FIZIKA 6 (1974) 9—28

LORENTZ-INVARIANT EXPANSION OF THE SCATTERING AMPLI-
TUDE FOR PARTICLES OF ANY SPIN*

B. L. ANEVA AND L. K. HADJIIVANOV
Institute for nuclear research and nuclear energetics, Bulgarian Academy of Sciences,
Sofia
and
S. Ch. MAVRODIEV**

Institute »Ruder Bo$kovic«, Zagreb

Received 7 November 1973

Abstract: The Lorentz-invariant expansion of the scattering amplitude for par-
ticles of arbitrary spin is given explicitly. The conditions for P, T and
CPT invariance are also given. #N and NN scatterings are considered
as an illustration of the method.

1. Introduction

The problem of expansion of the scattering amplitude for particles of arbitrary
spin in covariant structures arose at the very beginning of the development of
quantum field theory. In the usual approach® 3, such covariant expansions are
derived by a procedure specially devised for any combination of spins encountered
in practical calculations.

On the basis of the full Lorentz invariance (including invariance under C, P
and T) Hepp® proposed a general method for constructing covariant expansions.
Hepp’s solutions, however, was not quite explicit, and the problem still attracts
attention (see, for instance, Refs.5 ),

* This paper is an improved and short version of the Dubna Preprint E2-7461 (1973).
** On leave of absence from Joint Institute for Nuclear Research, Dubna, USSR.
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In the present paper, following the methods given in an unpublished paper of
Oksak and Todorov, we approach the general problem of covariant expansions
by exploiting the manifestly covariant technique given in Refs.”®. Roughly
speaking, this technique consists in substituting spin tensors with two-component
indices, used in Ref.#’, by homogeneous polynomials of pairs of complex variables
associated with each particle with spin.

The Lorentz-invariant expansion is written as a sum of

(251 + 1) (252 + 1) 253 + 1) (25 + 1)

terms (for binar processes). The complete Lorentz invariance leads to further
reduction of the number of independent invariant amplitudes.

In Sec. 2 the problem of the Lorentz-covariant expansion of the scattering
amplitude is reduced to the problem of a Lorentz-invariant expansion of a homo-
geneous function of two-component complex spinors. The degree of homogeneity
is related to the spins of the incoming and outgoing particles. Finite-dimensional
representations of the SL (2, C) group in the space of two- component complex
spinors were used. From the point of view of representation theory, the general
formula for the Lorentz-invariant expansion of the scattering amplitude is a
decomposition of the direct product of SL (2, C) finite-dimensional representations
[2 5, 0] into irreducible representations (this fact was noticed by Hepp®).

Further we find identities for invariant structures, with the help of which the
general expansion can be written as a function of structures associated with a
single channel (s, ¢ or %).

Tt

Fig. 1
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In Sec. 3 the C, P and CPT invariant conditions for the amplitude are derived.

In Sec. 4 an illustration of the developed method is given for the cases of pion-
-nucleon and nucleon-nucleon scattering. As expected, our results agree with
the wellknown formulae for these processes.
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In Appendix I. some useful differentiation formulae and identities are given.

In Appendix II. we give an explicit realization of the Dirac and Bargmann-
-Wigner formalism used in the main body of the paper.

Appendix III. contains a table of transformation laws for the Lorentz-invariant
structures under P operation.

2. Lorentz-invariant expansion of the scattering amplitude

Proof of the main formula. Let us consider a process shown in Fig. 1. Here P,
e, 5, { denote the four-momentum, charge, spin and spin projection of the a'?
particle (in our case a =1, 2, 3,4). The conservation of the momentum gives

P, + P, +~ Py + P, =0. (1)
All particles are on the mass shell
P = PS— P2 — Maz. 2)
We introduce the Mandelstam variables

S$:=8=P + P, S§?=s5=54
SZET:P1+P3, T2=[ 52, (3)
S;=U=P, + Py, U? =u=s,,

I

with the well-known property

Ysit=s+t+u=3Y M.

=1

We denote the physical scattering amplitude of the process by

Tslszsasa (Piyen, e 8y Preyealss Paea,ealss Pydne C4)-

ap . . dazs . . . . .
Let U§e§ (P) be a Bargmann-Wigner spinor for a particle of four-mo-
mentum P, charge ¢, spin s and spin projection e (ay, ..., a5 = 1,2, 3, 4 are
Dirac indices), which satisfies the equation®

(2s)
(P — eM) UZ (P) =0,

* We omit the spinor indices in this and similar formulae.
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where

P=Px..xP (4

and
U&(P) = s(s + 1) U (P),

U (P) = e UR(P)

(We have used a somewhat unusual notation for the spin projection, which allows
us to write down all four solutions of the free Dirac equation in one formula.)

In analogy with the.case of particles with spin % we introduce a Dirac conjugated

spinor:
~ ——— (29)
U (P)= U (P)y* ©)

(the bar stands for complex conjugation).
On the basis of the spinor space used in Appendix 2, in which ys is diagonal,
we also introduce the four-component complex spinors

~

E=@, ¢§&=§&C

2
where z = ( 1) and z;, 2, are complex numbers.
. \%2

We associate a Bargmann-Wigner spin-tensor with the physical amplitude in
a given channel (12 - 34)

Tslkzs3s4 (Priseys Payea; Paye3; Pasey) =

= U (P U,i?z (Po) Toyas, Pryeerlis Poenerly; Pssessesls

'PM €45 £y Cﬁ) (:33 ( PS) s(:ﬁ( P4)s

where a summation is to be performed over each repeated index {, from —s, to
s.- The minus signs of the arguments of the Bargmann-Wigner spinors are deter-
mined by the choice of the channel.

_ Further, after multiplying from the left and right by the necessary number of
& and &, respectively, we obtain the scalar amplitude
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Tslsgsgtd. (P e 13 Poyegs 225 Pay ey, 235 Pyyegy24) =

L o
s £y USH(P) & USE (P,

TS]523354 (Piesers Pasegeays Pasesyeas s Pty ean)

s (253) ™~ {234)

(e1) (24) - 6
USB(~Ps) &1 UGt (-~ P &e . (6)
The invariance of the amplitude (6) under Lorentz transformations means

Trluxau (PIJ el! 315 -") s ‘Tslszsgsq (A (A) Pl: €15 A 31; LR -)s

where A eSL(2,C)

and
APA* = p(A)P.

The amplitude (6) is a homogeneous polynomial of degree 2s, with respect to z,.

From the theory of finite-dimensional representations of the Lorentz group
in the space of two-component complex spinors it follows that the amplitude
(6) is a polynomial of invariants of the type

Uy (2",, zb) = Zy € Zpy
1 —
t; (20 %) = 53 enr 2q ¢ (Sp Sy — 8 &) 2,

(y =12,3).
So we write

s1+s3 s2+sq Sz P
_ 1 5
""" pX by | P3153 (31: 233 3&)'
Ji=Is1—s3| J2=ls2—sa| j=lis-J2l

PR (3 205 30) Bl (03 8,) - Fil 9 (25 8, T, V), M
The monomials P and the functions F satisfy the homogeneity conditions
Pj,;z (Ayie, Aom; A38,) = .1:“ 17 A:J P (u, w5 3,),

Effppeend (0 8, T, U) = AX Ff: /29 (2; S, T, U).
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The monomials P have the form™

P]{uz (u, v; 3,) = N;uz (u & ) J1ti2—7 (u az)jx—z+i (v az)jz*1'1+i.

The normalization constant N / , can be determined from the following require-
ment: If F;(2) and F; ; (w, 'v) are homogeneous polynomials of z and %, v of de-
gree 2j and 2j;, 2j,, respectively, and

F}'lJ'z (u’ 'D) E P] (u3 V3 z) Fj (z): (83)

J=ir—72

then F,;(z) can be expressed conversely in terms of F; ;, (4, )
by the formula

F;(2) = (3,,, dvs 2) F 12 (s 0). (8b)

So with the help of formulae (I, 1) we obtain

; &+ )‘
Nij = ((11 +5+7 F DG+ — DGy — 12 + ) Gz — 1 + 1)

Further, the » and v differentiation in Equ. (7) gives after simple and lengthy
calculations

j-nsz.s-_,sa (Piaela 2’1; P2> €23 T35 P3; 63333); P4s £ 24) -

- }?u‘z} - .o (e, a2, £3, 24
E 51535344 ("13‘-’1:23: g C’z) ]_‘11}2_1' (Z, S‘ 1 U): (9)
i1, fz,
where
aiLfa f - . _ . owriifaF I N
5152835s (zl’ Z2s 3y B 82) ’ Ns1_525354 (2’1 & 33) T (.'32 £ 2 s2tse 2.

(21 £2,)7 (2, £2,) (23 £2,) (25 € 2,)°
al g 9! ol '

atpty+o=
=s1+s3—J

(31 "Z}SJ. —s3rfi— ﬂ—ﬂ(gz )fz satiz e oy

{5, _53‘|'J1 ‘a_ﬁ)ll (53 -84 |]2 -‘“_')’)l )

g Y sa—siifi—p--4 54 52-fz2 d--p
2y d,) - (24 d) (10)

.(33—31—}-]1—7’— o)! (34—52—12_5_19)')
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2§
51535354

. ((2f1 4 D sy - c3 1 }1)' (53 — fy ]2)' (212 1) (52 gy +}Z)T _

(sg — sz +501(2f + 1)(11 Hz- j)'(}'l . Jz+1)' (J: — 11 HJ')

The function Fgefz’ f2en¢) (o S, T, U) is determined from the homogeneity con-
dition and the possibilities to form Lorentz invariants from z and S, T, U

Fffj‘;}"’ 6 (oS, T, U) = 1(:;; j; € ) (5. ¢, u) W () ul™(2) +
s @) E gl s () 9) (1)

where u; (2) = — ¢j 2¢ (5,5, — 8,8 2. Higher powers of u; (2) do not appear

1
2
in the right-hand side of Equ. (11), since they can be expressed in terms of powers
of u, (2) and u, (2) from the identity
[S1ay (2) + Sqiey (2) + Saua (2)]7 = 0. (12)

The z-differentiation in Equ. (9) can be performed with the help of formulae
(L, 2).

Identities for invariant structures. The way we perform the transition from the
spinor amplitude to the scalar one shows that the amplitude should be a function
of structures associated with a given channel (s, z or # channel, respectively).
The remaining structures can be eliminated with the help of the identities*

uo (13) uo (24) — uo (12) uo (34) — uo (14) 4o (23) = 0,
o (13) u; (24) — uo (12) u; (34) — u; (14) u, (23) = 0,
et Sg tho (13) uy (24) — u; (12) wy (34) +
+u;(23) u, (14) =0, (13a)

SzSy 1o (13) uo (24) — u; (12) u; (34) +
+u; (14)u;(23) = 0,
(k,ja = 1, 2, 3),

* We use the abbreviations uu (2., 25) = uu (a, b).
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which follow from the modified identity (I, 3)

by

(2 e0,, 0" 23) (22 EG,, O¥4 2e - (2 B, 0% 230 (83 BEO,, 01 2,) -
(31&‘{)';‘1 ot 2,3 (2, £, 043 24} — 0,
(11> fhas f3s g = 0, 1, 2, 3).
Another necessary identity is found when the operator

(zl az) (32 32) (23 az) (24 rj z)

acts on Equ. (12)

_2:;18,-2 | %5 (13) u;(24) + uy (14) u; (23) + u; (12) u; (34) | +

3
'é? SF,_,-M)Z (Sks 81) | e (13) 2, (34) + (13b)
LAd=

+ uy (13) u, (24) + u, (14) u, (23) | = 0.

Obviously, taking different differential operators and higher powers of Equ. (12),
one can obtain identities relating more general structures.

3. Discrete operations

To obtain a CPT-invariant expansion, let us analyze the right-hand side of
Equ. (6). Here we have two types of scalar products one in the spin space coming
from the summation over  and the other in the Dirac space. So the product

(29) ~ (2s)
£ U (P)(UR(P)§)

is a scalar in the Dirac space and a spin vector in the spin space.
So, the transformation properties of each single z under space and time reflection
will be determined from the requirement

@) @9
I UQ(P)=E1UR(P),
or

%) — (2s)
IEURP)=1U9 (P&,

when the operator I involves time reversal.
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Space reflection. The physical amplitude transforms under space reflection as
L Tsienspsa (Pise e £y Poyeg, 80835 Pasesseslsy Poyesseg ) =
= (T Prep e G5 Iy Poyea, ey §o5 1, Payea, 05 {55 I, Pas €45 64 84),

where 72, is the phase factor of space reflection (which is a product of four such
factors, one for-each particle) and

I, P = (P, — P).
Using the space-invariant condition

@9 @)
IEUQ(P)=E1, U9 (P),

with the help of the identity for the Bargmann-Wigner spinors (II, 1), we derive
B

Is Zr.' - M,, Zﬂ" (14)

The amplitude will be invariant under space reflection if and only if
Tnsz.qs.; (Pu €ss 215 Pz; €3y 295 Pies, 233 Py egy 34) =

— (= )2et2 gy T

Fi 5318384

(I, Pyen Iozys I Py ey, Doy
I Py, e, Lass I Py, ey Iozy), (15)

where the factor (— 1)23+2s results from the minus signs of the arguments in
Equ. (6).

Time reversal. The physical amplitude transforms under time-reversal as
I T apsase (Prs 15 € Ci3 Pasessea s Pyyessen Ls; Payegyes8y) =
4
= ntII(_ ]):n—Cn TSJS.‘S]SZ (Is P3’ €3,—¢€3 Cs; Is P43 €4, €4 €4;
a=1
I Py ey —e £y Ig Py tay, —ey Cz):

where 7, is the phase factor of time reversal. Using the T-invariance condition

L UQ (P) = I, UR(P) L,
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with the help of the identity for the Bargmann-Wigner spinor (I1, 2), we derive the
time-invariant condition for the amplitude

jslszsas., (Pyy ey, 815 Poyezy %25 Pay €3, 225 Py ey 24) =

o= (e 1} 23525 g, T (Is Poy gy Dzys I, Pyy ey, 12y (16}

53545152
s I, Pryey, Iy 1Py 65, Iz,
CPT rransformation. Under CPT transformation the amplitude transforms as

Icpr Ts}xz.v334 Py, €158 {13 Py, 6505 23 Payes, e3803; Pyseareq 54) =

4
77CPT U(_l) sa—Ca TS3S43182 (PS — €3, €3 €35 P4) — €45 €4 C3;

a=1
3Py — e 8 Ly Poy, — ey CZ)

Using the identity (IT, 3) in the same way as in the preceding subsections, we find
that the amplitude will be invariant under CPT transformation if and only if

15;:2_‘3.94(131’91, #1; Payegs 255 Py 3,855 Py g 22) ==

= ¥erer Ts;s‘;slsz (P3s —esy 235 Pay —eay 245 Py —ey, 245 Py —ey, 23 (17)

4. Application to the case of aN and NN scattering

Pion-nucleon scartering. Using formulae (9), (10) and (11) for s, = s3 = -;—,52=

=5, =0, we find
Tun (Pyy 25 Pys Pa, 235 Po) —=
=fo (s, &, ) uo (13) + f1 (s, ) uy (13) + f5 (s, £, w) up (13) +
+ f3 (s, 8 u) uz (13).

If we apply the space-invariant condition (15) we shall see that only two of the
invariant scalar functions f (s, ¢, %) are linearly independent

_TnN<P}) Fis Py Py, 235 Pd) -
A
=7 20+ @) uo (13) + u, (13) —us (13)] + (18)

+ 2806 — 0w (13) =1, (13) s (13)
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where

A 2(fy - fa)y MB = — (fi  fa),

and M is the nucleon mass.

Equ. (18) agrees exactly with the familiar result (see Refs.?'3)
?nN(IlsPZ;IS: P‘t) A “f BQ;
where

s 3 )3
0w 2 _1:143

as it is easy to verify with the help of the formula

Ton (P1, 215 Pa3 Py 255 Po) = 51 @, + M4+ B OY(— Py + M) &,

Of course, the amplitude (17) is also T-invariant.

. 1
Nucleon-nucleon scattering. In the case of s; =5, =553 =5, = 5 we find from

Equ. (5)
Tan (P15 215 Py 225 Py, 235 Pay 24)

=5 f1 uo (13) up (24) + V_fz [1o (12) uy (34) — uo (14) uy (23)] +
o tho (13) g (24) 4 =3 fo 4o (13) s (24) + - 100 (13) s (24) +
g ot (13) g (24) + o fr 42 (13) g (24) + - Fo s (13) e (24) +

folto (12) uy (34) + y (12) 1o (34) — o (23) uy (14) + uy (23) uo (14)] +

1
* 4)2
+ 4;_2410 Lo (12) 45 (34) + 102 (12) o (34) — o (23) 5 (14) + 12 (23) o (14)] +

+ Wl_f [0 (12) s (34) + w5 (12) 00 (34) — o (23) 5 (14) + 5 (23) o (14)] +

21/—6f12 [y (12) 2, (34) + uy (13) uy (24) + w, (23) u, (14)] +

+ mflS (2 (12) uz (34) + u, (13) u, (24) + u, (23) u, (14)] +

4]/6f14 [ (12) 4z (34) + s (13) uz (24) + y (14) uy (23) +
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~+ uy (12) uy (34) + u, (13) uy (24) + u, (14) uy (23)] +
+ ﬁfls [z (12) 3 (34) + 13 (13) s (24) + w5 (14) s (23) +

+ uz (12) u; (34) + u3 (13) u, (24) + u3 (14) u, (23)] +
+ 4—l1/—gf15 (s (12) uy (34) + w3 (13) 1y (28) + s (14) 4y (23) +

+ u; (12) u3 (34) + uy (13) uz (24) + uy (14) u (23)).

As can be seen, all three kinds of structures (13) (24), (12) (34) and (14) (23) appear.
However, since we are dealing with the ¢ channel, our amplitude should only be
a function of structures (13) (24). With the help of identities (13) all structures in

(33) can be expressed in terms only of sixteen linearly independent structures
u, (13) w (24)

Tww = —f1 uo (13) uy (24) +

5 [s1 2y (13) 41 (24) + 52 up (13) 4, (24) + s3us (13) u3(24)] +
- Fa 0 (13) s (24) + i tto (13) 43 (24) + - Fo 00 (13) s (24) +

1 fo  (13) g (24) + o 2 (13) g (24) + o 43 (13) g (24) +

+ 211/ 5 1, (13) u3 (24) — u3 (13) u, (24)] +
+ 55-‘5];‘—5’ [ (13) s (24) — wy (13) s 24)] +
+ ill/_fl_l [y (13) u, (24) — u, (13) u; (24)] +

toEa (252 u, (13) uy (24) + 52w, (13) up (24) + 52 u3 (13) s (24)] +

211/_” L3 152 g (13) 1y (24) + 2 53 5 (13) a(24) + % w5 (13) g (24)] +

T Wém [ (13) 2 (24) + 4, (13) y (24)] +

4"17 ..... fis [z (13) 43 (24) + us (13) u, 24)] +

+ ;{V—gfm [us (13) 1 (24) + w1 (13) w5 (24))-
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The requirement for P invariance (15) leads to such relations between scalar func-
tions fi (s, ¢, u) (k =1, 2, ..., 16) that only eight of them (G, (s, s, u),m = 1, 2,
...8) are linarly independent

TNN = Gl { (S + u)z Uy (13) Uo (24) +

G ) o (13) g (24) -+ 5 (13) o (200] +
g s ) o (13) s (24) — w3 (13) (o 24)] +

L (13) 1 (24) — s (13) 1 (24) + 13 (13)1(24) — s (13) 1 (2001} +
+ MG, { (s — u®)uo (13) uo (24) +
3o (13) 3 (24) + sy (13) g (29)] +
55 o (13) s (24) — 5 (19 0 (24)] +
— [ (190 28 + 1 (194 @91} +
+ M2G3u, (13) uy (24) + M2G, {(s — u)? uo (13) uo (24) + (_19)
G — )T (13) 1 (24) + s (13) o (24)] +
5 (5 — ) oo (13) 5 (24) — 5 (190 (24)] +
+ —‘I([— uy (13) u3 (24) + u, (13) “; (24) + uy (13)uy (24) — u3 (13) u3 (24)1 } +
+ G, {l 2 g (13) o (24) + - £ [— to (13) s (14) — s (13) o (24) —

)
— uo (13) u3 (24) + us (13) o (24)] +

+ % (w1 (13) u3 (24) — u3 (13) 01 (24) + 41 (24) + 0y (13) 41 (24) — u3 (13) u, (24)]} +
+ MG {5 < to (13) 1y (2) = s (19 sty 28] —5- [0 1945 24) +
s (13) g 2] — - [ (19 3 (24) + i (13) y 24 +

+ Gy {[— 2t uo (13) + 1y (13) — us (13)] 4, (24)} +
+ Gg {1 (13) [— 2t 1o (24) + w1 (24) + u5 (24)]}-
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The T-invariance condition (16) implies the vanishing of the functions G, and
Gg. Further, the structure with the coefficient Gy does not satisfy the symmetry
property for identical particles, i. e., the coefficient changes its sign under the substi-
tutions 1 «<»2 and 3 « 4. So, it follows that Gg = 0.

Thus, the full Lorentz reflection-invariant amplitude for NN scattering has the
form (19) with

GGZGF;=GB -_—‘O.
This expression agrees with the well-known result for NN scattering?’
TNN (PI: PZ: I):!s P4) =

—GIX1+G,|Rx1+1xP|+
+ Gy RXP+Ge+ps KX iyP+ Gsips X iys,
where K = P, + P;, P = P; + Pj3, as can be seen with the help of the formula
Taw Py 2y Poyzyy Pyy235 Pay 2e) =

:E:(J?)L TJLI)E;(EJZ -L M) TNN(PI)PZJPSJP‘O(_“IS\:& _LM)ES(_I;\A- +M)E4

5. Conclusions

Summarizing, we may draw the conclusion that a prescription for the invariant
expansion of the scattering amplitude for particles of arbitrary spin has been found.

Furthermore, we are able to construct the modulus of the amplitude which is
related to the cross-section of a scattering process

1
17 ) . D 2l 12 - _ _ .,
H f.’i}_szs;.\'q, (-I 1y €13 12) e 1 3 63); (231) 3 (232) !(233) :(254>!

) rsrszs;.m (Pm £a5 az“) 1 §LozF38s (Pa) €as 2,,),

where the complex conjugation concerns only the invariant scalar amplitudes.

In order to find an explicit covariant expansion of the amplitude and hence the
cross-section for particles of any spin, it might be useful to apply the so-called
terminal systems of computer technique (see Ref.®). '
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Appendix 1.

Some useful differentiation formulae and identities. Let z, a, b, ¢, . . . be two-com-
. . d
ponent spinors, 4, B, ... are 2 - 2 matrices and d, = (a").
z2

We have
(a az) (bz) = (ab):

(a az)n (bz)m B (ab)n (bZ n-—n

n! m! nl(m —n)!’

(a d,) (b2)f (czr & (Ba)* (ca)e—* (bz)p—*k (cz)r—a—k
alolplyl o Rl(a—R)! (@ —R)!(y—a—k)!’

a V4 I}

(ba)* (ca)* (da)" (b2)2~* (c2)r—* (dz)’~*
B stotu=a S tlul(e —s)(y — )1 (6 —u)! ’

and

n]
(a 3,)" (zAz2)" [g (zAz)e—"t*k (aAz + zAa)"~%* (ada)*

T al 2 (a—n4 k) (n—2R) R
(a az)n (ZAZ)“ (sz)ﬁ n ["%k] [;] (ZAZ) a—n+k+1 (I 2)
nlalp! ;Eo Eo nzo(a—n+k—|—l)! X '

o (aAz + zAay—*+2 (aAa) (aBz + zBa)*+2m (aBa)"
n—k+2D! N+ 2m)! m

It is also useful to note the binomial equality
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and the important identity

(u ev) (u & b) = (ua) (vb) — (ub) (va). (1.3)

Appendix 11.

The Dirac formalism and identities for Bargmann-Wigner spinors. Let

(Pu v} = 28>

(g = ([I, ?)

where

For the Dirac matrices we choose the representation

01 0 —a 410
0 _ F 7 5 om0 40 2 403
y (I 0)’ 4 (O', 0)3 7" yoyvv y f(0 “l)

We also use the matrices

e o & o2 (80

C=—-C'= C=—C=iyy?= 0 & 1),
* . 0 ¢

VT=_V7T‘=—tVT =—VT=1'}’07’SC=(8 0)’

with the properties
0 ] *
¥ y#‘ Yoo gﬂi‘ y.# = yﬂ,
Coyt Ot s g iy

VT P VT Pom ;'f“.

As usual, we denote

13 B Pp’yﬂ e (9 2),
P O

where

P=Prg, =Py ~P g, Pug, Pra, =Py + P -a.
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The two-dimensional representation of the Lorentz boost is

__M+P
B@E) = V2M(w + MY

where
1
w= +(M2—|—P2)2=|Po|.

It is seen that the boost matrix is positive definite. One readily verifies that

|

]B(E)Iz':ﬂa

or equivalently
P B(P) = MB(P).

The useful relation

follows from

o p-
I, = EOPFET7,
The solution of the Dirac equation

(P — eM) Ui, (P) = 0,

. Lo 1 .
where the charge e = + 1 and the spin projection { = + 5 have the form

B(P)l,
Ut (P) = (eB @) l.cc)'

The two-component spinors e; are determined from the equations
Ta lﬁ' ={ Ic,
-
elp=— (1% "1,

with the normalization

*
Ic zc.r = M 5“’-
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It follows that the spinors Uﬁ)z,; (P) satisfy the conditions

*
Uit (P) Uy (P) = 2 Py by

UShe (P) Uk (P) = 2Me 8,

and the completeness relation

3 US . (P) x U, (P)

12,¢ =P+ eM.

It is not difficult to verify the following identities

¥
Ui e (P) =° im@UP\ (IL1)
M 3 5+ 0
*
U, (P) = Ul e (P) L
x
P
U, ¢ (P) = (— 1)1/2=¢ U ii2, —¢ Us P) (IL.2)
by
G, o (P) = (— 1128 Vy = U8, (1, P);
112,¢ (P) = ( 7 Uitz ¢ (I, P);
Ui, e (P) = (— D'*7t C UR?: (P) (IL.3)

UG, . (P) = (— )P4 1C UG, (P).

One can easily check that the above identities are also satisfied for the Bargmann-
-Wigner spinors if the Dirac algebra is constructed as in Equ. (4)

Appendix 111

Table of P-transformation laws for invariant structures. If

M1=M3=M, M2=M4=M,
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we have the following transformation properties for space reflection:

T uo (13) = 41512 [(—24+t—wuo(13) —u, (13) + us (13)],

4t (u 4+ SU)uo (13) — (s +t — wuy (13) — 2(u + SU)u3(13)]

1
Is Uy (13) = 4Mz [_

Isuz (13) = Uy (13))

Ly (13)= 3 [+ SUMo (13) = 205 + SU) s (13) + (s — ¢ — ) us (1]
Lo Q)= o, L5 — 1 — 0o (24) — 4 24) — u3 24),

dt(u~+ SU)ug(24) — (s +t—wu, (24) + 2 (u + SU)u3(24)],

Lu@)= [~

I u, (24) = u, (24),

I us (24) =4% [—4t(s+ SU)uo(24)+ 2+ SU)u; (24) + (s — ¢ — u) u; (24)].
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Sadrzaj

Razvoj amplitude rasprSenja za Cestice proizvoljnog spina uz ofuvanje Lorentz
invarijantnosti dan je eksplicitno. Uvjeti za P, T i CPT invarijantnost su pokazani.
Kao primjeri primjene metode, razmotreni su slucajevi #N i NN rasprienja.





