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Abstract: In this paper , we find the eigenfunctions and eigenvalues of the Hamiltanian for relativistic electron moving in a uniform external electric and magnetic fiield. Starting from the solution of Dirac equation in a frame S' in which the electron moves in a uniform magnetic field, we perform a Lorentz transformation on this solution to obtain a solution of Dirac equation in a new frame S in which an electric field also appears. To solve the problem we employ the J annussis Schrauben-functions. 

1 .  Introduction 

We consider an electron moving relativisticaly in a uniform external magnetic field H' in the reference system S'. 

The Dirac equation is 

where 
-+ -+ e -+ -+ ... 

{y' (P' - - A' (r')) + y; P; - i m0 c} 11'' (r', t') = 0,
C 

-, • -+ I I • a -+ -+ -+ -+ -+ P = - i /i.t::,. , P4 = - i ii -
a

,, H' = rot A' (r'), A' (r') X4 
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is the vector potential, and the y; -matrices obey the rule 

y; y; + y� y; = 2 1  �p·n (µ , V = 1 ,  2, 3, 4)

with y, = - i P' a; ( i  = 1, 2, 3), y� = P',

(I 0) ... (0 
P' = and a' = ... 

0 -I <1' 

If the vector potential has the symmetric form 

... ... ( H' H' A' (r') = � 2Y', 2 x', 

:)· 

(2) 

(3) 

(where the magnetic field is parallel to the z-axis) the eigenfunctions ;;, (;', t1 
take the following form 1 > 

l 

fi (k; A4 + i V2B'n A 3)
E' - ·  + m0 c
C 

... _ I ( I I )1/' k', n- 1  r , r  m 

... ...
, ( , , ) 1/'k' , 11 r' Tm 

-+ 
.... J1/'k', n- 1 ( r' ,  r:,.) 

_ ..i_ B, t' e 11 , (4)

where E' = ± c Vm: c2 + li2 (k;2 + 2 B' n) is the energy of the electron,B' = � � and 1/'k', n (;', ;;,) is the Schrauben Function 2• 3>. This function in polar

coordinates is 

1/'kl n T , Tm = - - --e 4 Ii C T - Tm e n , 
I (� -·' ) VB'

(
B'

)
n 1 ik'a :s:1- 81 (�-�m)2 + i 11 (A' (;) c:') I ' , , n -i tl'' 2 2 n ! L: 

(6) 

h. ' ( ' ' 0) .th ' 2 ,., ' 2 k' . th f th . W ere Tm = Xm,Ym, WI Xm = B' n,y ,Ym = - B' x IS e centre O e spi-

ral orbit of an electron at the x' y' projection plane. 
The coefficients A 3, A4 take arbitrary values and the quantity B' has dimen

sions of inverse surface. 
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Other papers which are referred in the study of an electron in a uniform external magnetic field using the Dirac equation are4 - 6>. 
2. Eigenfunctions and ei.genvalues of the Dirac equation with electric

and magnetic field 

We consider that the S' system is moving with respect to the system S relativisticaly, with velocity V paralel to the xy - plane of the system S. The velocities
-+ -+ 
v and v' of the electron with respect to S and S' are related by the equation 

;, + ,,  v + "v/ <;, ii) v 
'l} = -----------

( ;, v ) ,, 1 + -;2-

whereas the Lorentz transformation connecting the two systems is 
... ... (y - 1) _.., _.., ... V x' r = r' + V (V r') - i y -4 

V2 C 

( v2) - 1'2 with y = 1 - c2 and x4 = i c t.

-+ - -+ .. 

(7)

(8) 

(9)

The vector potential A (r) and the operators y, P are transformed according to (8). The quantities y 4 and P 4 = - i h -8 
8 are transformed according to (9).X4 Inserting the above transformations of these quantities into (I) using the relationship 

-+ -+  I\ -+ -+ with A; = i <P' = 0 and setting 'I'' (r', t') = 'I' (r, t) we finally have
(10)

(1 1) 
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This equation is identical to the Dirac (quation satisfied by the spinor 1P (;, t) 
I\ - -in the system S hence 1P ( r, t) = 1P ( r, t). 

We thus see that starting from the spinor 1P' (;', t') describing the electron in the system S' and transforming ;, and t' according to (8) and (9), we find the corresponding spinor 1P (;, t) in the system S. 

The antisymmetric electromagnetic field tensor Fps is given in the S system by the relationship 
4 4 8x1 ' 8x!'' Fps = i� i�l F,k a xP a r' (p, s = 1 , 2, 3 ,  4) (1 2) 

where only the component F;2 = H' is non-zero.

and 

or 

From ( 12), with the aid of the inverse transformations of (8) and (9) we obtain
H =y H' 

- y -, ..... y (y - I) , - '"! ,.i' = - I H X V I +
v2 H Vx Vy ( - Vx C + VyJ) = 

C C 

= .r_ I H' x V I + y (y - l) H' V V (2 V )-:' - V)c c v2 x J' )' 

(1 3) 

- I - - H - -8 = - 1  H x V I + (y - 1) -2 V sin-1>j - V) sin 2 -D, (14) 
C C

where -0 is the angle between the velocity V and the x-axis in the S coordinatesystem. 
For V < < C equations {13) and (14) tend to the corresponding non-relativistic equations. 
The term A' (;:,,) :;, of the relationship (6) is transformed as 

- ... - ... - - I H - 1 -A' (r:,,) r' = A (rm) r + 2 x V rm t. (15)
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Inserting (8), (9), ( 14) and ( 15) into ( 4) we take for the eigenfunctions of the equation (11) 

i E' -+ -+  i 1JJ ( r, t) = - y - \r V)- -.:-YB't ( 16)eh  c2 h , 

where 

"P"'n ( r, rm) = - - !___ 1 + - (y- 1 - 1) { l + e 21<1P- 8>) e'k zZ V 
B ( B)n -en+ 1) ( l ) n 

2 n  2 n ! L:: 2 

( 17) 

By- 1 - - - ,, - 1 B - - i e - - -
2 ({ r - rm) V) 2 

- -4- { r  - rm} 2 + -Ii (A ( rm) r) · ( 18) 
- e� C 

i e ( C -+ -+ (y- 1) . � -+ -+ • 
} 

-h -2 8 rm - -4- H (2V sm 81- V) rm sm W , 1 I n  . . e c  r - rm e-•n q,, 
with 8 = (<Ix <!JI, O), because the terms {;' -;:,,}2, I ;, - � I n  einq,' are given bythe relatioships 

and 
-+ -+ .... -+ 1 ( -+ ... _)2 { r' - r:,,} 2 = { r  rm} 2 - ci" ( r  - rm) V (19) 

I ;, - ;� I " e-i••' = I r - r
., 

! • e-""' ( 1 + � (y-1 -1) (1 + e 2i<•-OJ>) ". (20)

The difference {; - ; m} is time-independent. 
i E' -+ _. -- y � (r V) The term e h c includes the drift-velocity. 
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The eigenvalues of the energy in the system S are given by the equation 

E = ± c y Vm� c2 + li2 (k; + 2 nB .,,- 1) -

The energy depends not only on the magnitude of V but also on the angle ,fJ. 

or 

3. Probability density and current

For the probability density we get 
... -e = 'I' ( r, t) "I'* ( r, t) 

e = { A , A; +  
(� 

::
. C 
(k! A, A; + 2n B ,,- • A4 A;) +

+ i kz V2n B y- l (A; A4  - A;A 3)} 1/'k> n (;, ;m) V'bn (r �) ?/'k>n (;, ;m) + 

The above equation for small magnetic field and large n can be written 

From the normalization relations�p 

we obtain that 
-A A• + A A* - .,,- i (E' + mo c2)

3 3 4 4 - 2 E' • 

(22) 

(25) 

(26)
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Inserting (26) into (24) we have 
= ,, - 2 B (" - 1 B 

R 2 (1 - v2 cos2 (<p - {})) ) n - ,,-;
B R2 (• - �: cos2 (ip-1') ) (! 2 n n' ! L: 2 c2 e , 

(27) 
where R =;  - �. The above equation represents the Poisson distribution withthe parameter 

or 

E = � R 2 l - c2 cos2 (<p - {}) •- 1 B [ v2 

] 
Points for which the density becomes a maximum are such that 

E = n 

( v2 ) - 1 2 
R2 = R'2 1 - c2 cos2 (<p - {)) = R' q,

2 2 n ( v2 ) - 1  with R' = B' and 1 - c2 cos2 (<p - {)) = q.

(28) 

(29) 
(30) 

For velocities V < < c the above equation is in agreement with the classical results. The transformation of R' 2 from the S' system to the S system is according to (8) 
'\1 2 - -

R2 = R' 2 + � (R' V)2 ,
-+ -+ where R' V = R' V cos (<p' - {)). Then we have 

for <p' = 2k n + {) ± _.:: that R 2 =R'2 and2 
for <p' = 2k n + {) 

(3 1)

(32) 

The above equations show that the projection of the electron orbit on the 
x' y'-plane of the S' system is an ellipse with minor axis b = y- 1 R parallel tothe velocity V and major axis a = R perpendicular to it.

From (27) we conclude that for V < < c the probability density tends to the nonrelativistic limit. For V -+  C, the density (! tends to zero. 
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The expression of the probability density in K-space gives some interesting results 
if we set K, = � R,, K, = - � R, and K: + K; = (�• )2

, 

then equation (27) becomes 
e = . -- -- 1 - - cos (<p -,, - 2 B ("- l B (Ko)2 ( V2 2 2 n n ! Lz 2 B c2 

- 1J) e --2- T 1- c2 cos2 (91-8) • ) n ,,-•B [(Ko ( v2 
)] 

The quantity (34) becomes maximum whenever 
K; = B2 R 2 = 2 n Byq.

(33) 

(34) 

(35) 

The above relationship for the classical case where y � q � 1, expresses the connection between the surface of a unit cell in Harpes K-space and B. The relationship (35) may be written as follows 
li 2 B where µ= 2 mo H is the Bohr magneton.

The probability current density is calculated by the form 
} = 1/J* (;, t) C � 1/J ( r, t).

4. Energy and angle between i and V

(36) 

(37) 

Equation (21) gives the energy of the electron in the system S. If the direction of ;: coincides with the direction of V Equ. (21) by ( 14) reduces to
(38) 

Substituting (36) in (38) and for small kinetic energy and V < C we have 
E = ± m0 c2 1 - --y I + . 2 2 

= ( y2
)

- 1 12
( 

li2 k: + 4 n µ H y-1 m o) 1 1 2 
c m0 c 
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2 /i
2 k; 2 H 1 2 = mo c + 2 mo  + n µ + 2 m0 V , (39) 

if we chose the positive square root. 
The above equation connects the energy of the electron to the magnetic energy a µ H, where is equal to the distance between two successive Landau energy levels 3>. 
The equation (21) for V < < C gives 

(40) 
with m = E:. Now if we consider that the electron has a small kinetic energy T < 

C < m0 c2 in the S' system we have m � m0 and we obtain
( li2 (k; + 2 B n)) 1 12 E' = ± c Vm! c2 + li2 (k; + 2 nB) = ± m0 c2 l + m o2 c2 = 

(41) 

where we chose the positive square root and We = e H is the Larmor frequency.m 0 c 
Substituting the equation ( 41) to ( 40) we take 7> 

The angle between 'i and V is given by
i v  cos ,l = ---

1 " 1 1  v 1 ' 

which by the aid of equation (14) can be written : 
(y - 1) sin 2 6 cos (:n: + 2 6) cos ,l = ((y2 + 2y - 3) sin2 2 6 + 4) 1 (2• 

(42) 

(43) 

(44)
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From (44) for V < < C we get I A I = ;  which coincides to the classical

result. For V � C dividing the equation (44) by (r - 1), we have 

cos l = cos (n + 2 t>) 
or 

I A I = n + 2 t>.

In the particular case {} = 0 (i. e when S' moves along the axis O x) it follows 

that I A I = n, that is the electric field becomes then antiparallel to V. 

References 

1) A. D. J annussis, z. Physik 190 (1966) 129;
2) A. D. Jannussis., Phys. Status Solidi 6 (1964) 217;
3) A. D. Jannussis, Diplom Arbeit (1958), Frankfurt/Main, Institut fiir Theoretische Physik;
4) I. Rabi, z .. Physik 49 (1928) 507;
5) M. Johnson and B. Lippmann, Phys. Rev. 76 (1949) 828; Phys. Rev. 77, 702 (1950);
6) G. Parzen, Phys. Rev. 84 (1951) 235;
7) Kyu Myung Chung und B. Mrowka, z. Physik 259 (1973) 157.


	Vol. 7 no. 4_pp177-186



