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Abstract: The free electromagnetic field is considered in a spinor notation and a construction of the free electromagnetic field from a zero mass Dirac's field is given. 
1. Introduction

A· spinor description of the electromagnetic field has ·been investigated ·by se­ver3:1 authors (Laporte and Uhlenbeck0, Oppenheimer2>, Archibald3>, Ohmura4>, GoodS , Moses6> , Perkins'>, Pestov8>). There were two main subjects related to this problem: spinor notation of the electromagnetic field2• 5 '6> and structure of electron4> . Here we want to show how a free electromagnetic field can be construc­ted from a Dirac' s field. In the first part we derive a spinor notation of the free electromagnetic field in an eight component form and give its extension to a Dirac's field. The second part contains three unitary transformations of which tw_o give this field in the form of the previous works4• 6>. Considerations of Perkins 7> and Pestov8> can be similarly connected to this work. In the third part we give a construction of a free electromag­netic field from a zero mass Dirac's field. The procedure which we applty is orien­ted to the final conclusion. 
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2. A Dirac' s jz"eld as an extension of Maxwell's f£eld

The Maxwell's equation of free field 

can be written in the form 

where 

-+ 1 oE 
rot H=--, 

C Ot 

-+ 
div H = 0, 

-+ -+ 1 oH 
rot E= ---, 

C Ot 

div E = 0, 

a -
-a-'YJa 1P = 0.

Xa 
(a= 0, 1, 2, 3), 

Xo = et, X1 = x, X2 = y, X3 = z, 

1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 1 0 0 0 0 0 0 0 0 0 0-1

0 0 0 0 0 0 0 0 0 0 0 0 1 0 
'YJo = 0 0 0 0 1 0 0 0 1/1 = 0 0 0 0 0 0 

0 0 0 0 0 1 0 0 0 0-1 0 0 0
0 0 0 0 0 0 1 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 

0 0 0 0 0 0-1 0 0 0 0 0 0 1 
0 0 0 0 0 0 0 0 0 0 0 0-1 0 
0 0 0 0 I 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 I 0 0 - 0 0 0 0 0 0

'Y/2 = 0 0 1 0 0 0 0 0 1]3 = 0-1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 

-·1 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 1 0 0 0 0 0 0 0 0 1 0 0 0 

(1) 

(2) 

0 0 
1 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 

(3) 

0 0 
0 0 
0 0 
I 0 
0 0 
0 0 
0 0 
0 0 
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and 

1J) = (4) 

The F and G are arbitrary functions. 
Now we want that the Equ. (2) becomes a Dirac's equation. In order to achieve it we add »missing« 1 to the matrices 'Y/a and obtain new matrices 

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0 =I'Y/o -+ 0 0 0 0 1 0 0 0 
0 0 0 0 0 I 0 0
0 0 0 0 0 0 I 0
0 0 0 0 0 0 0 1

0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0
0 0 0 0 0-1 0 0
0 0 0 0 1 0 0 0 'Y/1 -+ 0 0 0 1 0 0 0 0 = 1/1
0 0-1 0 0 0 0 0 
0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0

(5) 
0 0 0 0 0 0-1 0
0 0 0 0 0 0 0 1 
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0 'Y/2 -+ 0 0 1 0 0 0 0 0 ='YJ2
0 0 0 1 0 0 0 0

-1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0



120 . BRAN.A - LJOLJE 

0 0 0 0 0 1 0 0
0 0 0 0-1 0 0 0 
0 ·O 0 0 0 0 0 1 
0 0 0 0 0 0 1 0 

1}3 -+ 0�1 0 0 0 0 0 0 = 1}3 

1 0 0 0 0 0 0 0 
o ·o o·· 

1 0 0 0 0
o ·o 1 0 0 0 0 0

It is easy to prove that matrices 1/i satisfy commutations rules 

.·The Equ .. (2) .. then ·be�omes. .· 

-+ 
where 1J = (TJ 1, 1]2, 1]3) and·

"P = 

Ex 

E" 

ff:
F 
ii�
f 1-,,
ii:. 
G'·

(6) 

(7) 

(8) 

The mark on components of E and H means that there are new functions not 
equivalent to those of electromagnetic field. The functions F and G are now not 
arbitrary. They are connected to others and play a definite role in the new field. 
This is a consequence of the new 1]1 matrices. 

Introducing matrices'. 

Yi = 1}01/1 :; Yo = 1/o where 

the equation (7) becon:ies . ·

1/o = ( 1 0)
0 - 1 8x8 

(9) 

(10)
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In the usual vector notation the Equ. (7). has the fcmn 

. :;: -+ I BE rot H =cat+ 'vG,
-+ '1·aF· div H = _ __:__ 

C at' 

-+ r aH rotB = - __:__ - \/F 
C at ' 

. -+ 1 a G  d1vE= ---. 
C at 

The components of this field satisfy �e equations 

Otp,=0. (i = 1, 2, ... , 8)
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(11) 

(12) 

If we put G = F = 0 in Equs. (11) the1 go over to the Equs. (1). We may say
the Dirac's equations (10) plus the conditions G = 0, F = 0 are the Maxwell's
equations (1). 

However, if we leave G :\: 0, F :\: 0, the Equ. (10) or the Equs. (11) gives a
Dirac's field different from the Maxwell's field. The new field is very >>close« to 
the free Maxwell's field. This fact can be us.ed for various physical reasonings. In 
this paper our goal is to make use of this equation in order to show how Maxwell's 
field can be constructed from a Dirac's field. 

The Equ. (10) contains real as well as complex solµtions. 

3. Some other repres_entations of the Dirac' s field

In order to compare the Equ. (7) with the work of Ohmura4> and Moses6> and 
to see some properties of this field we give two other.representations of the Equ. (7). 

First let's perform a transformation by the unitary operator 

i 0 0 0 I 0 0 0 
0 i 0 0 0 1 0 0 
0 0 i 0 0 0 I 0 
0 Q. 0-i 0 0 0 1 U=- u- 1 = u+ (13)v-2 -i 0 0 0 1 0 0 0
0-i 0 0 0 1 0 0
0 0-i 0 0 0 1 0 
0 0 0 i 0 0 0 · 1 
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The new matrices Ai = U111u- 1 are

At = - ("' O) (i = I, 2, 3),
0 "; 

where "' matrices from Ohmura'� work4> 

0 0 0 -i 0 0 i 0

"· = 0 0-i 0 d2 = 0 0 0 -i d3 = 
-iO 0

,
0 i 0 0 0 
i 0 0 0 0 i 0 0

The new wave function is 

and the new equation 

"Pnew = U1jJ = 

:+. -+
H+iE

-iF + G
.:;: -+ 
H- iE
iF + G 

1 a 1/'now + � a O --a- kl �, -a "Pnew = . C t i Xt 

The Equ. ( 17) is separated in two parts 

where.is 

1 a 3 a --1j)o - � ", - "Po = 0, 
C a t  i ax, 

1 a • � ". a • 0 
cat ""° - ;:'1 'ax, 'Po = '

"Po = [ � - ij] 
ah - e 

and e = - G, h = - F .

(14) 

0-i 0 0
i 0 0 0 • (15) 
0 0 0 -i 
0 0 i 0 

(16) 

(17) 

(18) 

(19) 

(20) 

The Equ. (18) is that which Ohmura4> used but for the free field (j = O, e = O).
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Similarly, the corresponding equation in the work by Moses6> one can get with transformation 
0 0 0-1 0 0 0 z 

-i 0 0 0 1 0 0 0
0-i 0 0 0 1 0 01 0 0-i 0 0 0 1 0 S=- s- 1 = s+. (21) 

v2 0 0 0 1 0 0 0 z' 
i 0 0 0 1 0 0 0 
0 i 0 0 0 1 0 0 
0 0 i 0 0 0 1 0 

The next representation wich we give here separates the Equ. (7) in two parts of usual Dirac' s form. The unitary operator for this purpose is 
-1 i 0 0 0 0 0 0

0 0 1-i 0 0 0 0
0 0 0 O-i-1 0 0
0 0 0 0 0 0 i-lS=-

v2 0 0-1-i 0 0 0 0-1-i 0 0 0 0 0 0
0 0 0 0 0 O-i-1
0 0 0 0-i 1 0 0

The new matrices ai = Sri, s- 1 are
a1 = 1 ® = 1. ® <1, ® tJ ,, (

0 <lt
) u, 0 

s- 1 = s+.

where u1 are Pauli's matrices. The new wave function v,' is 

v,' = Sv, =

-Ex + z'Ey 

It - iF 

- iii -ii " y 

ill;;- G

-E:-z'F

-Ex -iBy 

-lif:-G
- iii" +H

y
_ 

(22) 

(23) 

(24)
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and the new equation
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1 a I+
-+ 

I 0 

-- tp a. 'vtp = .
C Ot (25)

Due to quasidiagonal form of a, matrices this equation is separated in two equa­
tions

I otp' -+
- -1 + a · 'v .,,,, = 0,

C Ot TI 

1 O?JJ;, + -+
t"7 I _. 0 cift a •  V 'f/'11 - • 

(26) 

4. A connection of the free Maxwell field · and an eight component
Dirac field· 

A comparison of the Equs. (II) and the Equs. (1) shows a simple connection=+- -+ -+ -+ between the fields (E , F, H, G) and (E , H)

-+ =+- f -+ E = E + c 'v G (r, t) dt,

-+ =+. f -+ H = H + c 'v F (r, t) dt.
=+- -+ -+ -+ 

(27) 

Let us emphasize that (E, F, H, G) is a Dirac field and (E, H) a free Maxwellian
field. Therefore, the Equs. (27) give a construction of a free Maxwellian field
from a massless Dirac field. This result can be recognised also in opposite way.-+ -+ 

Let us start from the Maxwell Equs. (1) and let us decompose E and H in the
following way

-. - ,..., E = E + C 'v G,
-+ - -
H=H+c'vF. (28)



A CONSTRUCTION OF . . .

Inserting (28) into ( 1 )  we get 

!+ 1 ;p ,..,,div H = --- -F 
C a t2 ' 

=+ 1 aH a -
rotE=----v-F, 

c ai at 

• =:+. 1 a 2 -d1vE= ---G. 
::+. ::+. 

C at2 
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(29) 

. aa aF Denoting at = G and 7ft = F the system (29) goes over to the system ( 1 1 ).
Thus the relations (28) and (29) give a decomposition of a free Maxwellian field. 
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KONSTRUKCIJA SLOBODNOG MAXWELLOVOG POLJA IZ OSMO­KOMPONENTNOG DIRACOVOG POLJA 
J. BRANA i K. LJOLJEUniverzitet u Sarajevu, Sarajevo 

Sadrzaj 
Spinorsko op1S1vanje elektromagnetskog polja razmatrano je od vise autora (Laporte i Uhlenbecko, Oppenheimer2>, Archibald3>, Ohmura4>, Good5 >, Mo­ses6> , Perkins7>, Pestov8>). U ovim razmatranjima bila su dva glavna problema: 
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formalna spinorska notacija elektromagnetskog polja i struktura elektrona. U radu se pokazuje, kako se slobodno elektromagnetsko polje moze konstruirati iz jednog Diracovog polja. U prvom dijelu je dan spinorski prikaz elektromagnetskog polja u osmokompo­nent nom obliku i prijelaz na Diracovo polje. Drugi dio sadrzi transformacije dobi­venih jednadzbi na oblike od Ohmure4> i Mosesa 6 > i separaciju na cetverokompo­nentna Diracova polja. U trecem dijelu je data izgradnja slobodnog elektromagnet­skog polja iz Diracovog polja bez mase. 
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