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Abstract: The dependence of symmetry conditions related to the exchange of
electron and nuclei between atoms in a Girardeau’s theory for many atom
problem, is studied. Effects of interatomic exchange of electrons are incorpo-
rated into the »projected Hamiltonian« so that, when exchanges of electrons
between atoms vanish, it tends to the Hamiltonian in which only the permu-
tations of atoms as a whole are incorporated.

1. Introduction

Recently, in a series of papers,! >* M. D. Girardeau has formulated a repre-
sentation of second quantisation for the nonrelativistic system of composite particles,
in such a way as to take into account the existence of composite particles. We
think that some proofs from that theory can be generalised and several remarks
can be made. Therefore, we will express the principal ideas and results of papers!: 23
together with our new results.

For the sake of definiteness, as composite particles are considered identical atoms,
each containing one nucleus and !/ electrons. The wave function for the system
of n such atoms is a function of position and one spin component (2 component)
of all nuclei X; = (R;, ;) and electrons x; = (r,, g;) and can be expanded in terms
of the single atom wave functions as follows

(X, X% o xm) =2 C(0...ap) @, (X2 ... %) .. Pa,, (X, Xtn-141 - Xin)s
aj..an
(1.1.)
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with coefficients

Cla,...a,) = f 0o, (X2 x) @ (KXo Xpnogar -0 %)
(1.2)
-p(X, X x x)d X L d X dx, o dxy,.

Single atom wave functions ¢, (X x, ... x;) form an ortonormal and complete set
f Pa(Xx . %) ep(Xx .x)dXdx ...dx = 8y

TOa(Xx ) pa(X'x{ ...x)=(IN"'6(X - X).

‘ | (1.3)
(P’)

CE (=1 PG = x) e O — )

Symbol [ stands for the integration over space coordinates and summation over
spins, Y, denotes a sum over all permutations p’ of primed variables, p (P’) is the
Pl

parity of the permutation P’.

In order that the functions (X ... X, x, ... x;,) would be symmetric or
antisymmetric in nuclear coordinates and antisymmetric in electron coordinates,
author of referenced papers shows that it is necessary that functions C (e, ... a,)
satisfy the following conditions

C(al e Ay ees Qg e a,,) = (— l)ZJ-H C(a1 e Qg oo Gy . a,,), (1.4)
Zﬂ(a,, g | Lec |aB) C(ay ..o @p_y @@pyy - Qq_y Bagyy ... Q) =
Q
=—C(ay ... @y =+ Qg ... @), (L.5)

uZﬂ‘.(a,, Qq I Loy, | aﬂ)c(al Oy Qg e Gy B agyy e By) =

| =(—)2"C(a[ Oy e Gy ---(1,,). (16)
J is the nuclear spin.

Matrix elements of the exchange operators I,,. and I,,.. for nuclei and electrons
are defined in terms of nucleus and electron exchange integrals

(@ g | Litce | @B)= [ @2, (X1 . ) gl (X ] .. x) -

“Pa (X%, 22 . %) @p (X' %%, ... 2)d Xdx,...dx,d X' dx]...d x|
| (1.7)
(@ aq | Touc | aB) = [ 9%, (X %1 oo 20) gy (X %, .. xi) -

Pa (X' %y %) pp (X%, . x)dXdx,...dn,d X d x| ... dx.
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In that paper we will prove that the above three conditions are not mutually
independent and we shall show to which consequences, in connection with the
other results of the original theory, this leads.

In referenced papers has been developed a representation in terms of atomic
annihilation and creation operators a, and a} for atoms in single atom states
@a (X x, ... x;). These operators satisfy Bose or Fermi commutation relations

aqap —(— D+ afa, = 6,
(1.8)

a a5 —(— 1)**'ag5a, =0.
Hamiltonian and total atom number operator in that representation are given by
H=T+V,+V, (1.9

T = Z;(al T|B)atas,
V=:z,ﬁ(a|vlﬂ)a:aﬂ, (1.10)

I

V=-E-

S @Bl V'|y 8)at dj s a,
afyd

N=13 ata, (1.11)
where matrix elements are

(«|T|8) = f(p; (X %, ... %) [T(X) +;§1T("’)] gs (X%, ... x)dXdx, ... dx,

H

@ VI B= [ 0:(Xx %) [z V(Xx)+ 3 Vlnm)lgp(X .. x)d X, ..du,

jah=

(@B V' 178) = [ 920K o) 95 (X' 51 o )1V (XX + E(V (X ) +
(1.12)

1
+V(X'x))) +§ I:'(x, W] @y (X% . x) (X' %) ...x)d X dx, ...
s

wedxyd X' dx) ... d .
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Subsidiary conditions (1.5) and (1.6) can be written in a new representation too:

1
Ielcc | Cn > = ["2" Z (aﬂl Iclec I 75) a:ﬂ; as ay] I Cn > =
afyd

=—[n(n—1)/2]|C,>, (1.13)
I |Cn > = [%;z,w(aﬂlI,,uc|y¢5)a’;a,’;a,,a,,]|C,,>=(—1)2’-’inz_—l)| C,>. (1.14)

The space of all » atom wave functions C(q, ... a,) = <{q, ... @, | C,) sa-
tisfying the last equations is completly equivalent to the space of all » nuclei, /n
electrons wave functions o (X, ... X, x, ... x;,) (with proper statistics).

2. The determination of independent symmetry conditions

Affirmation:

If functions C (a, ... a,) satisfy Equs. (1.4) and (1.5) they satisfy automatically
Equ. (1.6).

Proof:

As in Ref.¥ we define
{a,a,] ;] af) = f Pu, (X2 o x) oo (X %) .. x0)

* Qo (X Xy ) Xy x) pp (X 2y 2y 25 4 g0 7) d X dxy..dx, X dx)...d xg. (2.1)
Also, we have

(0| Inue | @ B) = (a, 00| 11| B @) = (a0, | ;| a ), (2.2
(@aB|Io|y 8) = bay Ops. 2.3)

Using the completeness relation for the functions ¢, (X x, ... x;) and their
antisymmetry properties with respect to x;, one shows that there exist some re-
lations between matrix elements (a 8| I, |y d) for different j. We will use the
relation®

(@B| L1,y 0)=Z(aB|l|aya)(a a1y d)=
o (2.4)
=/ =D*(@B|Ljsr|Y ) —HU—7(aB| L]y 6) +j*(aB| ;-]
|}’ 0 i<l iy =0)
Now we can proceed in two steps. First, we prove:
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If functions C(a, ... a,) satisfy (1.5) they satisfy also the equation

u% (epa | I aYClay coap_y@pey ... @y Bagyy ... a,) =
(2.5)
= - azﬂ; (ap ag | I;-y | ap)C(ay...qp_ 1 @ @pyy ... Gg_, Bagyy ... an)
forallj=1.., 1L

From the fact that Equ. (2.5) is true for j = 1 (Equ. (1.5)) and the prediction
that it is true for some j, we prove that Equ. (2.5) is true also for j + 1.

Multiplying Equ. (1.5) with (y 6|I,| @, @;) and summing over a,, @, one
obtains
%C(al e By By o Ggmg B iy - @) D (YOS L apa) (e, a1y | af) =
apeg
(2.6)

=—=3YCl(ay...0 ... 0q... a,) (¥ 0| I;| @, @).

apag

With the aid of Equ. (2.4), Equ. (2.6) becomes

ZﬂC(a, Oy 1 @ Opyy e Qqog Bagyr @) [1 =270 =)y o|L|af)=
2.7
=—(/3 EB: C(ay...qp 1 @apyy .o Gqoy Bagyy ... a,) [ =12 0| L]

laB)+7*@d|L-1| aB)

In Equ. (2.7) the expression ¥ C(a,...a...B...a,)(y 6|I,_;|ap) can be
af
replaced by — ¥ C(a; ...a... f...a,)(y 6 |I;| a B). After elementary calcula-
af

tions one obtains

%C(al Oy Ry o By B gy @)y 8| L [af)=
(2.8)
= — EjﬂC(a1 e Oy A Ay e Ggey BOgyy .. a)) (¥ 0| 1| ap).
It is proved therefore that: if (1.5) is satisfied, from the assumption that (2.5)
is valid for arbitrary j follows that it is valid for j + 1 too.
The second step is to combine Equ. (2.5) and Equ. (1.5)

%(a‘, | L|eBYClay ..oty y ..oy Bag,, ... a) =

(2.9)
=(—1YC(a ... ap ... a ... @y).
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For j =1 Equ. (2.9) becomes

a%‘, (o, | LaB)Clay .. gy 1Qpyy .0 Bgy B yy .. @a) =
(2.10)
=(—1yC(ay...ap...0p... Q).
Replacing (@, a, | I;| @ B) in (2.10) by .(a, a,|Io. | B @) and using Equ. (1.4)
one obtains Equ. (1.6).

Therefore, our proof is concluded. -

The consequences are the following:

— the operator equation (1.13) is equivalent to the set of Equs. (1.4), (1.5)
and (1.6) i. e. if | C, > satisfies eigenvalue problem (1.13) it satisfies (1.14
automatically;

— the zero-temperature n atom problem is that of finding simultaneous eigen-
states of Hamiltonian H

H|C,.>=i§t-|c,,> (.11)

of total number operator N with the eigenvalue n
N|C,>=n|C,>, (2.12)

and of the operator I, with the eigenvalue — n(n — 1)/2

Ielee|Cn>=—‘—;‘n(7I—1)|Cn>; (213)

— the identity
Petec = gnuc ge!cc: (214)

proved in® for two atom subspace, is true for any number of atoms in the
system. Z,,. and 2. are the projection operators which project onto the
subspace of eigenstates of I, With eigen value — n (n — 1)/2 and of I,
with the eigen value (— 1) n(n — 1)/2, respectively;

— since the independent constants of motion are H, N and I, the formulation
of the non zero temperature problem is now some what different from what
was originally given.

Namely, the usual grand partition function is generalized in the following way

Z = Trexp [_ ﬁ (H — U N + Yeree Iclee)]' (2.15)
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The appropriate density operator is defined as

e= z-! €xp ["' ﬁ(H - I“N + Yele: Ielec)]’ (216)

B = (kT)~', k Boltzmann constant, T the absolute temperature, u is the atomic
chemical potential, y. is Lagrange multiplier associated with the subsidiary
condition (1.13). # and y.. are determined by the coupled equations

ow
N\ = N> =n, 2.1
( op ) [ X N> =n (2.17)
iw 1
(T—Yd‘:c )p.“ = <Ielec> = —'—2- n (n - 1), (2.18)

and W is the generalized thermodinamical potential related to Z by

Z=exp(— W) ' (2.19)

3. The projected Hamiltonian

Since the operator I, has the same general structure as the interatomic in-
teraction Hamiltonian V’, to satisfy the subsidiary condition (1.5) would be as
difficult as solving interatomic interaction exactly. This is why in the paper®
was defined a »projected Hamiltonian« in which the subsidiary conditions (1.5)
and (1.6) are incorporated as additional effective interatomic exchange inter-
ractions, which can then be treated approximately along, with the interatomic
Coulomb interactions V’. The projected Hamiltonian is defined as follows

H = Poye Petes H= P H, (3.1)
where
Petee i Co>= | C.>, (3.2)
if
1
[y +gnln—D]| Gy > =0, (3.3
and
ga:lec = Jelecs (3'4)
[Hs gelec] = [gelec’ H]- (3-5)

Using (3.4) and (3.5) one can easily show that for eigenstates of 5# the following
set of equations is valid

#|Co>=H|C,>=E|C,>. (3.6)
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We think that two remarks can be made regarding the definition (3.1) of the
projected Hamiltonian:

— the operator 2., H with 2%, = P is not the unique operator whose
eigenstates satisfy the subsidiary condition (1.13). Eigenstates of the operator

H' = Pyec H = b Peyec H, (3.7

where b is a real number, satisfy the subsidiary condition (1.13) too.

Suppose that | C,> is an eigenstate of 5’ with the eigenvalue E’
H'|Ch>=E|C,>. (3.8)

Using (3.4) and (3.5) one gets

1 _, b ,
@cleclcn>=gelec§ clecH|Cn>=E7g§lecH|Cn>=
(3.9)

b e H
=E‘@elecH|Cn>= Eec:

|Ca>=]|Cp>.

Therefore | C, > satisfies (3.3) because 2., is defined as the operator which
projects onto the subspace of the operator I, with eigenvalue — n(n — 1)/2.
But eigenvalues of /#’ for different b have different values. (Especially, for b = 1
we have the Hamiltonian 5# as defined in Ref?®), and

— Equ. (3.6) as the direct consequence of (3.1) and (3.4) means that 5# and
H have the same eigenvalue, or that exchanges of electrons between diffe-
rent atoms do not contribute to the total energy of the system, which, as
we know from more elementary theories on the problem, is not true.

We think that the second problem can be resolved if we define the projected
Hamiltonian as in (3.7) where b is to be found from the condition that the limit
of the operator 3’ when I, =0 for all j =1, .../ (no exchanges of electrons
between different atoms) is equal H

lims#’ = H. (3.10)

150, j=1, ..., 1

Now, it is necessary to find an explicit expression for Z... In the original
paper dealing with this problem, it has been concluded that operators I, Iy, ..., I,
within the two atom state space form an algebra; therefore, the projection operator
P (here after we work within a two atom subspace) can be supposed as a linear
combination of these operators

1
Pace=1Io+ 3¢ I, (3.11)
Jj=1
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where
L=I—(—1)YI,. (3.12)

Constants ¢, ... ¢; should be found so that the Equ. (3.4) and the Equ.
Petec I; =0, (313)

which is a consequence of Equs. (3.2) and (3.3), are satisfied.

In fact, it is shown in the Appendix that the operator
1
gelec = ml (IO + 2 aJ IJ): (3-14)
i=1

with coefficients
———(l!)z' = 1) ()2 3.15
ml_(ZI)!’ aJ_(_ ) (;) > ( . )

satisfies (3.13) and (3.4). In the two atom subspace the operator I, is the unit
operator. Because of this, it is evident that

llmH(Io—}-Ea I)=H 4 lim Za,HI, H. (3.16)

I3=0,,5=1,...,] 10 j=1
Therefore, the operator

1
H =H+3aHI, (3.17)
i=1

satisfies the condition (3.10) and its eigenstates have a proper statistics with respect
to the exchange of electrons between different atoms.

Putting all terms into normal order with the aid of (1.8) and truncating the
terms of the order higher than four (in the two atom subspace these terms do not
contribute) we obtain the following expression for the projected Hamiltonian:

-;fI=H+VBx=HO+ VI+V¢z, (3.18)
1 i
Vee =3 L, @[ Verly Datajara, (3.19)

The matrix elements of the exchange interaction V,, are

(@B|Vex|y )= Eaj(aﬂIV |75)+(8a+ep)Ea;(aﬂIIJI}'é),
3.21)
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(aB| V|7 a)=f<p:,(xxl ) @ (X X, LX) V(XX xp . 3y % ),

c @y (X x) X%y X)) @5 (X %y o Xy Xy L x7)dX dxy L. dxgd X d )L .dx,

(3.22)
€a=(a|Ho|a)=(a| T+ Vola),
V' (XX %, ... 5, x, ... x}) is the interatomic interaction
|
V(XX %) ...5% %, ...x]) = V(XX)+ 2 [V (Xx}) + V(X'x)] +
i=1
(3.23)

i
+ X Vixx).
k=1
The form of our operator (3.19) is the same as the form of the exchange operator
given in Ref?, but the corresponding matrix elements in these two operators are
not equal. At the same time our exchange operator tends to zero when exchange
integrals tend to zero, while the original V., tends under she tame conditions
to the operator (m; — 1) H. On the other hand, eigenvalues of our operator V, are
different from zero, (exchanges of electrons between atoms contribute to the total
energy of the system), until all eigenvalues of the original exchange operator are
equal zero. It is evident that these distinctions come from the difference in the
definition of the projected Hamiltonian in our and the referenced article.
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APPENDIX

If | C, > is an eigenstate of I, with the eigenvalue — n(n — 1)/2

L|C> = +gn(n—1)|C> =0, 1)
it is necessary that

I
gelcclcn> E(IO +jZCJI.;')|Cn>=|Cn > (2)
=1
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i. e. the first necessary condition which 2. has to satisfy is
I e = 0. A3)
Another necessary condition is
Porec = Petee- 4)

Let us prove: the operator 2. whose coefficients ¢; are determined so that it
satisfies (3) will satisfy the condition (4) as well.

In the two atom subspace these relations are valid

@y =202 =1+ DI+ 1720 — 121, )

S\ 2
I'l=—(—1YIL+ (_]z) Doy +172@ =251+ 43I, +
+ 172 (=) Ly §=2[forj =1, I, =0]. (6)

Equ. (5) means that within the two atom subspace I, is a second order polinomial
in I/ without a zero order term. Using Equs. (5) and (6) for j = 2 we have

I=a3: I+ a3, I[* +ay, I, @
where a3, a3, and a3, are constants. Similarly, using (6) we can show that
Li=ayld +ay I+ g, I;5=1,..,1 8)
Equ. (8) can be written in the form
=1 -4, €)
where 4;_; is a (j — 1)-th polinomial in I;.

Using the definition (3.11) of 2. and the Equ. (9), %3, becomes
!
‘@:l:c = yelec -I-El &y (I: '@elec) Aj—l- (10)
f=

Now, it is evident that if the coefficients ¢, are determined so that Equ (3) is sa-
tisfied, 2. satisfies Equ. (4) too.
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Finally, let us determine c;. Substituting (3.11) in (3), using (5) and (6), equating

the coefficients of I} (j=1,2,...,I) to zero, one finds an inhomogeneous set
of / linear equations in the !/ unkowns c, ..., ¢;.

¢ 1722 —2A+2)+4bc, 172 +zc,(—1)1+l=—1 (11)

i=1
GG+ D2+, (P =2j1+2j) 4+ ¢, (—j+1)>=0, (12)
71=23 ..,
The last equation for j =/ (we make ¢;,; = b) takes the following form
1= —1c¢, (13)

Substituting the last equation in (12) for j = — 1 we obtain relation between

¢;-; and ¢;_,, or finally

-4—w()§? (14)

Using the definition of the operators I/ and the identity
L r1\2 (@)
. = re—— 15
1220( j ) @ (15)

the terms in .. can be gathered in a following way

Pae =10 [1 = G (=) + @ B v (j) % 0o

The expression (3.15) then follows immediatly.
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ZAPAZANJA U VEZI FORMULACIJE PROBLEMA VISE TIJELA ZA SLO-
ZENE CESTICE

M. POPOVIC-BOZIC

Institut za fiziku, Beograd

Sadrzaj

Prouceni su uslovi simetrije koji su povezani sa izmenom elektrona i jezgara
izmedu atoma u Girardeauovoj formulaciji druge kvantizacije za viSeatomske
sisteme.

Efekti izmene elektrona izmedu atoma ugradeni su u »Projektorski Hamiltonijan«
tako da kada matri¢ni elementi koji opisuju izmenu elektrona izmedu atoma teZe
nuli, »Projektorski Hamiltonijan« teZzi Hamiltonijanu u kome su uzeti u obzir
samo efekti izmene atoma kao celine.





