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Abstract. We assume that the one-dimensional diffusion X satisfies a stochastic dif-
ferential equation of the form: dX; = u(Xy)dt + v(X¢)dWi, Xo = w0, t > 0. Let
(Xia,,0 < i< n) be discrete observations along a fixed time interval [0, T]. We prove that
random vectors whose j-th component is \/%n > fttii_l 95 (Xs)(f5(Xs) = fi(Xe;_,))dWs,
for j =1,...,d, converge stably in law to a mixed normal random vector with a covariance
matrix which depends on the path (X:,0 < ¢ < T), when n — oo. We use this result to
prove stable convergence in law for \/%(fOT F(Xs)dXs =30 f( Xty ) ( Xty — Xity_0))-
AMS subject classifications: 60H05, 60F99
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1. Introduction

Let W = (W, t > 0) be a one-dimensional standard Brownian motion defined on
filtered probability space (€2, F, (Ft)i>0,P). We take the filtration (F;):>0 to be the
smallest one such that it satisfies the usual conditions and to which W is adapted.
Let X = (X;,t > 0) be a one-dimensional diffusion which satisfies It6’s stochastic
differential equation (SDE) of the form

dXt = M(Xt)dt + V(Xt)th, X() = Xy, t 2 0, (].)

where p and v are real functions and zy € R is the initial value of X (a deterministic
one).

Let T € R be a fixed number such that T'> 0 and 0 =:tqg < t; < --- <t, :=1T,
and let n € N be an equidistant deterministic subdivision of the segment [0, T, i.e.
ti =i0n,i=0,...,n, Ay, = L. Let (X,,,0 < i < n) be a discrete observation of
the trajectory (X, t € [0,71]).

If we approximate the stochastic integral fOT F(Xo)dX, with 370 f(Xe, ) (X —
X, ), we would like to identify the limiting distribution of the error of that ap-
proximation when n — oo. For a two-times continuously differentiable function

f we will prove that the difference between fOT f(Xs)dX, and its approximation
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Yo f(Xe ) (X, — Xy, ) divided by /A, has an approximately mixed normal
distribution. In the case when f(z) = z, this result can be found in [8]. In the case
when dX; = dW;, similar results can be found in [5] and [15]. In [11], the authors
looked at the normed differences between some integral # and its estimators én,
where 0 was of the form fOT v"(Xs)ds, r > 0, and they got stable convergence in law
for them in the case when n — co. We believe that the approach from the article
mentioned last can also be used in the case of the integral fOT f(Xs)dXs and its
approximations (estimators) > i, f(Xy, ,)(Xy, — Xy, ,) (see Theorem 5., Section
4.5 in [11] for @ = %)7 but the calculations for getting limiting distribution can be
complicated.

We present here a unifying approach to a series of well-known results that were
previously proved using individual approaches. We hope that our approach will
lead to possible further generalizations. Here, in Theorem 2, we prove that random
vectors whose j-th component is \/lAf > j;tj_l 95 (Xs)(f;(Xs)— [ (X3, ,))dWs, for
j =1,...,d, converge stably in law to a mixed normal random vector. All other
interesting limiting distributions in this paper will be easily calculated based on this
general result. Let us point out that in the last couple of years, many authors are
interested in a limiting distribution of the terms Y .-, f(X;, — X¢, ,) when n — oo,
for a different kind of processes X and for a suitably chosen function f (for example,
f(z) = |z|",r > 0), and they found a limiting distribution when an appropriate
normalized constant is used (see, for example, [7, 2, 11]). However, this kind of
approximations for diffusion is not discussed in this paper.

In our case, stable convergence in law plays an important role because the vari-
ance in a limiting distribution depends on the path (X;,0 < ¢t < T, i.e.it is a random
variable. Stable convergence in law allows us to divide the difference with the square
root of some approximation of variance and we will still have convergence to nor-
mal distribution. These results can be used to find approximate confidence intervals
for stochastic integrals with respect to diffusions and to estimate the approximate
standard error of the approximations of stochastic integrals.

The paper is organized in the following way. In the next section, we introduce
notations and definitions we need. The main results and proofs are presented in
Section 3. In the last section, we will present three interesting examples. In the first
example, we deal with the approximation of It6’s integral, in the second we do a
simulation study for the geometric Brownian motion, and in the third example, we
present one theoretical result which is proved in the [10] as the straight consequence
of our main Theorem 2.

2. Preliminaries

We denote by || -|| the norm induced by the scalar product (-, -) in the d-dimensional
Euclidean space R?. We will denote the L(P)-norm by || - ||; := E[| - |] and the
L3(P)-norm by || - |2 :== /E[(:)2]. We will denote by E an open interval, E C R.
For fixed T > 0, let (Q, Fr, (Fi)o<i<7,P) be a given filtered probability space.
Let (Q,f'T,fF = (]:—t)ogthJfD) be an extension of (Q, Fr,(Fi)o<i<r,P) (for de-
tails, see [6]). The extension is called wvery good if all martingales on the space
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(Q, Fr, (Fi)o<t<T,P) are also martingales on (Q,]ET,IF‘ = (ft)OStST,I@). Let A be
some Polish space. Let (Z,) be a sequence of A-valued random vectors, all defined
on (Q, Fr, (Fi)o<i<r,P), and let Z be an A-valued random vector defined on the
extension (Q, Fr,F = (F)o<i<r,P). We will say that (Z,) converges stably in law
to Z, and write Z,, 2 Z, if

i E[Y f(Z,)] = EIY f(2).
for all bounded continuous functions f: A — R and all bounded random variables Y
on (, Fr, (Ft)o<t<T,P). For more details about this kind of convergence, see [13]
and [1].

We will say that an R?-valued random vector Y has a mized normal distribution
with an Fr-measurable random covariance matrix C' = (C’j k) jk=1,....d, and we write
Y ~ MN(0,C) if E[e!t¥)|Fp] = e~ 2 Sik=tatith O (see [1]). An R-valued
process (Y;)o<t<r is a centered Gaussian process if for all0 < 51 < 59 < -+ < s, <T

a random matrix (Y,,...,Ys,) € R% has a multivariate normal distribution and
E[Y:] =0,t€[0,T].
Forn € N, let t; :=iA,,i =0,...,n be an equidistant subdivision of the segment

[0,T), A, = L. Let AL :=max{j: t; <t} and F,,; := F,,i=0,...,n, n € N. The
following theorem is a version of Theorem 3-2 from [6] which we need for proof.

Theorem 1. Let W be a one-dimensional Brownian motion on

(Q, Fr,F = (F)o<i<t,P), and let X be F;,-measurable square integrable R%-valued

random vectors. Let C = (C7*) be a continuous adapted process defined on (Q, Fp,F =
(Ft)o<t<t,P) such that Cy is a positive semidefinite symmetric d x d matriz for all

t €[0,T). Assume that the following conditions hold:

Al
P
su E[x7|Fniz1]ll = 0, 2
OgthH; DG [ Fni-a]ll (2)
AL,
n,j n,k n,j n,k P 7,k
Z(E[Xz Xi 1 Fnji—1] = EDXG | Fnima JEDG [Frim1]) = CFF,
i=1
vte[0,T),5,k=1,....d, (3)
A7
STENG (Wi, = We, )| Fuical 20, Ve [0,T], (4)
i=1
n . P
S RN P isep Frioa] =0, Ve >0, (5)
=1
AL,
S EDG (N, = N ) Fnica] 20, Ve e [0,7], (6)
i=1

where N is a bounded Fi-martingale orthogonal to W .
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Then we have

ZX" 2y  onD([0,T],RY,

where Y is a continuous process defined on a very good filtered extension (Q,]:", F =
(Ft)o<t<t,P) of (0, Fr,F = (Fi)o<t<t,P) and which, conditionally on the o-field
Fr, is a centered Gaussian R%-valued process with independent increments satisfying
EY/YF Frl=Ci* t€[0,T),5,k=1,...,d.

3. Main results

We assume that state space E is an open interval in R.
Let the following assumptions be satisfied:

(A1) There exists a strong solution X of SDE (1) on the time interval [0, +00).
This solution X has continuous paths with values in E and if X’ is any other
solution of SDE (1), with the same Brownian motion W, then the law of X’
is identical to the law of X.

(A2) Functions  — p(x) and z — v(z) are two-times continuously differentiable
on E, and v(z) >0 for all z € E.

(A3) Functions x + g;(x) and x — f;(x) are two-times continuously differentiable
on FE, forall j=1,...,d.

Let ¥ be a d X d random matrix whose jk-th component is defined by

1

) T
=3 / VA(X) 05 (X gk (X) F(X) fL(X.)ds
0

Theorem 2. Assume that (A1)-(A3) hold. Then

z lftl fl( ) fl(Xti—l))dWS
—— L MN(0,%).
VA, =
z 1 ft ( ) fd( ))dWs

Proof. First, let us assume that all of the functions p, v, g;, f; and their derivatives
are uniformly bounded. Using It6’s formula for j =1,...,d we get

S DY ICSIUT A RFAE e

FZ/ (/ (f(Xu) (X )+1f“(Xu)V2(Xu))du> aw, (7)

FZ/HQ] </11f X,)d u)dWs. (8)
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With notation [;(X,) = f}(Xu)pu(Xu) + %fj’-’(Xu)Vz(Xu), the square of the L?-norm
of term (7) can be written in the form

. iE[( /:lgg(Xs) /z (X,)dudW,)?

The processes (fot 95 (Xs)dWy)o<i<r and (fg 9;(Xs) [ 1;(Xu)dudWy)o<i<T are mar-
tingales with respect to the given filtration (]:t)OStSTa hence for 1 <17 < k <nthere
holds:

E[/tk gj(Xs)/s [ (Xu)dudWs| Fp —1]

te—1 th_1

— /tk 1 / 1 du—/HZ( ) dw) AW | Fp 1]

= [/otkgj( )/ 1i(Xy)dudWs — /tkl /Slj(Xu)dudWS
(/Otk /0 9;(X
+(/Ot“ /Ot“ $)AW|Fp k1] =0,

which implies

Bl wix) [ X )dua,) ([ " [ uxdudw,)

i— tp—1 th—1

w90 [ ey (| 000 [ K| F ]

th—1 th—1

w6 [ s [ g6 [ 4000w F =0

ti—1 ti—1 th—1 th—1
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Hence, we can conclude that for j = 1,...,d there exists a constant k; such that

Z/ : (Ls_l(fﬁ(Xu)u(Xu) n ;fg"(Xu)uz(Xu))du> -

22 (o
—;i[ﬁ@m%

ti—1

2
/ (fj(Xu)pu(Xu) + ;fg’(Xu)VQ(Xu))du> dWs> ]

2
/1 <§L¥wuc&»4;ﬂ%xaﬁﬂ<xu»du>>]ds

i=1 ti—1
<||912‘H°°n " ti SE (X)) (X Lo Vw2ix 2dd
<TASX Gt | B0 + ()00 ) duds
< kAT,

so (7) converges in the L?-norm to zero when n goes to infinity. Therefore, (7)
converges in probability to zero when n — oco. If we denote by

I (" s 1
I = vV / 9;(Xs) / (fj(Xu)p(Xu) + *fl'/(Xu)Vz(Xu))du dWs,
’ A, ; ti—1 ’ ti—1 ! 2"
and with Z,, a random vector whose j-th component is Z, _;, then it holds:

1 z 1];1 1 fl( ) fl(Xti—l))dWS

VA '
v ZLLﬁﬂwuwuxxafnu@mes

S e (XS X, ) AW, )dW,

VA, ’
S S ga(XO (S lfd( V(X)) dW,)dW,

with Z, £ 0 when n — 00.
With a notation R} := f;(X;)v(X;), we have

ik =

T
2/ 9;(Xs)gu(Xs)RIRFds,  jk=1,....d.
0

Let C = (C} k)ogth be a continuous adapted process defined by
) 1 [t )
ok = 5/ 9;(Xs)gr(Xs)RIRF ds, Jk=1,...,d,t€[0,T],
0

and let x7',¢ =1,...,n be F;,-measurable random vectors defined by

n t; s
Xt . Lo a(Xs) [0 RLAW,dW,

Xy = : - :
| VAR k
X 9 ga(X) [ RidW,aw,
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We will prove that Theorem 1 holds for C' and x}'. Since all functions are bounded,
we conclude that random vectors x7* are square integrable. By its definition, C} is a
symmetric positive semidefinite random matrix, for all ¢ € [0,T]. Using a notation
Fni=F,,t=1,...,n, it holds:

E[X;L’] ]-"m_l]:O, ijl,,d,V’LZL,TL

hence (2) is satisfied.
Let € > 0. There exists a constant ks > 0 such that

n d
|| ZE ”Xz ||21{HX H>E}|fn1 1 ||1 > ZE Z < k2A T
=1 1

=1 j=

hence (5) is satisfied.

Let N = (Ny)o<i<r be any bounded F;-martingal orthogonal to W. Since
(Ft)o<t<r is generated by the Brownian motion W, it follows from the martingale
representation theorem (see [9, Theorem 111.4.33]) that N; is equal to the constant,
so (6) is satisfied.

For j =1,...,d, first using the integration by parts formula (see [14, Chapter 3,
Proposition 3.1]) and that It6’s integrals are martingals, and then using Itd’s formula
for the function g;, we get

ZE Wh 1)|-7'—nz 1]

t;

FZE/ﬁ g;(Xs) i RI AW, dW, - ) AW| Frni1]

:\/% ZTL:E[/jil(/j 1 dw,) - <g(XS) /:_1 R{Lqu> AW | Fpi—1]

/ / / RIAW}) AW dW|Fp i 1]
’L 1 7, 1 1

ti—

E/ (X Rjuquds Frie

\/7 Z ti—1 gj ) ti—1 ‘ ’ 1}
1 A:L ti s

= E/ (X / Ry AW, ds|Fr i-
V An ; [ ti—1 gj( ) ti—1 | 7 1]

7
t

A Z [/;1 (/t <g;(Xu),u(Xu)+;g;/(Xu)VZ(Xu)) du>

( RIdW, ) ds|Fri1] 9)
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t

A, ts s s
n \/IAT Z_;E[/t (/t g;(xu)y(xu)dwu> : (/t R{;qu> ds|Fpi-1]  (10)

At

1 n ti s .

=B [ RIAWdsiF ) (1)
n ;-1 i—1 i—1

Term (11) equals zero since by the integration by parts formula and the martingale
property of Itd’s integral it holds:

t; S )
E[/ / gj(Xti71)RZLqud8|]:n,ifl}
ti—1 Jti—a
t;

2 . .
— (X, E[ / RIAW,| Foier] — g;(X0r)E] / SRIAW,| Fy 1] = 0.

ti—1

ti—1

It can be shown that there exist constants ks, k4 such that

At
1 n ti s 1
v ZE[/t (/t (g}(Xu)u(Xu) + 2g;’(Xu)y2(Xu)) du>
n =1 i—1 i—1
' ( Riqu) ds|Fri-1]lli < ks AT,

ti—1

| jTAZJE[ [ ( [ g;<Xu>u<Xu>dwu> - ( | Rz;dwu> A5\

—|FZE/ / lgj X,)R% duds|F i1
Sk4\/ nTa

so (9) converges in the L'-norm to zero and (10) converges almost surely to zero,

hence (4) is satisfied.
It remains to prove that (3) is satisfied. Let 1 < j < k < d. Then

%(E[XTX?’C nie1] = EXP | Fo i1 JEX Y Fica])
=1
—+ ZE[ / (X)X [ I REAVY | Fr 1] (12)
+*ZE /t 95(Xs)gr(X5) /t TSR RY AW, ds| Fr i 1] (13)
ZE/i 9;(Xs)gr(X / RI REduds|F,.i_1], (14)
= i tia
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where Jgi’j) = f:il RIdW,,. Tt can be shown that there exist constants ks, kg, such
that

At
1 Z s .
la SB[ (Xa(r) [ IR, sl il < ks /B (T 4+ V),
i=1

i

t
no_ ti—1 ti—1

At
1 n t s ) )
I3 D El / 95 (X)gr(X.) / TS R AW, ds| Fria]ll2 < kev/Dn (T + V),
=1 ti

i—1 ti—1

i

so (12) and (13) converge in probability to zero. At the end, we need to prove that
(14) converges in probability to C} ¥ There exists a constant k7 such that

At
1 n t; S .
A B[ a(Xa(X) [ RIRiduds|F )
ti—1

i=1 Yli-1

t

n t; s )
— S g(n(x) [ RiRbduds| P

i=1 ti—1 ti—1

ti S .
- / 95 (Xs)gr(Xs) / RJ RE duds) (15)
ti1 ti—1

1 n t; S .
b [ ant) [ RiRidus, (16)

An i—1 Jti—1 ti—1

and

At

1 n t; s .

I > E ) 5t [ RiRSdudsiF,)
nizl ti—1 ti—1

S

ti X
—/ 9;(X5)gr(Xs) R’ RFduds)||s < ki /AT,

ti—1 ti—1

so (15) converges in probability to zero.

To prove that (16) converges in probability to Ctj k, we use the idea from the
proof of Theorem 5.2. in [10]. For the sake of completness, we will write down the
steps. Let

U(u, s)(w) := (g;(Xs)gr(Xs) RIRE) (w)

be a function defined on [0, 7] x [0,T] x Q. For fixed w € Q, the function I(u, s)(w)
is a bounded continuous function on [0,7] x [0,7], which means that there exist
uf(w), sf(w) € [ti—1,t;] such that v} (w) < sf(w) and

17 S AQ
/ / l(u, s)duds = 7”1(112‘78;‘), ie{l,...,n}.
ti—1 Jti—1
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Hence,

t
T 4
A / $) gk (X / RI RFduds — Ci*

1

i=
i 1 |
=3 ) - / 01(X)gu(X,) RIR ds a7)

+Z i, ;) = lug,up)). (18)

Since the integrand function is continuous, there exist some t*(w) € [ta:,t], such
that ft ) 9;(X$)gr(Xs)RI(O)RE(0)ds = £ (t — tA;)gj(Xt*)gk(Xt*)R{*Rf*, so for
(17) we have

n A 1 t . k
Zil( Uj 1) - 5 gJ(XS)gk(XS)R;deS
0

=1
~ A, i pk o, 1 i pk
=y 95 (Xup )9 (Xug ) By Rz + 5 (= ta1,)95(Xuz ) 9n (Xup ) Ry Ry

1 t y 1 ¢ y a.s.
- 5/0 gj(Xs)gk(Xs)RgR];ds_ i/t gj(Xs)gk(Xs)RgRlscds =0,

Aﬂ,

which gives us that (17) converges in probability to zero. For (18) there exists a
constant kg such that

\Z ui,si) = (ug,u; |—|Z ge(Xsr) = 95 (Xuz)gr(Xuz)) R1:

At
S A,
< ksz 7|gj( )k (Xsr) = g5 (Xuz ) gr(Xur)|-

i=1

Let ¢ > 0. For fixed w € Q, the function t — g¢;(X;(w))gr(X;(w)) is continuous on
[0, 71, so it is uniformly continuous. It means that

(36 > 0)(Ys,t € [0, T])(|s—t] < 8) = [g;(Xs(w))gr(Xs(w)) =95 (Xi(w)) g (Xi (w))] < e

Because w is fixed, we omitted writing it. Since lim,, ., A, = 0, there exists ng € N
such that for all n > ng, holds A,, < §. Then, for all n > ng we have
At
A, T
> Tn\gj(xs:)gk(xs:) = 95 (Xup )9 (Xup)| < €5,

i=1

which means that (18) converges almost surely to zero 0, so it converges in probability
to zero.
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Therefore, conditions of Theorem 1 are satisfied provided that the assumption about
uniform boundedness of functions holds. If we denote by mp a projection function
7r: D([0,T],R%) — R4, defined by 77 ((Xs,s € [0,7])) := X, then by [3, Theorem
12.5] projection 7 is a continuous function. Notice that

e Ji (X)) (f1(Xs) = [1( X, ,))dWs
N . 5
Z:L:l t;_l gd(XS)(fd(XS) - fd(Xtri71))dWS

A7
- 7rT((Z XEte[0,T)) + Zn,

hence by definition and properties of stable convergence in law, our theorem holds
under the assumption that all of the functions are uniformly bounded.

In a general case (i.e. without the assumption that functions are uniformly
bounded), we again use the idea presented in [10]. For the completeness of the
proof we will write down some steps, but for details, see [10]. Let (En,N € N)
be a sequence of open and relatively compact subsets of E such that zy € Ej,
Cl(EN) C Ent1,YN € N and U_,Ey = E. For the solution (X;,t > 0) of our
SDE (1) define

Ty :=inf{t >0: X; € E{,},N € N,

where inf ) = +o00. Let (@5, N € N) be a sequence of C°°(F)-functions such that
®y = 1 on Cl(Ey), and &y = 0 on Cl(En11)¢. Let us define the functions
pn(z) = en(z)u(@), fin(z) == Pn(2)fi(2), 9jn(2) = Pn(z)g;(2), 2 € E, and
let vy be continuous functions on E such that vy (z) = v(z) for z € Cl(Ey) and
vn(z) = const for x € E\CI(En+1) (vn can be defined as vy(z) = Oy (x)v(z) +
(1=®n(z))en, where cn == mingeoi(gy,,) ¥(2)). For afixed N € N, let the process
XN = (XN, 0<t<T) be a unique strong solution of the SDE (for details see [12])

dXY = pn(XN)dt + v (XN)aW;, XY = xg,x0 € E.

Let Y be arandom vector such that Y = v/XZ, where Z is a standard normal random
vector independent of Fr. Let Y be a random vector such that Yy = /X nZ, where
Y.y is a random matrix ¥ from the first part of this proof which we apply on the
process XV and functions vy, un,g;n and fj n. From the first part of the proof,
with the notation

S (XN (AN (XY — fun (XY )W,
Vn N — :

N UA, | : ’
S N (X (fan (XN) = fan (X ))dW,

we have V,, n 2 Yn.
S (X (AXS) = fi(Xe,,))dW,

1 .
Let us denote by V,, := T : . We

ST (X (Fa(Xs) — fa(Xe,_,))AW,
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want to show that V, 2 Y, n— oo.

Let f: R — R be a bounded continuous function, and let U be a bounded Fr-
measurable random variable. Let ko, k19 > 0 be constants such that |f| < kg and
|U| < k19. Now, we have:

[E[f(Va)U] — E[f(V)U]|
< [E[f (Va,m)ULiry >13) — E[f (YN) U1y 13| + 2k k10P(Ty < T).

U Liry>Ty i a bounded, Fr-measurable random variable, and V,, n g Y ; hence
@IE[f(Vn)U] —E[f(Y)U]| < 2kok1oP(Ty < T),
and by letting N — oo we have
lim[E([f(V,,)U] - E[f(Y)U]| =0,

which implies ~
lim [E[f (Vo)) — B{f(¥)U]] = 0,

and this proves our theorem. O
Let us now look at the case when d = 1. Let us denote f = f;.

Corollary 1. Assume that (A1)-(A2) hold and that f is a two-times continuously
differentiable function on E. Then

1
\% An

([ W=D F(Xi )W =i, 1)) % NN [ 0200 (25 )ds).

Proof. Since

1 T "
= / FXW, = 32 (X0 = Wi )

1 (b

= \/TZ . (f(Xs> _f(Xti—l))dWS’

the result follows from Theorem 2 for d =1 and ¢g; = 1. O

The result about stable convergence in law for difference between It6’s integral
with respect to diffusion and its approximation is stated in the following lemma.

Lemma 1. Assume that (A1)-(A2) hold and that f is a two-times continuously
differentiable function on E. Then

S /Tf(X X3 F(Xe (XX ) 2 N, /Tv4(X)(f')2(X )ds)
\/Fn 0 S s v ti—1 t; ti—1 32 0 S s .
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Proof. It holds

Xs)dXs - Z f(th‘,_1)(Xt7‘, - th‘,—l))

:\/lAi Z /; i (f(X‘s) - f(Xti—l))dXS

1 K[

1 &t

(f(XS) - f(Xti71))M(XS)dS
(f(Xs) — f(Xy, )v(Xs)dWs.

It can be shown that \/% S fttj,l(f(Xs) — f(X¢,_,))u(X,)ds converges in
probability to 0 when n — oo, and from Theorem 2 it follows that
FZI 1 t7 CLf(XS) = f(X, ) ))v(Xs)dWs converges stably in law to a mixed

normal random variable, with variance %fOT X)) Xs)ds.
Hence, ——— fo $)dX =31 f( Xt ) (X, — Xy, ,)) converges stably in law

to a mixed normal random variable with variance 3 fOT vH (X (f)(Xs)ds. O

Remark 1. The result from Lemma 1 for the case when f(x) = x can be found in
[8] (see Theorem 5.5. ford=1).

Corollary 2. Assume that (A1)-(A2) hold and that f is a two-times continuously
differentiable function on E. Then

VI SN = S S )X = X))
An \/Zizl v Xti—l)(flz)(Xti—l)

Proof. Notice that 1> 7" | v4(X, )(f’Q)(Xt )A,, converges almost surely (and

consequently in probability) to 5 fo (X5)(f)?(X,)ds when n — oo, so the result
follows from Lemma 1 and properties of stable convergence in law. O

Remark 2. In Corollary 2, we could use any sequence v,, which converges in proba-
bility to random variance %fOT V(X)) (f)2(X,)ds, and the result would be the same,
1.€.
1 s)dXs — X X Xy, s
f[) Zz lf( ti— 1)( ty — tz—l) th(O’l)
VA, /Un

4. Applications

FEzxample 1. Let us look at the simple case when dX; = dWy, i.e. X; is a stan-
dard Brownian motion. In that case, u = 0, = 1. For a two-times continuously
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differentiable function f, from Corollary 1, we conclude that

1 r . st 1 T N2
JE) SOV =D 0V ) = W) 2 N0 [ 07)as)

This result can be found in [5] for the function f which satisfies some boundness
condition. We proved the same result but in the case when f € C?(E). Similar
result with weak convergence can be found in Theorem 2.1. in [15]. In the special
case when f(x) = x, this result can be found in Theorem 5.1. in [8].

Let us see a simulation study where f(x) =z,dX; = dW;. In that case

T

7);

i 1 th 1));£N(072

where fOT W, dW, = (W2 —T). Let —za be a §-quantile of the standard normal
distribution. We sunulated M reahzatlons of a discrete random sample Wy, ..., Wy,

over equldlstant points t; = iA,,, where n = 10,50, 100, 200, 300, 500, 1000, 7 = 1
and A, n. Then we calculated how many times the values of the variable

1 1
W(i Zth 1 — ))

2
The results are given in Table 1, 2, 3 and 4. The simulations show that percentages

are close to 1 — «, even for small n.
Ezample 2. Let X; be a geometric Brownian motion with parameters p and o. It
means that X; is a process which satisfies the SDE

dXt = /LXtdt + O'Xtth,XO = X0- (19)

are in the interval [—za - \/z, zg - /L] and present that number as a percentage.
2

We suppose that 2o > 0. It is well known that the solution to (19) is given by

2
o
X = xoexp{(p — ?)t + oWy}

Let f(x) = z. Then from Corollary 2 we have

T n
ﬁ fo XSdXS - Zi:l Xti—l(Xti - Xti—l) st

= N(0,1).
U2An /ZTL_I Xt4 ( ’ )

We simulated M realizations of a discrete random sample (X, , ..., Xy, ) with zg = 1
and parameters y = 2,0 = 1, over equidistant points ¢; = iA,,, where n = 2¥, T =1
and A, = % We simulated in the way that n’ = 2! > 2F and we use all of these
points to estimate fOT X, dX, with Z:il X, (X¢, — Xi,_,)- Then we take a sub-
sample of length n = 2% and calculate Y"1 | X;, , (X, — Xy, ;). Then we calculate
percentage of values

\/i Z?:l Xt'i—l (Xti - Xti—l) - Z?:l Xt'i—l (Xti - Xti—l)

2 n )
g An \/ Zi:l Xt4i71
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which are in the interval [~za, za |, where za is a (1—a)-quantile of standard normal
distribution. Results are presented in tables 5, 6 and 7. Simulations showed that
the percentage, even for small k, is a value close to 1 — a.

Let f(z) = z2. Then from Corollary 2 we have

T
1 fO stde - Z?:l ngi,l(Xti - Xti—l) st

= N(0,1).
O-QAn\/i \/E?:l Xz?-71

We simulate in the same way as before, and calculate the percentage of values

1 Z?:l Xt27;_1 (Xt7 - Xti—l) - Z?:l Xt27;_1 (Xt7 - Xti—l)

U2An\/§ \/ Z?:l XtG'fl 7

which are in the interval [fz%,z%]. Results are presented in tables 8, 9 and 10.
Again, simulations showed that the percentage, even for small &, is a value close to
1—-a.

Ezample 3. Let X = (X;,t > 0) be a one-dimensional diffusion which satisfies It&’s
stochastic differential equation (SDE) of the form

dX, = p(Xy,0)dt + oov(X)dWs, Xo =z9, >0, (20)

where v and p are real functions and zq is a given deterministic initial value of X.

Let 6y and og be true values of the drift parameter and the diffusion coefficient
parameter. We assume that oy > 0 is known. We assume that € belongs to the
parameter space © which is a relatively compact, open and convex set in Euclidean
space R, Let T € R be a fixed number such that 7 > 0and 0 =:tg < t; < - <
t, := T, n € N be an equidistant deterministic subdivision of the segment [0, 7],
ie t; =iA,,1=0,...,n, A, = % Let (X¢,,0 <1i < n) be a discrete observation
of the trajectory (Xy,t € [0,T)). If (z,0) — f(x,0) is a real function, then we will
denote by Dy f the m-th partial derivatives with respect to  of the function f,
m € N. If 0 — f(0) is a real-valued function defined on an open subset of R?, then
we will denote by Df(0), D?f(6) its first and second derivatives with respect to 6.
Let K be a relatively compact set in R%. We say that a partial derivative Dy f of
a real function f: E x CI(K) — R exists on E x CI(K) if there exists an open set
UK C R, such that E x CI(K) C E x U, and an extension f of f, defined on
E x UK such that DJ'f exists. Let the following assumptions be satisfied:

(A1’) For all 8 € O, there exists a strong solution X of SDE (20) on the time interval
[0,4+00). This solution X has continuous paths with values in F and if X’ is
any other solution of SDE (20), with the same Brownian motion W, then the
law of X’ is identical to the law of X.

(A2’) Function z — v(x) is two-times continuously differentiable on E, and v(z) > 0
for all z € E. For all § € CI(O), function u(-,0): E — R is continuously

differentiable on E. Functions (z,0) — u(z,0), (x,0) — aa—;u(x,e), (x,0) —
2 pi(z,0), are continuous on E x CI(O).
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(A3’) Functions z — g;(x) are two-times continuously differentiable on E, for all j =
.,d. Functions (z,8) — f;(z,0), (z,0) — aa—;fj(ac,GL (z,0) — %fj(m,ﬁ),
are continuous on E x Cl(0), for all j =1,...,d.

(A4’) Functions (z,0) — 812729_,»/“‘(%0)’ (z,0) — 78@@ (z,0) are continuous on
E x Cl(©), for all 4,j = 1,...,d. For all m < d + 3, there exist partial
derivatives Dy u(,0) and 2 Dy pu(z,0) on E x C1(©). Furthermore, functions
(z,0) — Dy'u(z,0), (z,0) —

L Dyu(x,0), m < d+ 3, are continuous on E x CI(O).

For each 6 € © denote by 3(0) a d x d random matrix whose jk-th component is
defined by

. 0'2 T
E(e)jk = ?0 . 1/2(Xs)gj(Xs)gk(Xs)fj{(Xs,Q)f,;(Xs,G)ds,
where f]’ is the first derivative of the function f; with respect to =, j = 1,...,d.

From Theorem 2 it follows:

Theorem 3. Assume that (A1°)-(A3’) hold. Then, for arbitrary fized 0 € © it
holds:

z 1];&7 1 fl(X879) fl(Xtiflaa))dWs
\/% : =L MN(0,3(8)).

z l.ﬁf fd(XS70) fd(XtiflaH))dWs

Note that the covariance matrix in this case depends on parameter 6.

Let -
(Xs’e) 1 / 1% (ste)
Lr0)= | LooZlax,— - [ B2y
0= [ Aty s [
be a continuous-time log-likelihood function (see [4]) and define a contrast function
by (for details, see [10])

- (Xti _th'71):u(Xt17179) 1M2(XtL 179)(t _ti—l)
£a(0) :Z( X)) 2 A% )

i=1

For 6 € ©, let ¥(0) be a d x d random matrix whose jk-th component is defined
by

ds.

siopt = 1 [ 0 L B0 0 (60
2/ Yor v2(Xs) Or  v2(Xs)
Under assumptions (A1%)-(A4’) it is proved in [10] that

1 st
\/TT(DLTw) —DL,(9)) =

where Y (0) ~ MN(0,%(0)). This result allowed us to prove that the difference
between the approximate maximum likelihood estimator and the maximum likeli-
hood estimator of drift parameters is an asymptotically mixed normal (for details

Y (),
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see [10]). We will show that this result follows from Theorem 3. With a notation
00, = B%j,j =1,...,d, for the j-th component of —A—(DLy(0) — DL, (6)) we have

VA,
\/%(DLT(G) — DL.(6)),
1 -, b 1
:\/Tn;(/ti1(0_3V2(AXS)89]‘/'L(X579)IU’(X8790)

1
— magju(XL,fl?o)u(Xé,00))d8) (21)

n ti
¥ &Q/nfagw«lma@“““ )
1
- oA(X,)
p Loy [ ) (05X ) DBin(Xi,)
\/Ei:l ti—, 00 V2<Xs) V2(Xti*1)

001X .. O)u(X..0))ds) (22)

)dW,.  (23)

In article [10], is proved that (21) and (22) converge in probability to zero when
n — oo. If we define

_ (X)) _ 90,u(X..0)

gj(z) :== o0 fi(x,0) = Wa

j=1,....d,

then the result follows from Theorem 3.

n | 10 50 100 200 300 500 1000
% 093 094 094 096 1.00 0.96 0.98

Table 1: Example 1, M =100, o = 0.05

n | 10 50 100 200 300 500 1000
% 1097 0.99 098 1 099 1 0.98

Table 2: Ezample 1, M =100, o = 0.01

n | 10 50 100 200 300 500 1000
% | 0.953 0.947 0.938 0.967 0.960 0.932 0.951

Table 3: Example 1, M=1000, o = 0.05
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n | 10 50 100 200 300 500 1000
% | 0.988 0.983 0.989 0.995 0.986 0.988 0.993

Table 4: Example 1, M =1000, o = 0.01

k |4 5 6 7 8 9 10 11 12
%092 096 0.97 094 098 0.98 096 0.98 0.96

Table 5: Ezample 2, f(x) = x,, M=100, a=0.05, l=14

E |4 ) 6 7 8 9 10 11 12 13 14
% 1093 0.95 095 095 0.95 095 095 0.97 0.94 0.96 0.99

Table 6: Example 2, f(z) = x, M =100, «=0.05, l=16

k|4 5 6 7 8 9 10 11 12
% | 0922 0.938 0.943 0956 0.96 0.955 0.954 0.961 0.981

Table 7: Ezample 2, f(z) = x, M=1000, a=0.05, =1}

k|4 5 6 7 8 9 10 11 12
%092 097 097 095 096 095 093 098 1

Table 8: Ezample 2, f(z) = 22, M =100, a=0.05, =1/

E |4 5 6 7 8 9 10 11 12 13 14
% 1094 0.99 096 094 091 092 098 0.97 0.95 099 0.98

Table 9: Ezample 2, f(x) = 22, M=100, a=0.05, =16

k|4 5 6 7 8 9 10 11 12
% | 0947 0945 0.944 095 0.962 0.961 0.958 0.968 0.981

Table 10: Ezample 2, f(x) = 22, M=1000, a=0.05, |=14
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