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It was pointed out in a recent letter, that the angular momentum law for
a point particle can be formulated in the special theory of relativity in two
ways). In the familiar covariant formulation the law reads as

d )uv/d': = hu-v 1)

where the angular momentum and the torque of the particle at event xu (.

v =0, 1, 2, 3) are defined in respect to the origin 0 of an inertial reference
frame S:

’u-v = mxuvv —mx, vu ' hp.v= xufv—xv fll' (2)

m is the rest mass, vu= dxu/d-c is the four-velocity, fu= mdvu/d‘r the

four-force and < the proper time of the particle. In the second not covariant
formulation, based on classical ideas, the angular momentum and the torque
are defined in respect to a pivot moving uniformly in frame S. The purpose
of the present note is to treat according to both formulations the equilibrium
of an extended body and to compare the corresponding results. So the second
formulation is needed for a special case only, the particle is instantaneously
at rest in respect to the pivot which is moving with velocity w along the
x — axis in frame S, coinciding with origin 0 at time ¢ = 0. In this case the
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four-velocity of the particle in frame S is vu =(y, yw, 0, 0) with ¢ =

= (1 —w?)~12, ¢ = |, the angular momentum is zero and the torque is

hy () =(xi—w) fi—xfi=x=0)fr—x: 1, k=23

(1)
hﬁ (t) = 0 »
whereas the law takes on the unfamiliar form
d jiy (£ djs (1) ,
{d'_r—") =hu () + A —1/y) % fu, _ﬁ_. = 1y (0). @)

In obtaining Equ. (1°) the equation x;, = x; (¢ = 0) + w for the motion of the
pivot was used.

Consider now an extended body, e.g. a lever, at rest in another inertial
reference frame S". The axes of this »rest« frame are parallel to the cor-
responding axes of frame S and the origin 0’ of frame S’ is the pivot. In frame
S’ the body is in equilibrium: stationary external four-forces acting on the

body at discrete points x’r o (@=1 2, ...N) give zero resultant force and
torque
Fr = Z fra= 0, Hrs=z (xmfsa—xsafm) =0
o o
r,s=123,

In the rest frame the angular momentum of the body J’,, is zero and the an-
gular momentum law d J’,,/dt = H’,, applies.

I) Let the observer in the »moving« frame S use the first formulation of
the angular momentum law in respect to the origin 0. The angular momen-
tum of the body J,, is constant and its derivative d J,,/d ¢ is zero. The resul-
tant torque in respect to the origin 0, however, is not equal to zero:

H, = Z [xla (t =0) + wi] fka -—Z xka flm = Z x'la ffka /v +
«

o
3
LI ’ ’ = — Yy =
+wt Z fka z xka f la W Z J:icotflut’ Hy =0.
a a

The Lorentz transformation was used to get y x « (t=0)=x", and it was

1 la
supposed that four-forces acting on extended bodies transform as four-forces
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acting on point particles, i. e. fla = Yf'la’ To upheld in equilibrium the an-

gular momentum law in respect to the origin 0 in the moving frame S the
well-known additional term has to be introduced

dly ~ A
de “Hli+w Zxkufld' “meﬂﬂ (4)
[ 4

IT) Let the observer in the moving frame S use the formulation of the an-
gular momentum law in respect to the moving pivot 0’. Now the angular
momentum of the body is zero, whereas the torque is

lea (t=0)fka_zxkafla=Hlkn Hﬁ(t)=0.
Hy ()= "¢ a

(3"

To upheld in equilibrium the angular momentum law in respect to the mov-
ing pivot in the frame S another additional term has to be introduced

dJ,, () ] dl, (0
_?;Tr_=Hlk(t)+Y 1(Y—I)Z xkafla, _d‘t_—Hz’. (t).
«a

4)

For w « 1 the additional term in (4°) is equal to one half of the additional
term in (4).

Equations (4) and (4’) with the additional terms give a rather unphysical
impression.* Usually the additional term in (4) according to M. von Laue is
interpreted as the hidden torque due to an elastic energy current. The appea-
rance of another additional term in (4) casts some doubt on the appropria-
teness of this interpretation. Indeed, Aranoff has uttered arguments against

*Formally, the additional terms are brought about as follows:

EcLus. (2) and (2’) are written down for all point particles the extended body can
be thought composed of and summed up to give Equs. (4) and (4°). In Equs. (3)
and (3') the summation goes over N discrete points, however, at which the external
forces are acting. Thus, the transmission of the action of external forces is as-
sullnfd. g}th infinite velocity, an assumption completelly unjustified in special
relativity4).

V. N. Streltsov has tried to redefine the relativistic length in order to get rid of
}l;% )additional term in (4) (P2-5555, Joint Institute for Nuclear Research, Dubna,
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the use of the angular momentum law in the moving frame and the elastic
energy current interpretation of additional terms?. In Aranoff’s opinion the
equilibrium condition in the moving frame should be formulated on the basis
of nonsimultaneity of acting forces as observed in the moving frame. Finally,
it should be emphasized that both formulations of the angular momentum
law refer to equilibrium only. So far the dynamical problem has not been
tackled generally. Only the solution for the rotating ring has been hinted at*.
These difficulties reflect the unsatisfactory state of present attempts to for-
mulate the relativistic dynamics (and statics) of moving exended bodies?.

References

1) J. Strnad, Fizika 4 (1972), 137; .

2) J. W. Butler, Am. J. Phys. 38 (1970) 360; W. K. H. Panofsky and M. Phillips, Am.
J. Phys. 38 (1970) 547;

3) S. Aranoff, Am. J. Phys. 37 (1969) 453 and Nuovo Cimento 10 B (1972) 155;

4) J. E. Hogarth and W. H. McCrea, Proc. Cambridge Phil. Soc. 48 (1952) 616 and
\V. H. McCrea, Nature 234 (1971) 399.

5) J. A. Smorodinskij, V. A. Ugarov, Usp. fiz. nauk 107 (1972) 141;
T.F. Jordan, C. S. Shukre, Phys. Rev. DS (1972) 1799;
P. Droz-Vincent, Nuovo Cimento 12 B (1972) 1;
R. G. Newburgh, Lett. Nuovo Cimento 5 (1972) 387.

Tisak: »Rije¢ka tiskara«x — Rijeka



