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Abstract: The {>erturbation method of Brillouin and Wigner and its rearrangements 
are cons1dered in many-boson problem. lt is applied to a boson system ol 
Bogoljubov. 

1. lntroduction

In the many-body theory the Brillouin-Wigner perturbation method is re­
jected as inconvenient because of non correct dependence of the energy 
equation terms of the number of particles. The problem is in the form of 
summation. A correct rearrangement of terms in the sums would brlog this 
equation in a proper structure. We will present here two such rearrange· 
ments and show their applicability and value in the many-body problems. 
We will restrict ourself to infinite boson systems. 

The first rearrangement is the one due to Feenbergt, 21. We will derive it 
in a somewhat different way. The second rearrangement is a next step on the 
Feenberg's line. 

We will apply the new formula to Bogoljubov's boson systems. The comp, 
lete Bogoljubov's spectrum will be reproduced (essentialy) and some neces­
sary conditions of applicability of the Bogoljubov's approximation will be 
found. The conditions will be analysed for the case of a square-wall two body 
potential in momentum space. 

The first part contains the Brillouin-Wigner equation and related problems, 
the second the Feenberg's rearrangement, the third the application to a boson 
system in Bogoljubov's approximation, the fourth the new rearrangement 
and the last are some necessary conditions of applicability of the Bogolju­
bov's approximation and analysis. 
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2. The Brillouin-Wigner equation and related problems

Let the Hamiltonian be 

H = Ho + V

and let the solution of the equation 

Ho I q> ) = 6 I q> )

be known. 
The Brillouin-Wigner (BW) solution of the equation 

for the energies is 

" 

where is 

H I \JJ ) = E I \JJ > 

"
n' 

v,, = < q>; I V I q>; ) •

(1) 

(2) 

(3) 

(4) 

(5) 

The usual way of solving the BW Equ. is iteration. In that case one gets only 
one solution. 

In a case of infinite boson system with constant density (N-. oo, n -.  oo,  
Nin = p = const.) the Equ. (4) for the ground state becomes

1 N P L' v
2 

p2 L'Bo = - N  p V + -
00

-
1: + --2 oo 2 0  Eo - 2 Et 2 0

00 
00 I: t 

(6) 

The apostrophe at the sums means that the index k = O is omitted, V 1: is the
Fourier transform. of V (r) and E1: is the free particle energy. Because B0-N 

00 

each term. of the series is negligible with respect to the first one. It follows 
conclusion that the sum of these infinitely small terms, when one devides the 
equation by N, is generally finite and nonzero. This is the reason why the 
BW equation for the energy is considered as unsuitable for the many body 
theory3-5>. 
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3. F eenberg' s rearrangement

Feenberg considered the convergence of the BW energy equation•I and rear­
ranged the terms in such a way to avoid repetition of matrix elements. The 
equation which he obtained reads 

where 

L0 ___ v_ln...,,v_,,_,,_' v_,,'_1 -=--
F F + • • • ,

(E - E,, ) (E - E,,') n 
nt 

E
F 

� L0 I V.,.,' 1 2 
+ L

0 V.,.,' V.,'.," V,.''n
n = �., + V nn + 1• F F 

E - E ' � - E ') � - E '') n' n 11, n n 

The mark 0 means that all indices are different. 

(7) 

(8) 

In order to see how the BW energy equation tenns have been collected 
into the Feenberg's equation we will derive this equation directly by partial 
summations. 

Let us write first the BW equation (4) in a semigraphical form: 

E = 61 + l ! l + l !  n ! l + l i  n j n' !l + . . . .: : : : : : 
(9) 

The vertical dashed lines represent interaction and letters between two Iines 
the states of the H0, in which one makes summation, with energy denomi­
nators. 

Now, let us take all terms which containe the matrix element l ! n ! l. They 
are 
the 

the 
fifth 

third 
for n" 

term 
= n 

of 
and 

Equ. 
so 

(9)
on. 

, the 
Explicitely 

part of the fourth for n' = n, the' part of

(10) 

Taking out the common factor, one gets: 

The equation (9) then reads 

E = e, + l i  l + G1 + l ! n ! n' ! l  + Z l n ! n' i n" l l + . .  . . (12} 
: : : : : : : : 

(n'�n) (n"�n) 

What we bave đone with respect to the matrix element l j n i l we may do with 
l l n i n' i l and with other similar term.s. 

' ' 

'(n'� n) 
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By denoting corresponding contributions with G2; G3, • • •  , we obtain

E = 61 + ' i  l + G1 + G2 + . . . . (13) 

The structure of the wiggle bracket of G1 is similar to that of E. Instead of 
the fixed index l comes the fixed index n with the factor 1/(E - 6..) and ins­
tead of 61 comes 1. There is a restriction on indices in E to be different from 
l. We may achieve the same with respect to n in G1 by selecting corresponding
terms 

where 

G1 = l i  n j l U + q" + qn2 + . . .  }, 
: ; 

1 ( 
. + . , .  + . , .  ,, . + ) 

q" = E _ 6 n 1,· n n j n j n n I n i n ! n . . . ,
n • • • . • 

n', n", . . .  ;:,6 n. 
By a similar procedure we find 

G l '  : , ,  " ' l { l +  + 2 +  1 + , 12 +  
3 = ! n ! n ! n ! qn q" , , , } { qn + qn , , , } · 

· { 1 + qn" + qn'12 + , , , } 

(13 a) 

The line below dashed lines denotes that state indices are different. We will 
call these graphs connected. The expressions in the wiggle brackets are in­
finite geometrical series. Thus we may write 

G l .  · z  1 c 1 ·  · , · z1 = 1. n !. 1 , 2 = ! n i n ! - qn ! ! ! 
1 1 

1 , ,  . . . . - qn 

After substitution of G's in (13) the explicit analytic expression of E reads 

�oE = e, + v" + L 
n 

where 

I v,n 1 2 �0 v,n Vnn' Vn', 
E - [n]

+ L, (E - [n]) (E - [n']) + 
· · · '

n "' 

[m] = 6m + m I m ! + mj 11' l m + m !n' I n" I m + . . . . 
: : : : : : : 

(14) 
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We see that the series [m] is the same as the right side of the equation (9). 
Therefore we may apply exactly the same procedure. The iteration is evident. 
At the end we get the Feenberg's equation (7). 

4. Application of Feenberg's formula

We will apply the Feenberg's formula to a boson system in the Bogolju­
bov's approximation6-IOI, We will evaluate the ground state energy and the 
elementary excitation spectrum. 

The Hamiltonian in the second quantization form reads: 

V =  
2 

� I V. a&1 +.* a&i-•* a&2 a&1 • 

te„ kt, q 

The operators a" and a"* satisfy the comutation rules 

[a1c, a,/*] = 6,., ,.' . 

(15) 

(16) 

(17) 

In order to get the ground state energy one bas to take l = O in the Feen­
berg's formula (7). The ground state vector of the unperturbed system is 

1 0> = I N; O) I (18) 

that means ali practicles ocupy the zero momentum state. 
An energy of the Bogoljubov elementary excitation spectrum is a function 

only of one Fourier component of the two-body interaction. The correspond­
ing fact one finds also in the ground state energy. This corresponds to tran· 
sitions of the system, due to interaction, from the ground free particle state 
to excited states with two particles of opposite momenta, scattering proces­
ses in the excited states, transitions from a excited state to a higher state 
with two more particles of the same momenta and so on, and reverse proces­
ses to the ground state. Therefore, let us look at those terms in the Feen­
berg's equation (7) and let them sum up. 

Ali numerators under the sums in the Feenberg's formula contain products 
of mixture of the Fourier components except the numerator of the first sum. 
This can be verified easily. The first and the last matrix elements of each of 
these numerators give a product of different Fourier components (see Appen­
dix or the Equ. (5) and restriction on different states). Thus follows that only 
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the first sum bas to be retained. Tbe Feenberg's equation in tbe Bogoljubov's 
approximation with respcct to numerators for the ground state energy, there­
fore, reads 

E = €o + Voo + �0 j Vo„ I : .
� E - E " n 

(19) 

So far we bave concentrated our attention to the denominator of Equ. (19). 

But because the structure of E„ in the denominator of Equ. (19) with respect 
F 

to numerators is the same as of E itself, the conclusion is valid also for E,.. 
Tbere is only additional restriction on the first sum. Because the initial state 
is now n, the transition state n' should be such that matrix elements V,.,.' give 
the Fourier component as Van. The state I n') is IN - 4; 21: 2-1:>- Analogous 

conclusions follow for tbe denominator of E„ and other denominators. 
Tbe explicit expressions of E in the fourth, fifth and sixth successive appro­

ximations read 

I 1 1 2· p2 V1:2 
E = -2 Noo Vo p + -2 

---------.:._.;.;.._ _____ _ 
p2 V1:2 

• - 2 E1: - 2 p V1: -___ _,__..;.; ___ _„ p2 VJ:2 -2E1; - 2 p  V1; - --- 2 E1: 

lt is assumed that the number of excited particles n1: is sucb that is 

lim 
N-+ oo 
0 -+  00 

The evaluation of the matrix elements is given in the Appendix. 

(20) 

Tbe expressions under tbe sums in (20) lead to a continuous fraction. De­
noting 

p2 vi:2 = t (k) = t ,  
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and 
- 2 E,1: - 2 p V .1: = ( Hk) = (3

E becomes 

E = - N V0 p + - --1 1 2' f 
2 00 2 

f 
.I: (3 - --

f (3 - -
f(3 - -

f (3 - - . 
(3 - !  

: 

201 

(21) 

The function which is represented by the continuous fraction one can easily 
find. Let us write 

then we have 

From here we find 

y = -' -
(3 - _f _ 

f(3 - -
f (3 - -

f y = -- .  p-y  

After substitution of (23) in (22) we get the ground state energy 

(23) 

Eo = i N00 Vo p + ! 2' { VE.1:2 + 2 p E,1: V,1: - E,1: - p V1c } • (24) 

As one can see, this is the ground state energy of the Bogoljubov theory 
N0 -+ N  6>, 

The BW formula with iteration can be applied to any initial unperturbed 
state. In general the evaluated energies correspond to higher energy states 
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of the total system. The simplest elementary excitation of the unperturbed 
system are single particle excitations of the energy Ek and the momentum-
h k. Then states are 

1 1) = IN - 1; lk), k ;,! O , 

We will now evaluate the energies acoording to (7) with respect to these 
states in the Bogoljubov's approximation. Applying the same reasoning as 
in the ground state energy case, we bave to consider only 

n 

There are two possible states of I n) 

- -
k ;a! ± k'.

For each case one bas to take in the denominator only those terms which 
don't give mixing products. One finds that these terms give the state vectors: 
I N - 3; 21: L1;), I N - 5; 31: 2-1;), . . .  I N - 2  n1; - l;  (n + l)1c n-1c>, • • •  for the 
state l n)1, and IN- 3; 11; 11' 1-1'), I N - 5; 11 21' 2-1c'>, . . .  I N - 2 n,/- l;
11: n,/ n_1'); . . .  for the state I n)2• 

The successive approximations of the fourth, fifth and sixth order of the 
energy now read 

1 1 I' p2 Vt2 Ei = E, + 2 -----....:....--"------ + 
- 2 EJ: - 2 p V.a: - -..,,....:.p

2_V_J:aa.,,
2
----=� a: - 2 e1 - 2 p  V1 

p2 Vt2 + -----....:....------
p

2 Vi - 2 e1 - 2 p  V1; - 2 2 V 2 - Ei, - p J: 
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p1-v,,.2 + -------�--....... �-----
- 2 EJ: - 2 p V,

1; - ---......:...p1-_V_J:_2 -----

- 2 EJ: - 2 p V 1-_p1-_V_1:_z 
- 2 e1

1 1E1 = E1: + p V1: + 2 N
00 

Vo p ,

Similarly to the ground state energy case, it now follows: 

From here we find 

where E0 is the ground state energy (24) and 

are energies of the elementary excitations. 

203 

(25) 

(26) 

(27) 

(28) 

We again see that they are in accordance with Bogoljubov's theory 
(NO -. N ) They are the energies of bogolons. 

00 

5. Further improvement of BW formula

In spite of a great value of the Feenberg's formula, its general dependenceof the number of particles is not correct. 
Let us iterate the Feenberg's equation (7) for l = O and let us write down

it explicitely up to the second order with respect to numerator and deno­minator 
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E = €o +  Voo + 

+,0 ____________ ���--v��a._ _________ _ 
� + . . .

,0 I V nn1 1 2L, 60 - Sn' + . . .
(29) 

Because the matrix element V� is proportional to V1c N /O, the third term 
00 

in Equ. (29) will be correct, that means proportional to N , if the denomi-
oo 

nator is independent of N . The first two brackets in the denominator do 
00 

not depend of N • However, the third bracket bas a term which is propor-
oo tional to N • Therefore, with this term the Feenberg's equation begins to 

00 

be incorrect. 

We can see also that the numerators begin to be incorrect from the fourth 
order assuming that the denominators are independent of N 

00 

It is illustrative, and we will use it Iater on, to look at the dependence of 
N of the successive approximations in Feenberg's equation (7). They are 

00 

E� = €o + Vi,o + ,0 I Van 1 2 + ,0 V� Vnn' Vn'o 

� E1 
- E1 � (E� - e:,> (� - _e:.,)

11 O n ., .,, 
(30) 

In these equations we have dropped F from E,/s. These approximations have 
correct dependence of N 

00 
up to the E3

0 (let us mention that the correspon­
ding BW successive approximations have correct dependence up to the Ea2). 

We will now correct these approximations up to fifth order (E0S). 

The successive approximations of the fourth and fifth order let us write 
in the fonn: 
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E· = E' + �o I V0n l 2 + �o V0n Vnn' Vn'o + o o L E� - E! L (Et - E�) (E�- E:,,>
,1, n' 

205 

+ 
On nn n n  n o  + On nn n n  n o  * V V ' V ' " V " 2• ,. V V ' V ' " V " 

<.e:i-B!> (E"g - B':,,) (� - B!,,) (E� - B':,) (Bg - B':,,) (� - B!,,)
n,n',,,, 

and 

E5 = E' + 20 I V0n 1 2 + 20 V0n Vnn' Vn'o o o E3 - El (E2 - E2 ) (E - E2 ) 
+

O n O n O 111 " ''• "' 
* Vo,, Vnn' Vn'n" Vn"o

L
** Vo,, V.,,,' Vn'n" Vn"o + (E' - E• ) (E• - E• ) (E• - E• ) + (E• - E• ) (E' - E• ) (E• - B1 )

+ 
O n O nt O n" O n O n' O n" 

11, n' "" 

n, n' n'', n"'

n, "' "" 

+ � ..... --:-:=--==-,...V-:c0n=-V""'"""'"'-=V=n....,'_n',-:' =V""
n_" n;;.;..'="=-V....;n;;..'.,.," 0:::---=.-......-

L, (E�- EO,,) (E�- E!,) (�- B':,,,) (� - E!,,,)

n, "' ""• "'"

(31) 

The marks * and ** denote the sums with correct and incorrect numerators, 
respectively. 

The expression Et doesn't have the correct dependence on N 
00 

because of
the denominator of the first sum and the numerator of the last sum. One 
can expect that correction of the denominator of the first sum will eliminate 
the last sum. 

1n order to see what bas been done, let us write explicitely this denomi­
nator and the states which appear in it 

n' 
n 
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lk 11:' L.1:-.1:' 
11: L1:' l,:'-1: 
Lk lk' 1k-k

1 

(32) 

For simplicity, only the number and state of particles out of the condensate 
have been expressed. The first two brackets do not depend of N • Mter 
substitution of explicit values of the matrix elements the tenn which depen-
dens of N reads 

20 I Vo,, 1 2 -20 I V,,,,' 1 2 = N (N - 1) 2' V1r.'2 
-E'!. - EO E0 - EO 2 02 - 2 Ek o o "' ;, n' " n 

(;;=n) 

(N - 2) (N - 3) 
2 n2 

(=a) 

(33) 

Other tenns either go to zero on the volume limit, or are functions of the 
density p. 

Let us notice that on the left side of Equ. (33) the energy indices do not 
follow transitions given by numerators in both terms. We have 

numerator 

denominator 

the first sum 

0 -+ n -+ O

O -+  n

the second sum 

n -+  n' -+ n 
O -+  n' 

lnspection of the right side of Equ. (33) shows that just it causes appearance 
of the N (corresponding terms can not be canceled). Therefore, it bas to 
be corrected. 

We redefine E! by E! -+ e!, where 

and write 

2 - � V 20 I vnn' 12 20 I vnn1 1 2 
E,. - 1;,,, + "" + E.0 - EO + EO - EO •O n' n .,, n' n' 

( ;;= a) ( = a} 

E,,Z = e,,2 + D,,2 , 

(34)



APPLlCATlON OF • • •

with 

n' 
( =a) 

Expanding the sum with respect to Di we get the new E0
4 

n, n'n" 

E 4 = E I +  ""0 I Vo,, 1 2 + ""0 Vo,, vnn1 V,/o + o o � E� - E�, � (EJ - E� ) (E�- E1n, )
n n, n' 

n, n'n" 

) 

For a symmetry reason we bave written also En1 = En' and En° = Eno·

207 

(35) 

The sums in the bracket don't bave correct dependence on N • We expect ' 00 

this whole expression to vanish. It is indeed so. Both terms are equal to 

1 
L

0 V,.2 V,/2 

4 n4 N (N - 1) (N - 2) (N - 3) 2 ( 2 2 ') ( 2 ') ·- Ek - Ek - Ek - E.1: 
k, k' 

So, the whole bracket is equal to zero. 

By this way we bave shown how one can get the correct successive approxi­
mation of the fourth order. 

We may apply the same procedure to the Feenberg's approximation of the 
fifth order. The Feenberg's energies which do not bave correct forms are: 
En2, E2

n' and En
3• The first two are corrected by the fourth order approxi­

mation. The last one we correct similarly: 

where 

3 - 6 + V +
L

0 I Vn,,' 1 2 +L0 I v .. ,,' 1 2 + En - n nn BI - BI BI - BI 
O - n -

n' n' 
(=a) (�a) 
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20 V,,,/ V,,,," V,t" 20 V„11' V,,',," V,.",. 
+ (EO - EO ) (EO- EO ) + (EO - EO ) (EO - F}l )O n' O n" ,a n' n n" 

n', n" n', n" 
· 

(�a) ( �a) 

D 3 = 20 I v,, .. ' 1 2 -20 I v .. ..- 1 2 +" BI - E1 BI - BI 
O t11 n n' "' "' 

(= a) (= a) 

�0 V1111' V11'11" V,."n' �0 Vnn' Vn'n" V,.",. 

+ � (�- F}l .. ,) (�- F}l .. ,,) � (� - �. ) (� + Đ!,,,) .
n',••" 
(= a) 

nt ,n'' 
(=a) 

The mark a denotes the states which lead to a total term with N 
factor. 00 

The new E0
5 now reads 

Ea5 = [Equ. (31) without sums with * * and with Em � Em] +

{(2 " "'  V V ' V ' " V " + On nn n n  n O 

(BI - Et ) (E1 - e1 ) (E1 - e1 ) 
O n O n' O n" 

n, n' 
,ili 

-20 I V On 12 1 V nn' 12 

) 
+ (E1 - e1 ) (E1 - e1 ) (E1 - e1 ) 

O n O nt n n' 
n 

n' (=a) 

+ On nn n n  n n  n O (2 ,. "' V V ' V ' " V " "' V '"
(Eg- E�) (F}lo- e':,,) (F}lo- E�,, ) (� - E�,,, ) 

n,n' ""• "'" 

20 I V 1 2  V , V I „ V "On nn n n  n n  -
(Đ.: - E�) (F}lO- e':,,) (F}lo- �" ) (� - E°n,, )

n 
nt,"" (.,.,z) 

2 I V 1 2 V ' V ' " V "  0 On nn n n  n n-
(E.O- eO ) (EO- eO ) (F}l- e,O ) (FJ. - e.O ) O 11 O 11' n n• O n" 

11 
"'· "" (=a) 

20 V V ' V ' IV -12 - On nn n o  nn 
<.eri-�> (F}lo- E",,,)  (�- � ) (�- e,0- )n, n' 

iiC=a>
n 11 

�0 Van V11111 Vn'o IV '-'1 2
} -L, (FJ. - eO ) (E,0 - e,O ,) (EJ..::.; ) (F}l- ,f  ) ) "11,n o n O n O _ 11 _ 

� �  � � 

as a 

(36)
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The difference E3.0- � is independent of N • We expect again tbat the
" 00 

wiggle bracket is equal to zero. Explicit evaluation of the matrix element and 
substitution into the wiggle bracket shows that is so. We do not repeat this 
calculation here but rather indicate111. 

Therefore, equation (36) without the wiggle bracket is the correct fifth 
order successive approximation. 

Continuation of this procedure gives a new rearrangement of the BW for­
mula. 

The new formula, unfortunately, is still not the final solution. One can 
show that the sixth order approximation bas some wrong terms. 

This formula can also be obtained by partial summation. We don't present 
it here because of further steps which seem to require a somewhat different 
initial basis. 

The result which we bave got in this section one may use in finding some 
necessary conditions of validity of the boson theory from the Chapter 4. We 
will đo it in the next section. 

6. Some criteria of applicability of Bogoljubov approximation

The Bogoljubov's energies (24) and (28) contain all powers of V. They are 
certain selection from the total series An establishment of validity of this 
selection is not simple. Here we will make use of Equ. (35) from the previous 
section and determine and analyse conditions of applicability of the fourth 
order Bogoljubov's successive approximation. 

After substitution of values of the matrix elements, Bqu. (35) reads 

1 N oo p "" ' ViEo" == 2 Noo Vo p + � L., p2 V,t2 l p L V1:'2 
oo 1: - 2 e1:- 2 p V1: ------ ---, - 2 e1: n 2 e1: 

V1: V1:" V1:+1:" V,.' +1c" 
8 Et Et' Et" 

V1: V1:' CVt' + V1:+1:'> (V,. + V1c+1c'> 
4 E1: et' CE1: + E1:' + E1<+1c ')

(The mark 0 includes k, k', . . .  ;d O). 

k'
(;,S k) 

+ 

(37)
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This equation becomes the Bogoljubov's fourth order successive approxi­
mation, if 

and 

» I 

,!oo "' V ,,:2

u L ---;;:
k' 

( �  k) 

_v_i°_ + 2 �
00 

� _____ 

v
�

,
,.2 __ P-:2'""v-=-i:-=-2 - I »� - 2 EA: - 2 p  Vi: - _ 2 Ek 

__ 1 __ 20 Vi: V,/ Vic+1c' 
8 n2 CEA: + P v kl (Ek' + p v,,:> 

k, "' 

1 20 
16 !23 

00 
k, "'• "" 

V1c Vi:' Vi:+i:" V1c'+1c" 
Ek Ek1 Ei:11 

(38) 

P 20 vk V1c' (Vi:+1c' + V,J <V,c' + V1c+1c'> I · <39> 4 !22 Ek Etc' (E1c + Ek' + E1c+1c') 
00 

k, k' 

In order to see the meaning of these conditions more simply we select 

l Vo 
V

,1;
= 

O 

k < kll 

k > k, .
(40) 

Reciprocal value of the kg determines range of the interaction. The condition
(38) then becomes

I h2k2 h2 k2 I I - (
----,;;-

)2 -
----,;;-

• 2 P Vo + pz Va2 » (41 )  

The second condition i s  still complicated. We simplify i t  by taking only the 
first term on the right side and leaving out p V 1c and p V k' from its denomi­
nator. The condition becomes more stronge and now reads 

(42)
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with 
3 - 2 V2 c, = ---::-;:=:=== 4 v2 {V2 - 1) 

where integrations bave been performed. 
The curves on left and right side of the relation {41) are represented on 

Fig. 1. 

From here follows k, « ko. 
The ko is given by 

m m 1 ko2 = - p V0 V (1 + kg V0 h2 2 �) +

Explicite restriction on k, from (43) we give for 
h2 

p y03 » (--)1 1t• m 
In these cases one finds 

respectively. 
2 1 k, « 1Č3° pT; 

and h2 
p Vol « (-)3 'Jt". m 

m i k, « { p V0 °"1i2 {- 1 + 'Ili> }2 

(43) 

{44) 

{45) 

(46)
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Similar analysis of the relation (42) gives 

h2 
k, << � · 31, r o m  

m ·- - !. 
k1 « { p V0b2 · (- l  + Y2) }2 (47) 

also for the cases (45). 
The first conclition of (47) is stronger than the corresponding one from 

(46). Thus, we bave 

and 

h2 
k1 « -T,-- '  37, ro m 

m - .!..  
k1 « { p V0V, (- 1 + Y2) }2, 

h2 
P Va3 » (-)3 �m 

h2 
P va3 « <--)3 ,;•.m 

(48) 

We see that strenght of interaction, range, mass of particles anđ density 
are involveđ in the conclitions. They seem reasonable. 

From (48) follows that for a given interaction there is a restriction on the 
đensity. Below certain đensity the conclitions are no more satisfieđ. This can 
be unđerstoođ as a consequence of the fact that in low-đensity limit with 
finite k, and V0 the system behaves more like free particles. 

7. Comparison with Rayleigh-Schrodinger method

In order to illustrate the character of the partial summations performed 
in the equation of Feenberg, we give here the terms of the Rayleigh-Schro­
clinger expansion contained in 

""0 Van V"° 
Eo• = 6a + V.» + L 20 20 I V nn' 12 ,6o - 6n + Voo - V  .. ,, + I Vo,, 12 

e 6 ' u - o - n - eo - 6- -n '' n' 

up to the third powers of V (in the Bogoljubov's approximation). 
The E0

4 written in powers of V reads: 

n 

n 

n 

Van Vn0 
(60 - 6,,)2 



APPLICATION OF • . •

The corresponding Goldstone diagrams are: 
, connected, 

E:J . X . [] . [-) . (( . � 

[J . r3 .  Q .  � 
(we do not draw the lines with k = 0), 

and 

· {  [1 · X1 · · 
disconnected. 
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.. 

The lines on the diagrams bave to be denoted in ali possible ways. The fi­
gure above a diagram tells the number of these possibilites. 

We see that connected and disconnected diagrams with no dispersion in 
different k-states are collected in the approximation of Bogoljubov. This is 
what we expected. 
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This comparison shows explicitly the advantage of summing these diagrams 
by the method of Brillouin-Wigner-Freenberg. For mostly used pertur­
bation tecnique and related problems we refer to10J. 

Appendix 

The list of matrix elements which appear in the approximation of Bogo­
ljubov. 

1 
(O, N  I v  I N - 2, 11c L1c> = 

0 yN (N - l) V1c, 

. 2 
(1" L1c, N - 2  I v  I N - 4, 2„ 2_,.) = 

0 y<N - 2) (N - 3> V1c,

((m - lh (m - l)-ki N - 2 m + 2 I V I N - 2 m, m1c m-1c> = 

1
= O y(N - 2 m + 2) (N - 2 m + 1) V1c; m ;;;.= l,

1 
(O, N I V I N, O) = 

2 O N (N - 1) Vo = Vin,

: I • 

1 1+ O m
2 V21c + O m (m - 1) V0; m ;;.,, 2,



APPUCATION OF • . •

(m1: (m - l)_v N - 2m + 1 1  V I N - 2m + l, m1: (m - 1)-1:) =

1 = Vnn + 2 (m - 1) (N - 2m) V1: +
n

m (m - 1) Vn, 

1 
Orc, N - 1  I V  I N - 3, 21c L1c) = n y2 (N - 1) (N - 2) V 1c,

1 
(21: Lv N - 3 j V I N - 5, 31c 2-1c) = n y3 · 2 (N - 3) (N - 4) V1:, 

<m,: (m - 1)-rc', N - 2m + 1 I V I N - 2m - 1, (m - l)1: m-1c) = 
1 

= � y(m + l) m (N - 2m + l) (N - 2m) V1c, 

(11: lrc' L{, N - 3 1 V I N - 3, 11: ls/ L,/) = Vnn + � (N - 3) V,.' -

! , 

Orc mrc' m,/, N - 2m - 1  I V I N - 2m - l, 11: mrc' m-k') = Vnn +

+ : (N - 2m - 1) V1:'- 2;: V1: + � CV1c-{ + Vk+r.') + n;; V21c',

1 
(1&, N - l l VI N - 3, lk lk' L,/) = O y(N - 1) (N - 2) V{,

215 
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. 2 
(lk 1.t' L.t', N - 3 W I N - S, 1rc 2,c' 2-,c'> = n Jl(N -3) (N -4) V,:',

(lk (m - 1)1/ (m - 1)-k'• N - 2m + 2 1  V I N -2m, l„ m,.' m-rc'> =

m = n Jl(N - 2m + 2) (N -2m + 1) V{.

The vector k and k' are everywhere different. 
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S a d r ž a j  
Brillouin-Wignerov račun smetnje i njegova preuređenja razmatrana su uproblemima mnoštva bozona. Pri tom je izvedena Feenbergova formula jed­nim novim postupkom. Fcenbergova formula primijenjena je na bozonske sisteme u Bogoljubov­

ljevoj aproksimaciji. Potpuni Bogoljubovski spektar (u suštini) je  repro­duciran. 
Nova formula upotrebljena je  za nalaženje nekih nužnih uvjeta primjen­

ljivosti Bogoljubovljeve aproksimacije. Ti uvjeti analizirani su na pravokut­noj barijeri u k-prostoru. Na svršetku izvršena je i usporedba sa Rayleigh-Schrodingerovim računomsmetnje. 


