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Abstrace: Starting with the Fourier representation of the two body potential
and by partial integration over certain auxiliary variables, a simple proof
is given for the linked cluster expansion of the partition function. The same
starting point is also used to derive the functional integration form in both
space and momentum variables, leading to the Wilson Hamiltonian.

1. Introduction

Consider the partition function of the Ising model with external fields

Z =Trexp (-% %‘,. V(Ri —R;)s;s; + IZ‘, h s;).
The summation extends over all lattice sites R; where N spins s; are located, each
spin taking values from — S to + S. The potential V (R, — R;) between two
spins, which already includes the temperature factor f = (kT)~ ', depends
on the distance between two sites only and takes the value zero at the origin.
Therefore v (k) = v (—k), where

oo

V (R, = f v (k) exp (ikR,) dk = f ¥ q) exp (iqR,) dq

—0o geBZ
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and

¥ () =7 (q+b) =Y v(qg+b), where b is a vector of the reciprocal lattice

b
and ¢ runs over vectors in the Brillouin zone. Depending on the explicit form of
the potential one or the other integral representation is more appropriate.

Dividing the momentum space of the integral representation into M small

cells A (g,), replacing the integral with a sum and using the identity

f exp (—T + zu) du,

the following expression for the partition function emerges!’,

wal—

exp (% 32) = (27)

1
Zy = Trexp[3 A(g) v (g) T e®rs,) (T e~Rns,) + 3 hysi],
qe n m )

or

1
Zu = Trexp{ Ez A; v, [(Z sqc0s (g R,)? + (X susin (¢ R))?] + pX hysiy =
as n n

5

t=1 \& T $i=-8

* (%, cos ¢ Ry) + y, sin{q, RI)) + h)}.

M {1 a2\ N L2 1
= [ 11 (o andree TP T 3 expa(E 28y
i=1 a¢

Hence,
= sh(S+1)(F+k)
M 1 _len H\ N 5 i 1
Ly = f II (5__;;‘ dx, dy, e L )) ,H N 3 (1
bR Tt sh(Fi+ k)
where
1/2 1 .
F, =3 (2A;v,)* (%, cos (¢, R;) + v, sin (¢; Ry)). )
qe

/2
The sign Y, means that we sum only over one half of the integration space,

qt

the other half being accounted for through the factor 2 on behalf of the inversion
symmetry of the potential v (g); A; and v, stand for A (¢,) and v (g,), respectively.
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2. Perturbational expansion

In order to carry out the perturbational expansion of the partition function
in (1), let us introduce the polar coordinates r, @, through

X, = 7 COS @y

Ve =1 sing,.
Hence,
o 2n
1 M
Zy = f D, exp (— 5 b r§) VAR @3)
00 =1
where
M} N
Du= {1 {jrandp)s 20 = 11 2 F 4 1)
t=1 V&7 =1
and

200 sh (S +—;) x

sh—;—

1/2 1
F,= 3% (24, ,v‘)z 7¢ cos (¢; Ry — @y).
qe

The expression in (3) can be evaluated by successive partial integration over the
polar coordinates. Suppose that we start with the radial coordinate r,,

Zl(Fl+h‘)|rM=0+

- 08 {gu Ryr — pur)-

Another partial integration over the angle @, in the second term yields

oo 2x
Zu=2 + 2Ap ffD exp(——l-Zr’)zﬂ
M M-t M Mo 0 M 2 t ! n,m akﬂ akﬂl

+8in (g Ry, — @ag) $in (gae Ry — @ng)-
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Repeating the partial integration in both terms one has to keep only those con-
tributions which are nonzero in the limit as A, = 0. This is the case with the
terms which are multiplied by A, because of the additional summation in the
g, variables. The same is true for terms which contain the factor A,, A, since they
are included into a double sum over g-space. Such a term appears for example
after another partial integration of the second term in (4), yielding a contribution

gt 7

(ZA, vy) (24, v,)f mzﬂ -, o Tl OF, 3h -8In {qa By — giag)

- sin (gM R ?’w) sin (gr R, — fP;) sin (QI RD == fpr)' (5)

After setting to zero all of the functions F; which appear in Z° of Equs. (4) and (5)»
integrating over the polar coordinates and performing the corresponding inte-
grations in the g-space one arrives at the first three terms of the perturbational
expansion

2 70

02 Z
Z = ZO + A Rm _Rn
Z Y Z ah ah cos (qt( )) Fe

F=0 m,n m

+
0

+ = ! p)) Z A ?, COS (ql (R Rm)) Z A’vt '

2 Lm,n,p a

AAL
Re)) =, 3y oy By T =

+c0s (g (Ry — .

0% 2°

F=0 7’2 ( m n) ah ah" +

F=0

+ ..

F=0

1(1 V(R — Ry) 32)( V(R, — Rp).. 0o )zo
Tz 2 ) om, o) \ T 2V R = RO op 50

(6)

It is evident that the general expansion series can be expressed in the form

, M

Z= ”i(l s V@R, —R) .0 )pzf’
=Xz w = Re) o o,

m, n F=0

or, equivalently

> (7a)

2
Z= eXp ( > V(Rm - n)gh—'ah) z°

m,n
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which is identical in form to the Hori formula in field theory, and from which
the standard diagrammatic expansion of the partition function in terms of the semi-
-invariants could be derived. This follows. from the observation, that after asso-
ciating p different bonds with the p factors V (R) of perturbational expansion (7),
one can find the contribution of a particular disconnected graph by counting the
number of ways how to construct topologically equivalent graphs from p bonds:
If a given disconnected graph consists of #n;, #,, ..., n, different connected graphs
G, G, ..., Gp having py, p,, ..., pp bonds, it is evident that this number equals

P
PV IT Gl (ply) " (oul g

where g; stands for the number of permutations of p, different bonds which trans-
form a graph G; into itself. This is equivalent to the rule that InZ should be written

as a sum of contributions of all linked graphs, each being multiplied by a factor
g 2.

3. Partition function as a functional integral

The form in (1) is also very suitable for expressing the partition function
in terms of a functional integral. In this case it is convenient to introduce a norma-
lization factor

m]/ |
v = [T s aen (5 26 +50)

instead of the factor (2z)™ in the denominator of (1), what allows a very simple
change of integration variables.

As a first step let us rescale the variables x,, y, to

-1 -1
(Ay) 2x,(A;) 2y, and formally take the limit A, — 0

1/2

[Har@as@en(-4 w6 @+r @+

[en]

1
Z=%

+ 5 inZ, P+ b)), ®)

with

1/2
1

Fi=| (2v(g)? (x(g) cos (¢ R;) +  (g) sin (¢ Ry)) dg.
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Until now we did not specify if the Fourier transform of the potential
v (g) or ¥ (g) is either positive or negative. One should therefore allow for the
possibility that the functions F; contain both real and imaginary parts, F, = F; +
+ i Fr, whereas in the evaluation of the partition function only the real part of
Z° appears, the contribution of the imaginary part being zero after integration.
With this in mind the variables x (¢) and y (g¢) could be rescaled with a factor
(lv(g) | )*. Introducing -the complex functions o (g),

o(g) =x(9 —ty(q), o(—q) =0o*(),

expression (8) can be written in the form of a functional integral

z- f‘_@ o @1 exp (— %qu |21 () |a<q)a<—q>) ReI1Z, (Fi + h)

©

Fi= [ dgemmio(@+ [ dgemo(g), (%)
v(@)>0 v(g)>0

v =[ob@en (-4 [l @o@a-0). o0

The functional integration runs over complex functions o (g), defined on that
part of the momentum space over which the potential V' (R) is represented.

It is easy to change (9) — (9b) into expressions defined on the configuration
space

o) =[dge="a(a) o(g) =) [dre"o(r) (10)
or
o= [ dge'tia  (g) a(g) = 2m) ¢ T ™oy, (11)
¢€BZ Ri

These functions are all real. In the case that the momentum integration in (10)
extends only over the first Brillouin zone, the functions o (r) are specified as functions
whose Fourier transform is zero outside the Brillouin zone. On using (10), the
(9) — (9b) change into

2= [olsNen (-5 Cua [ arara it ¢ =)o)

- ReI1Z, (Fi + h)s (12)
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where
A (r—r') = (2n)'“)f dg "= (r[v™1 () |, (12a)
and

Fi=[drom@m™ [ dge-'™ +iQm)~* [ dgem'™yer.  (12b)

v(g9) >0 v(g)<0

In a special case, when the potential is short ranged and positive definite
(v (q) ~ a + bg?), the form (12) reduces after expansion in ¢ (q) or o (r) to the
Wilson model Hamiltonian. This has been already observed by Hubbard?, taking
different steps. The substitution (11) takes (9) into the standard functional form
which was the starting point of Hubbard’s work. One should also observe that the
continuous limit, when the lattice spacing is going to zero, S = 12, and after
expanding to second order in o (r), the expression (12) becomes identical to the
partition function for the classical van der Waals gas®.,
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Vsebina

S pomocjo Fourierove predstavitve dvodel¢nega potenciala je v prispevku
podan enostaven dokaz razvoja fazne vsote Isingovega modela v povezane gruce.
Isto reprezentacijo je mogoce uporabiti tudi za izpeljavo fazne vsote kot funkcional-
nega integrala. V primeru sil kratkega dosega sledi Wilsonov modelni hamiltonian.





