log2 —nloga,

and go back to inequality (19). Note that e™®3 — 1 = T's # 0. Thus, Az # 0. If
Az <0, then

5
0<|As| <elsl—1 =3 < oTE
If A3 > 0, then we have 1 — e = ’e*Ai" — 1| < 1/2. Hence, 3 < 2. Thus, we get

10

0<A3<eA3—1:eA3|F3\<2—a.

So, in both cases we have
10

0<|A3|<2—a.
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Dividing through by log 2, we get

log o 15
- b —. 24
nlog? (a+b)| < 5a (24)

To obtain a lower bound for n, unfortunately, we cannot apply Lemma 2 when p
is a linear combination of 1 and 7 since then £ < 0. In this case, we use the following
property of continued fractions (see Theorem 8.2.4 and the top of page 263 in [17]).

Lemma 3. Let p;/q; be the convergents of the continued fraction [ag,ay,...] of the
irrational number T. Let M be a positive integer and put apr := max{a;0 < i <
N + 1}, where N € N is such that qv < M < qny1. If x,y € Z with © > 0, then

|l —y| > for all x < M.

(a]V[ + 2)‘%,

Therefore, here we will apply Lemma 3 to the left-hand side of inequality (24),
with
~ loga

Ti=mn, T

= dy:= b.
Jog 2 and y a—+

Since n < 1.2 - 102, then we can take M := 1.2 -10%8. Let
[ao, a1, as,as,a4,...] =10,2,2,6,1,1,1,2,1,13,3,1,1,1,1,1,8,1,3,2,.. ]

be the continued fraction of 7. Using Maple, one can see that gsqs < M < gg5, and
since max{a; : 1 <14 <65} = aqa = 80, then by Lemma 3, we get

log o 1
— b —
nlog2 (a+8) > 82n

(25)

Using inequalities (24), (25) and (23), we obtain

_ log(15-82-1.2-10%)

104.
log 2 <10

Next, we consider 1 < a < 103,
Ay :=blog2 —nloga+log (2% — 1),

and go to inequality (21). Note that e™®+ —1 =Ty # 0. Thus, A4 # 0. With an
argument similar to the above one we get

5.48
Fora =1,
Ay :=blog2 —nloga.

Hence, we get

log o 8
— —. 2
‘nlogQ ’ <% (27)
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To obtain a lower bound for the left-hand side of inequality (27), we will apply

Lemma 3 with
~loga

ri=n, T

= dy:=0b.
log 2 and y

Since n < 1.2 - 10?8, then we can take M := 1.2-10%8. Let
[ag,a1,a2,as3,a4,...] =10,2,2,6,1,1,1,2,1,13,3,1,1,1,1,1,8,1,3,2,.. ]

be the continued fraction of 7. Using Maple, we see that ¢g4 < M < gg5 and, since
max{a; : 1 <4 <65} = ago = 80, then, by Lemma 3, we get

’ log & b‘ 1 (28)

nlogZ B 82n
Using inequalities (27), (28) and (23), we obtain

log(8-82-1.2-10%)
log 2

b < < 103.
For 2 < a < 103, dividing inequality (26) by log «r, we get

20
T =+ | < o

20’
where
log 2 log (2% — 1
mom b, 7 om 982 and = 0BT ).
log log a

Now we apply Lemma 2. Put M := 1.2-10%®, A := 20 and B := 2. Since
m = b < n, from (23) we have that M is the upper bound on m. We use a quick
computation with Maple to see that the convergent

peo _ 1213611921328550372703756032119
geo  492344433104631933968942738817

of 7 is such that ggg > 6 M and £, > 0.00065221 > 0, for all 2 < a < 103. Therefore,
we get that the maximum value of h)glggi%/e) over all 2 < a < 103 is 113.539868,
which, according to Lemma 2, is an upper bound of b.

Hence, we deduce that the possible solutions (n,a,b) of equation (3) satisfy
1 < a < b < 113. Therefore, we use inequality (18) to obtain n < 566.

Finally, we used Maple to compare E,, and (2% —1)(2° — 1), for 0 < n < 566 and
0 < a < b <113, and checked that all the solutions of equation (3) in nonnegative
integers n, a and b with 0 < a < b, are given by

Eo=FE3=02'-1)(22-1)=3, E; =0, and E;=(2' —1)(2° - 1) =T.

Notice that the case E; = 0 gives infinitely many solutions. This completes the
proof of Theorem 2.
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5. The proof of Theorem 3

In this section, we will prove Theorem 3 in three steps.
Before, we prove the following useful lemma.

Lemma 4. Let (n,a,b) be a solution in integers of equation (4), with 1 < a < b,
and assume that n > 0. Then, we have the following inequalities:

1.79(a 4 b) — 0.58 < n + 2 < 1.84(a + b) + 7.68.
Proof. Using inequality (11) and equation (4), we obtain
PrTE<N, = (29 4+ 1)(2° £ 1) < 29F+2

and
2a+b—2 — 2(1—1 . 2b—1 S (20. + 1)(2b + 1) — Nn S pn—l.

Hence, we get

log 2 log 2
(@+b—2):2% 1 1<n<(at+b+2)2 12,
log p log p
. log 2
Thus, using 1.79 < K < 1.84, we deduce that
og p

1.79(a +b) — 0.58 < n+2 < 1.84(a + b) + 7.68.
O

Step A: In this step, we take equation (4) with non-negative integers (n, a, b), where
1 < a < b, and we search for solutions to this equation using Maple for n < 500 and
find

Ni=No=N3=(2'=1)(2'=1) =1, Ny=(2'-1)(22—1) = (2! —1)(2' +1) = 3,
Ng=(2'"+ D'+ ) =2"+D)2* -1 ="' - 1)2*+1) = (22 - 1)(22 - 1) =9,
Nis = (2" = 1)(2" +1) = 129

and
Nig= (2" +1)(2° = 1) = (22 — 1)(2° — 1) = 189.

Step B: Now, we assume that n > 500. Substituting Binet’s formula (10) in
equation (4), we obtain

|epp 2 — 297 <29 428 41 4 2|¢5 - |O]"T2 < 2 + 20 + 2.
Dividing through by 29%°, we get

1 1 2 4
\F5|<§+¥+W<2—a,
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where
n+227(a+b) _ 1

Is:=cup
Now, we need to check that I's # 0. If I's = 0, then
cpp" T2 =200, (30)

Applying o on both sides of (30), where ¢ is a Q-automorphism of the Galois group
of the extension Q(p,d) over Q given by o(p) := 4 and o(d) := p, we have

1 <20t = }U(cpp”+2)| = |cs||0]" T2 < |cs| < 0.41,

which is a contradiction. Hence, I'5 # 0, and we can apply Theorem 4 to it. To do
this, we consider

mi=cp, N2i=p, N3:=2, di:=1,dy:=n+2, dz:=—(a+b).

The algebraic numbers 71, 72, 73 are elements of the field K = Q(p) and dg = 3. We
have that h(m) = log%, h(n2) =log p/3 and h(nz) = log 2. Thus, we can take

max{3h(m ), |logm|,0.16} < 3.44 := A;,

max{3h(nz), |lognz],0.16} < 0.39 := Ag,

and
max{3h(ns),|logns|,0.16} < 2.08 := As.

Finally, Lemma 4 implies that we can choose D := n 4+ 2 = max{1l,n + 2,a + b}.
From Theorem 4, we get

log |T's| > —1.4-30° - 35 .32(1 4 log 3)(1 + log(n + 2)) - 3.44 - 0.39 - 2.08
> —7.55-10" . (1 + log(n + 2)).

By the fact 1+ log(n + 2) < 1.71log(n + 2), which holds for all n > 3, we obtain
log |T's| > —1.29 - 10" log(n + 2),
which combined with (29), gives
alog?2 < 1.3-10" log(n + 2). (31)

We go back to equation (4) and rewrite it as

N,
t o x1=2
20 41 * ’
and consequently
n+2 n+2 n+2
Cop b cs0™ T2 4+ e\ A 2|es]| - 16|
= 2% = |1 - < — < 1.7
20 +1 ‘ 2041 - 20 +1
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Dividing through by 2°, we obtain

(32)
where

Note that with a similar argument to the above one, it can be proved that I'g # 0.
So, we can apply Theorem 4 to it. We consider

)
T 2a 41

m: y M2 =P, N3 =2, dy = 1, da =n+ 2, d3 = —b.
Thus, D :=n+ 2. The heights of 2 and 13 have already been calculated. From the
properties of the heights we get that

log 31

h(m) < h(c,) +h(2°+£1) < +alog?2 +log2 < 1.31- 10" log(n + 2),

where we have used inequality (31). We choose
max{3h(m),|logm|,0.16} < 3.93- 10" log(n + 2) := Ay,
Asy, and As as above. Therefore, from Theorem 4 we obtain
log |T¢| > —1.4-30°-3%5.3%(1+1log 3)(1 +log(n+2))-3.93-10" log(n +2) - 0.3 - 2.08,

ie.,

log |Tg| > —1.47 - 10%° - (log(n + 2))?, (33)
where we used as above the inequality 1 + log(n + 2) < 1.71log(n + 2), for all n > 3.
By inequalities (33) and (32), we get

1.48 - 10%% - (log(n + 2))?

b
< log 2

< 2.14-10% - (log(n + 2))?,

which, combined with Lemma 4, gives

n+2
(log(n + 2))?

Taking m := 2 and T := 3.94 - 10%% in Lemma 1, we get

< 3.94 -10%.

n+2<592-10%. (34)

Step C: The aim of the last step is to reduce the above bound on n. To do this, we
first consider

s = 0+ )log2 — (n-+2)logp+ log (1)
Cp

Note that e=®5 —1 =T # 0. Thus, A5 # 0. If A5 <0, then

4
0<|As] < elsl 1 = IT's| < 2a
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according to inequality (29). If A5 > 0, then we have
L—e M =le M —1] <1/2.
Hence, €5 < 2. Thus, we get

8
O<A5 < €A5 71 :6A5|F5| < 2*{1.
So, in both cases we have

8
0<|A5|<2—a.

Dividing through by log p, we see that

22
mT = (n+2) +ul < 53,

log 2 log (i)

= b = — d =

m a+0, T Tog p and [ Tog p

Now, we apply Lemma 2. Put M := 5.92-10%°, 4 := 22 and B := 2. Since
m=a+b<n+2 from (34) we have that M is the upper bound on m. A quick
computation with Maple reveals that the convergent

where

pr3 _ 239695123942250724210906921120296

qrs  132183013646147059064518308388483

of 7 is such that g73 > 6 M and £ > 0.39937103 > 0. Therefore, we get

1 22 -132183013646147059064518308388483
a< o2 lo . < 113.

Second, we consider 1 < a < 112 and set

20 +1
Ag :b10g2(n+2)logp+log< >,
Cp

and go to inequality (32). Note that e™®¢ —1 =T’ # 0. Thus, Ag # 0. With an
argument similar to the above one, we get

3.4

Dividing through by log p, we obtain
9
|mr — (n+2) + pa| < %

where
log (2“:|:1)
and pg = ———— 2 (1<a<112).

log 2
Ti=—
log p log p
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Now we apply Lemma 2. Put M := 5.92-10%°, A := 9 and B := 2. Since
m =b < n+2, from (34) we have that M is the upper bound on m. A quick
computation with Maple proves that the convergent

pre _ 1122287296734013061899882732089959
qre  618900020239170865520402048620075

of 7 is such that g7 > 6M and e, > 0.00543643 > 0, for all 1 < a < 112. Therefore,
we get that the maximum value of lmglggi%/a) over all 1 < a <112 1is 119.624454 ...
which, according to Lemma 2, is an upper bound of b.

Hence, we deduce that the possible solutions (n,a,b) of equation (4) satisfy
1 < a < b < 119. Therefore, we use Lemma 4 to obtain n < 443, which is a
contradiction, and Theorem 3 is proved.
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