
FIZIKA, 4 ( 1972) 29-39 

A QUANTUM THEORY OF LIQUID CRYSTALS 

L. NOVAKOVIC and G. C. SHUKLA*

Institute of nuclear sciences »Boris Kidrič«, Beograd 

Received 28 August 1971; revised manuscript rcceived 1 Novcmber 1971 

Abstract: A new approach towards an understanding of thc basic cxcitations in 
the ncmatic liquid crystals is presented by explorin� the pseudo-spin forma
Iism. The hamdtonian of the system is explicitly wntten for spin I in terms 
of the boson crcation and annihilation operators. 
Using a method as dcvcloped in relation to the hydrogcn-bondcd fcrroclectrics 
the spectrum of elementary excitations is calculated in two vcry import:mt 
rcgions; one region being around the reciprocal latticc vcctor q = O, thc othcr

-+ 
region being around the value q. which coincides with thc sccond maximum 
in a Fourier transform of the inlcrmolecular potcntial. Thc formcr region 
corresponds to a linear part of the spectrum, whercas thc lattcr region 
corresponds to a rotonic part of the spectrum. 
In ordcr to test the prcsent results we bave cxplicitly calculatcd thc zero
-sound velocily and the mass of thc rotons.

1. Introduction

Liquid crystals discovcred almost a ccntury ago1, 2> and classifield by 
FriedeP, 4, 51 into three catcgories, namcly, nematic, smectic and cholesteric, 
bave been the subject of an extensivc research6, 7, 81. A liquid crystal physi
cally is a fluid with a molecular structurc giving rise to a prcfcrrcd direction 
at cach point of the material. ln smectic liquid crystals thc large dongatcd 
molecules lie in layers with their long axcs pcrpendicular to thc plancs of 
the layers and fluidity arises on account of thc laycrs sliding ovcr cach 
.othcr. On the other hand in nematic and cholcstcric liquid crystals, thc 
molcculcs are not confined in laycrs but are capable of random orientations 
in such a way as to make the orientations more or lcss continuous throughout 
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the liquid. Furthermore nematic liquid crystals possess certain invariance 
properties under reflections, while this is not the case with the cholesteric 
liquids. 

Existing theories for liquid crystals are classical consisting of a swarm91 or 
a continuum model'°), so there should exist a nccd for a quantum thcory. 
In the present paper wc conccntrate our attention to nematic liquid crystals. 
We suppose that a random orientation of large elongated rodlikc molecules 
have a definite pattern in Iiquid state. In other words, we assume a definitc 
ordering of molecules spccifying their random oricnlation with the compo
nents of pseudospins which have bccn successfully explored to takc quantum 
effects in ferroelcctric hydrogen bonded crystal� by Oe Genncs1 11, Brout 
et al.121 and Novaković0l. At a nematic liquid - isolropic liquid transition 
temperature this ordering vanishcs. This is thc main subject in the present 
work. There is in literature a littlc diflercnt current concept of the ordcring 
processl4, ts, '61, Then wc propose a general hamiltonian for nematic liquid
crystals as discussed in Chaptcr 2. In Chaplcr 3 wc consid\!r the collective 
clementary excitations in such a systcm, whcrcas a possible effect of anhar
monic terms is discusscd in Chapter 4 togcther with the conclusion. 

2. General model

1n this Chapter we formulate a model hamiltonian for a nematic Iiquid 
crystal. Assuming that each long elongatcd rod-like molecule has n different 
orientations in such a way that Lhcsc oricntat ions are described by the 
components of a pseudo-spin S/, wherc j labels thc molccular sites, wc 
propose the following hamiltonian of the system 

H = - L 
(I) 

Here O; are quantum paramcters relatcd to a transfer cncrgy, whereas l;k 
are ordinary parameters rclatcd to thc intcrmolccular potcntial. I t  should 
be noted that this hamiltonian with n.1 >'6 O and n,. (n � 2) = O is identical 
with the hamiltonian of a KOP typc. Howcver, l;k are complctely different in 
the two cases. At present l;� is continuously varying function for a fluid, 

- - - -> . • . . l;k = f ( I r I ) , r = r1 - rk> wh1ch 1s not thc case for sohds hke KOP.
The above hamiltonian is thus vcry general, so wc simplify it a bit furthcr 

by letting n = l ,  2. Physically, we imaginc a molecular structure of a nematic
liquid crystal in which all rod-Iike molecules are capable of 3 possible orien
tations. This is only a mathematical simplification and there is no physical 
restriction of the general model. Howcvcr, the treatment and results to be 
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obtained would essentially be identical for general S. Thus the hamiltonian 
simplifies to 

H = - n1 _L St - n2 _L (St)2 -_L 11k S/ Sk:,

i j, k 

where S = l .  Now, we rotate the spin system through an anglc ep. i. e.,

S/ = cos ep S/' + sin ep S/', 

S/ = - sin ep S;"' + cos ep S/', 

+ � 

(2) 

(3) 

Further, we define a spin-ra1smg (lowcring) operator s;- as s,- = (S;"' ± 
± i S(')/2 by assuming a bosonic character for these operators as follows 

s1- = v 2 S b/ 0 - E b/ b1) +  . . . (4a) 

S/' = S - b/ b;,

where the parameter E depends on the rcpresentation used. Using a set of 
ideal bosons we obtain (scc Ref. 17>)

2 S - l 
2 S (4b) 

'This leads for largc S to the result E = 1/4 S just likc in thc Holstein
-Primakoff•s1 representation. 

3. Elementary excitations

With the aid of transformations (3) and (4), the hamiltonian (2) takes the 
following form: 

(5)
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where 

with 

NOVAKOVIC - SHUKLA 

H, = - v � S cos ep {(01 + 2 S !12 sin ep) ; A; , 
- S  sin ep l: l;dA; + A,1;)} ,

i,k 

v2 S . ( A A ) E S ·' 2 S 
. + -2- n2 sm ep cos cp l:  11; ; + ; 11; - -2- v sm ep cos ep ·

,,, = b;+ b;,

(6) 

(7) 

(8) 

Now thc condition for thc systcm to achie,·e a ground statc is givcn by 
U 1 = O lcading to 
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n, = 2 S (J - nz> sin ep.

where J = I: 111c, Thus if 02 = O then

n, = 2 S J sin ep.

33 

(10) 

(1 1 )  

The hamiltonian H2 would yield elementary excitations for the system while 
the effect of anharmonic terms are discussed in the last Chapter. We take 
the Fourier transform for H2, by letting 

so H2 becomes, 

1 -+-+ 
b-+ =  -- L e1 ' '1 b , q VN 1 

+ 1 -+-+ + 
b � e-iq-rJ b ,

�
== v„ii r 

(12) 

H2 = � [ 2 W f11 + W (1) (2 n7 + b\ b7 + b1 b=,)], (13) 

where 

Writing 

W = �1 sin ep + S n2 sin2 ep + S J (0) cos2 ep.

_.. s _.. 
W ( q ) = -2 (02 cos2 q> + J ( q ) sin2 ep).

(14) 

(15) 

H2 =-; [ W (n-; + n�) + W (1) (n-; + n_-; + b�-; b7 + b9 b_:;) ], ( J6)
q 

and letting 

b-+ = u (-+) B-+ + v ( .... ) a+ .... q q q p _ q , 

+ + 
b9 = u (1) B7 + v ('l) B _-;,

u*(1) ..... u (1) = u (-1),
v• (1) = V (1) = V (-1),

u2 (1) - v2 (7) = 1 ,

(17)
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H2 is transformed into 

wherc 
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-+ .  -+ 
X ( q ) = W + W ( q ). 

. -+ 
Furthermore, we assume an expans1on for J ( q ) as 

-+ 
J ( q ) = J (0) ( 1  - a.1 q2) , q ,.., O, 

and inserting these cxpansions along with 

cos2 ep = ).,  (T - T  .. ) ,  

sin2
cp = 1 - ).,  (T - T,J,

the frequency takcs the following form: 

where 

o. = 52 ]2 (0) !X.1,

!12 = S2 1 (0) [1 (0) -- J (qo) ] ,

( 18) 

( 1 9) 

(20) 

(2 1 )  

(22) 

(23) 

(24) 

(25) 

(26)
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A remark should be madc regarding the relation (23) which we bave 
assumed in analogy with ferroelectric case. Here Te indicates the transition 
temperature at which a nemattc-isotropic liquid phase occurs; ).. is a constant
wilh the dimension r- 1 • A rough plot of above frequcncies indicates that
there exists for large q a rotonic contribution analogous to that in liquid 
helium (see Fig. 1) .  

_ ,
<..J(q ) 

I 

I 

I 

· �d-� q
Fig. 1 .  A dispersion law for a nematic liquid crystal. Thc rcgion "';/ = -;J'. indicatcs a 

rotonic part of the spcctrum. 

Further we observe that for small values of q, w2 (q) ,.,,,  q2. Thus, this givcs
rise to the cxistencc of a zero-sound19>. Therefore, thc zero-sound velocity c 
and the rotonic mass M* are given by 

v 01 c = ---
h • (27) 

To estimate these quantities we bave to evaluatc Q1 ,  Q2, and n occuring in
Equ. (26). To do this we specify, 

(28) 

-+ 
where N is a normalization factor obtained by normalizing J (q) to the con-
dition (sce Rcf.201) 

-+ 
where k is thc Boltzmann constant and q,,. is the first minimum in V (q) as a

function of q (see Fig. 2). Necdless to say, it is not reasonably known as to
-+ -+ 

what intermolecular potential function V;; (j r, - r; p should be assumed. A 
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bard core of the Lennard-Jones type potential far fluids is gencrally assu
med. Also, other potential functions might well be used. Then we take a 
Fouricr transform far such a potential to obtain 

A [J""' sin q r 1 V (q) = --- --- d r - (- 3.7 · 1 0-6 cm)6 

2 1t2 q r5 2 
ro 

where thc paramctcrs A and r0 are due to Rcf.141 

A = 13 · 1 0-9 erg cm6, 

To = 6 <! = 3.427 · 0.164 A === 0.6 A.

J
oo 

sin q r d ] u r ,q T  
ro 

(29) 

The above numcrical valucs are chosen far para-azoxyanisole as a typical 
nematic crystal. Sincc r0 should nat be taken too seriously, we estimated 

V(q) 

q 

Fig. 2. A Fourier transfonn for the two-particle potential energy for a nematic 
liquid crystal; the rcgion q = q.. indicatcs a thennal motion such that s2 J (q .. ) =
= - k T c, T c bcing a Jiquid crystal - isotropic Iiquid transition temperature. 

-+ 
V (q) far To = O.S A using a CDC computer at Vinča. The obtained curve is
given in Fig. 2 .  Thc rcsults far S = 1 are as follows

q,,. = 8.60 A-1, V (q'") = 8.98 · lOu erg cm3,

q0 = 14.1 A- 1, V (q0) = 4.71 · 101s erg cm3,

V (0) = 4.8 · 101s erg cm\

(30) 
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These yield, 

N = 2 · 1032 

a, = 2.1 . 10-11 cm2 (31)  

With the help of these numerical values thc vclocity of sound c and the roto
nic mass M* are estimated as c = 106 cm/sec and M* = 1 .2 · 10-24 g. I t  is safe
to remark that tbese estimations may not be uniquc as tbey depend on our 
cboice of the potential function. 

4. Conclusion

We bave presented a ncw approacb to liquid crystals especially ot nematic 
type by exploring the pscudo-spins in order to dcscribe the spontaneous 
oricntations of rod-like molecules. Tben the bamiltonian of such a system 
bas been conveniently cxpressed in terms of pscudo-spins in analogy witb 
the bamiltonian of bydrogcn-bonded ferroelectrics. Assuming that tbe inter
molecular potential bas a Lennard-Joncs form, we obtain an exprcssion for 
the collective excitation frequcncy. Sucb a frequency was analyzed in two- -
important regions, one being around tbe first maximum in V (q), i. e. q0, and-
the other around the origin q ""' O. The latter yields an exprcssion for a zero-
-sound velocity while tbe former givcs an estimation for tbe rotonic mass.
The existence of a zcro-sound is undersandable as such a property is pos
sible even in classical liquids19• 211. Howcver, the rotonic part of thc spectrum
is rather striking in so mucb as a pbcnomenon typical for a quantum liquid
!ike a liquid helium. We havc estimatcd the values of sound velocity and
rotonic mass which open a possibility of an cxpcrimcntal verification of tbc
present model. Furthermorc, the anharmonic terms in the hamiltonian may
give a contribution to the frequency width and shift to tbe unperturbed
collcctive frequency. Sucb a study is possible by following the work of Mara
dudin and Fein22J concerning the scattering of neutrons by an anharmonic
crystal lattice. Also, the changc in specific hcat at a nematic-isotropic liquid
transition has been reportcd by Kreutzer et al.23>. It is interesting to test our
model by obtaining a comparable estimation for the same quantity. This
work is in progress.
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KVANTNA TEORIJA TECNIH KRISTALA 

L. NOVAKOVIC i G. C. SHULKA

Institut za nuklearne nauke »Boris Kidrič«, Beograd 

S a d r ž a j

Tečni kristal je fluid sa takvom molekularnom strukturom koja prouzro
kuje jedan istaknuti smer u svakoj tački materijala. Prema Friedelu tečni 
kristali mogu biti nematski, smektički i kolesterični. U smektičkim tečnim 
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kristalima velike izdužene molekule leže u paralelnim slojevima tako da duže 
ose stoje okomito na ravan slojeva dok fluidnost nastaje tako što slojevi 
klize jedan povrh drugog. Međutim, u nematskim i kolesteričnim tečnim 
kristalima molekule nisu ograničene pomoću slojeva već mogu proizvoljno 
da se orijentišu na taj način da dozvole orijentacije manje-više kontinualno 
u prostoru tečnog kristala. Opšte osobine ovih kristala proučene su u Ref.1-s1. 

U ovom radu pažnja je koncentrisana na nematske kristale da bismo pro
učili onovna pobudenja u blizini temperature prelaza iz faze nematkog kri
stala u fazu izotropne tečnosti. 

Uređenje molekula opisano je pomoću z-komponente pseudo-spina odnosno 
fiktivnog spina, dok je hamiltonijan sistema napisan pomoću �kupa opera
tora komponenata pseudo-spina. Zatim je prelaskom na bozonske operatore 
kreiranja i anihiliranja razdvojen harmonijski komad hamiltonijana od nc
harmonijskog. Sopstvene vibracije sistema dobijene su metodom dijagona
lizacije harmonijskog komada hamiltonijana. 

Ukazano je na postojanje dveju interesantnih oblasti spektra pobuđenja. 
- -+ 

Jedna oblast je oko vrednosti q = O, gde q označava vektor recipročne rešetke
-+ - -+ 

dok je druga oblast oko vrednosti q = q0, gde q0 označava drugi maksimum
u Fouricr-ovoj transformaciji . intermolekularnog potencijala. Prva oblast 
predstavlja tzv. linearni deo spektra dok druga oblast predstavlja tzv. roton
ski deo spektra. 

Da bi se dobijcni rezultati proverili merenjem eksplicitno su izračunate 
dve značajne veličine a to su brzina nultog zvuka koja karakteriše linearni 
deo spektra kao i masu rotona koJa karakteriše rotonski deo spektra. Taj 
drugi deo spektra predstavlja vrlo značajno otkriće jer ukazuje na sličnost 
između dinamike tečnih kristala i dinamike kvantnih tečnosti kao 'ito je tečni 
hclijum iako sa gledišta kinematike ova dva sistema prividno nemaju slič
nosti. 




