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Abstract: In connection with the clock problem in special relativity a new thought
experiment is discussed leading to the traditional solution. The accelerated
frame is replaced by a family of inertial ones. In this case the round trip
times can be calculated from the viewpoint of any of the inertial observers
within the special theory of relativity. No additional fundamental assump-
tions are introduced besides the supposition that ideal clocks exist. The solu-
tion of the problem in this case reflects the structure of four-dimensional
space-time.

1. Introduction

The clock (or twin) problem is a familiar topic in special relativity. Many
relativists agree that no paradox arises in solving this problem and accept
the solution found at the advent of special relativity!.?. A variety of deriva-
tions of this solution has been put forward3~!2. However, somc relativists
defend the contrary view that a real paradox exists and even dispute the
traditional solution®~"). Their arguments differ appreciably and the proposed
solutions range from denying any difference of the round trip times to accep-
ting the traditional result as one of two possibilities.

Derivations of the traditional solution and doubts expressed were exten-
sively reviewed by numerous authors® and the problem has been considered
thoroughly from the observational point of view®. In this contribution intro-
ducing a new thought experiment further arguments are exposed in favour
of the traditional solution.
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2. The usual thought experiment

In this experiment two reference frames S. and S.” participate with the
origins O, and O.’ and mutually parallel coordinate axes. The first frame is
inertial throughout the experiment, whereas the second frame is not. Identi-
cal clocks are situated at the origins together with observers called S and
S/, respectively. The clock in S.” should be ideal, i.e. it should not change its
internal state on account of the acceleration.

Let v be the velocity of O/ in the x-direction at the event (X, %) as obser-
ved in S.. Initially, at the event 0, both observers coincide and the velocity
v is zero. At this event they synchronize their clocks: t» = t«’ = 0. (The first
index refers to the frame, the second to the event). Then the observer S.’ is
accelerated in the x-direction. Later on he is accelerated in the opposite
direction and finally, he is accelerated once more. At the event N he coinci-
des with O, again having zero velocity v.

Each observer describes the trip from his viewpoint. From the viewpoint
of the observer S: the round trip time is T measured by his own clock and
T’ measured by the clock in S.. From the viewpoint of the observer S.’ the
round trip time is 7.* measured by his own clock and T. measured by the
clock in S..

At the events 0 and N both observers coincide and are at relative rest.
Since the frame S, is inertial throughout, the frame S.’ is inertial at the
beginning and at the end of the round trip. (It is even not necessary to
demand that at the events 0 and N the observers are in relative rest). On the
basis of the time homogeneity in inertial frames it can be claimed that

T=T., T'=17/, (0))

i.e. that the round trip times measured by the clock in S, have to be equal
for both observers and that the same is true for the round trip times mea-
sured by the clock in S.. Any other result would contradict the fundamental
assumptions of special relativity or would reveal a serious internal incon-
sistency of the theory.

A further step®: T = T’, however, would imply that the observer S.” was
inertial throughout between the events 0 and N and would prohibit the
round trip.

To complete the solution of the problem a relation between 1' and 7’ has
to be given.

Equations (1) cannot be proven directly from the viewpoint of the uniner-
tial observer S.” within the special theory of relativity. But with the use of
the equations of general relativity or at least the equivalence principle the
validity of (1) can be ascertained®® 2.
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3. The new thought experiment

A new thought experiment corresponding to the usual one can be intro-
duced for which Egs. (1) can be deduced within the special theory of rela-
tivity.* Select a sequence of events 1, 2,...#n,... N—1 on the world line of the
origin O. and replace the accelerated frame S.” with a family of inertial
frames S. (1 = n = N) with origins O.. Their coordinate axes are mutually
parallel to the coordinate axes of S.. At the origins identical clocks are situa-
ted together with observers. The event n corresponds to the encounter of O
and O.+; the event N coresponds to the encounter of Oy and .. The events
n—1 and n line on the world line of O, (Fig. 1). The observer S. synchronizes
his clock at the event n—1 with the clock of the observer S.-..

In the frame So the event n is defined with 0. (xm, ?w). The velocity of
O. in S. is v (11,0) = (Xon — Xon—1)/(tew — twm-1) in the X% direction. Further, we
have xou = 0, to = 0 and

N N
e =Z(x., — Xus) =Zv (7,0) (tm — te-)) = 0. 2)

n=1 n=1

The round trip time for the observer S. according to his own clock is

N N
T = tw—tu =t =z (hn —_ t(ln—l) =Z (xln _— x...—.)/v(n, 0) . 3)
n=1 n=1

To obtain the round trip time I’ the Lorentz transformation, connecting
the frames S: and S., has to be exploited. The observer S. has not synchro-
nized his clock directly with the clock of observer S.. Nevertheless, owing to
the homogeneity of space and time the Lorentz transformation applies to
space and time intervals (c is put equal to 1):

Ax, = (1 — v*(n,0))™'* (Axs — v (n,0) Atv)

At, = (1 — v2(n,0))7'? (Ats — v (n,0) Axs) . @)

* In the usual thought experiment often an approximation is considered. The
time intervals of acceleration of S.” measured in S, are taken to be negligible
as compared with T and the velocity is taken » = const. during the first half
and v = —const. during the second half of the trip. This approximation is
useful but if the experiment is described from the standpoint of the observer
S/ it must be taken into account that the acceleration becomes infinite. From
the viewgoint of the observer S, in this approximation the accelerated obser-
ver can be replaced by two inertial ones. This was first noted by Halsbury!
and exploited by others’ 7. It enables us to get Egs. (1) for this case within
special relativity!2. A generalization of this procedure leads to the new thought
experiment.
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Fig. 1. World lines of the origins O, and O, to O, in the inertial frames S; and S,
to S, for an example of the alternative thought experiment: the accelerated frame
was replaced by a family of nine inertial ones S, to S,. S, is the frame of the
»proper« inertial observer and S to S, are the frames of »tangential« inertial ob-
servers. The equation of the world line of O, in S, is % = v (1, 0) (to— tw-1) + Xon-1.
— At an event the first number specifies the frame and the second the event. —
The events n, and (n—1), happen at the origin O, for the observer S. simulta-
neously with the events n and n— 1, respectively.

The time interval between events n and n—1 according to the clock in the
frame S. from the viewpoint of the observer S: is

b — tnn-[ =(l—?» (n, 0))""1 (ton — tou-y — v(n,O) (.To« — Xou=1))
(1 — v*(1n,0))"” (ton — ton-s) .

Here we have uscd the relation xo. — Xy = v (11, 0) (to» — ls:-1). This result can
be interpreted in the traditional way: the proper time interval tw— tm-: in
the frame S. is calculated by multiplying with (1 — »* (11, 0))'* the correspon-
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ding unproper time interval in the frame S, in which the origin O. is moving
with the velocity v (n,0). The round trip time 7’ in our thought experiment
according to the clocks in the frames S, S:...S~ from the viewpoint of the
observer S, is equal to the sum

N N
T =Z (tin — twn—1) =Z(l — 2 (1,0))" (ton — tm-1) =

n=1 n=1

N
=Z (1 —v(n,0))" (X — Xu-1)/v (1, 0) . ©)

n=1

Now we turn to the description from the viewpoint of one of the observers
S:, 1 = n =< N. For this observer the time interval between events 0 and N
according to the clock in S is

T. = (1 —v*(n, 0))'e (tw — tw) .

The first factor is due to the fact the events 0 and N happen at the same
space point in the frame S.. The proper time is calculated from the viewpoint
of the observer in S. for whom the origin O, is moving with the velocity
v (0,n) = —v(n,0). The corresponding unproper time interval in the frame
S. is tww — to. Using the Lorentz transformation (4) and taking into account
that xov — x» equals zero we obtain*

To=tw—to=T. (6

This result is independent of the particular value of n.

It remains to calculate the round trip time 7.’ from the viewpoint of the
observer S. according to the clocks in the frames S,, S;,...Ss. The time inter-
val between the events m—1 and m according to the clock in S. from the
viewpoint of the observer S. is

(1 - (my n))”z (tnm h tnm-x) .

N

* Also, Z (twm — twn-1) = T with the means of Egs. (7) taking into account
n=1

N

that Z v (m,0) (tomw — tim=1) = 0.

n=1
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The events m—1 and m happen at the same space point in the frame S.. The
proper time is calculated from the viewpoint of the observer in S. for whom
the origin O. is moving with the velocity v (m,n). Here tw» -— tw.-: is the corre-
sponding unproper time interval in the frame S. (ns<m). Of course, v(m, m) =
= 0, and tm« — t=m-1 is @ proper time.

The velocity of the origin O. in the frame S. is

v(m,n) = —vn,m) = (v(m,0) —v(n0)/(1—v@m0uvn0).
The frames S. and S. are connected through the Lorentz transformation

Axa = (1 — v* (m,n))~"* (Axm — ¥ (m, n) Atw)

At = (1 — v (m; n))—lll (At"' — (m: n) Ax"') . (7)

Here (1 — v'(m, n))™"* = (1 — v(n,0))™'"* (1 — v'(m, 0))™** (1 — v(m,0) v(n, 0)).

Utilizing Eqgs. (7) we get after a short calculation the round trip time
from the viewpoint of the observer S. according to the clocks in S, S:...S»

(Fig. 2)

N
g =z (1 — 0 (1, 1))P (twm — tuns) =

n=1

N (8)
=Z (1 —v(m, 0))'" (tm— tom-1) = T".

n=1

In the above calculation we have made use of the relation Xxox — Xom-1 =
= v (m,0) (ton — tem—1). Again, this result does not depend upon the particular
value of n.

It is worthwhile to introduce two additional sequences of events. An event
of the first sequence (1) happens at the origin O. for the observer S, simul-
taneously with the event m. In the frame S, these events are defined through
0(m) (Xomy = 0, tom, = tom). Using the Lorentz transformation (4) we get in the
frame S.

Xapmy = Xnm=1, = — U (1,0) (1 —2°(1,0)) 7" (tom — lon -1)

tn[m} b tn(m—l} = (1 -""v! (TI, O})-!P (IOM— fUm-'l) -

For m = n we have

x-.(n) _— xm(x-a) = — {l — (n, 0) )"R (.rmu — xnn—z).
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Fig. 2. Parts of the diagrams of the world lines in S, to S, Nfrom Fig. 1, put together
to show on the ordinate axis the sum of time intervals X (Zw — .-1). The shifts

n=l1
of events because of the transitions from frames S, to frame S,,...S show the
»rotatione of the lines of simultaneity and of the lines of equal distance.
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This can be interpreted as the Lorentz contraction of the corresponding pro-
per space intervals. For the observer S. the events m and (72) are not simulta-
neous. But if the succesive events m, and so (1), happen for the observer So
at equal time intervals so do the events (1) for the observer S.. This does not
hold for the events m from the viewpoint of the observer S..

An event of the second sequence m. happens at the origin O, simultaneo-
usly for the observer S. with the event m. In the frame S; an event of this
sequence is defined through 0#2. (%m, = 0, tm,) and in the frame S. through
NMn (Xnmy, twm, = l.m). After applying the Lorentz transformation (4) we get
finally

Lomy — fogm—13y = fom — fon—1 = (H,O) (xD.rr - xO.-n—I)

Xnmy = Xn(m=1),, = — v (nn 0) (1 — (nr 0)) (tI)m - tOm-l — ("' 0) (xOm - xOm—l))'
For m =n we get

tomy = logn—), = (1 — v (1, 0)) (fon — fon-1),
and

Knny, — xu(n—l),, = = (1 — v (H., 0)) (xon - xﬁn—l)'

The events m and m. are not simultaneous for the observer S,. The successive
events m, do not happen for the observer S. at equal time intervals in the
case the events m for this observer do.

4. Discussion

In Chapter 3 it was shown that the time interval between events 0 and N
measured by the clock in S, i.e. along the world line of O,, from the view-
point of any of the inertial observers S;, 0 = k = N, is equal to T. The time
interval between the same events measured by the clock in S., 1 = n < N,
as a sum of time intervals between events n—1 and #n on the world lines of
O. from the viewpoint of any of the inertial observers S: equals 7’ < T.
Hereby only equations of the special theory of relativity have been used and
the results are within this theory.

Now let us compare the alternative thought experiment with the corres-
ponding usual thought experiment. In the second one the two clocks that
coincide at the event 0 coincide also at the event N whereas in the first
experiment this is not the case. If in the first case the same pair of clocks
should meet at the event N the clock from S: at the event 1 should be trans-
ferred to S: and from this at the event 2 to Ss etc. This procedure shows that
the transfer of a clock from an inertial frame to another inertial frame —
this cannot be accomplished without acceleration — corresponds to a rota-
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tion of the hyperplane of simultaneity. In the alternative thought experi-
ment only the information is transferred from clock to clock at a given
space-time point. Thus the supposition of the synchronizations of clocks in
the alternative experiment amounts to the supposition of the existence of
ideal clocks in the usual thought experiment. The existence of ideal clocks
can be based on experimental data,* with the condition that the acceleration
does not exceed an upper limit>3. Atoms and subatomic particles can be
considered as ideal clocks up to high accelerations.

It can be conjectured that Eq. (5) leading to T > I’ for the new thought
experiment is a consequence of the structure of four-dimensional space-time.
The same equation for the usual thought experiment cannot be a consequence
of dynamical effects on the accelerated clock. The acceleration cannot be held
directly responsible for the difference of T and 7”. Neither there is any reason
to base this result on the interactions of the clock with the environment!.

It should be remarked that the result (5) is not reversible in the sense
that T could be replaced by T’ and v by —v and vice versa. However, the
Egs. (5), (6) and (8) are derived on an equal footing. One has only to bear
in mind that both events 0 and N lie on the world line of the observer S,
whereas these events do not lie on the world line of a single inertial observer
S.,, 1 = n = N. This causes the asymmetry of the final results. In the inter-
pretation of the alternative thought experiment no ambiguity arises. So no
ambiguity can arise in the interpretation of the usual thought experiment!.
In the limit N - o and tes — tw-1 = 0 from Eq. (5) directly foilows the
equation

.
T = f (1 — v (t))'Pdte = 56 (1 — v* (x))7 dxa/o (%) -
0

This equation can be derived with the assumptions of special relativity and
the suppositions that ideal clocks exist and that the accelerated clock is
ideal. There is no need to introduce additional fundamental assumptions, as
is done in Refs.22.2)

5. Conclusion

The analysis of an alternative thought experiment affirms the traditional
solution of the clock problem. The time between the second and the first
encounter measured by the accelerated clock is less than the corresponding
time measured by the clock at rest in the inertial frame. An essential suppo-
sition is that the accelerated clock is ideal, i.e. that its internal state is un-
affected by the acceleration.

* Some details are given in Ref. .
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K PROBLEMU UR V SPECIALNI TEORIJI RELATIVNOSTI

J. STRNAD
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Vsebina

Sestavek uvaja nov miselni poskus v zvezi s problemom ur v specialni
teoriji relativnosti. Ta poskus privede do ustaljene re$itve problema. Pri
poskusu nadomestimo pospeseni opazovalni sistem z nizom inercialnih. Case
za kro#no pot lahko v tem primeru izraéunamo za katerega koli inercialnega
opazovalca z ena¢bami specialne teorije relativnosti. Pri tem ni treba sprejeti
nobene dodatne temeljne predpostavke, ¢e le privzamemo, da obstajajo
idealne ure. O obstoju idealnih ur pa pri¢ajo poskusi. Po tem lahko sklenemo,
da je v naSem primeru re$itev problema posledica zgradbe Stiridimenzional-
nega prostora — casa.



