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1. Introduction
A high-energy representation for the scattering
amplitude is a suitable tool for describing a number of
properties of the hadron interaction at high energies

1,2))

(see reviews . In order to obtain the so-called

eikonal representation for two-particle amplitudes,
perturbation-theory series were summed in the four-
dimensional Feynman-Dyson formalismB) by use of the
quasipotential equation (QPE)l) and by the functional-
integration method in quantum field theory (QFT)Z).

In Ref.4), a high-energy representation for the
scattering amplitudes was derived in the framework of the

)

QPE5 using Fourier analysis on a three-parametric group of

horospherical shifts embedded as a subgroup in the Lorentz
group6'7). This representation has the form

-133d2

T(s,t) = -2isIe 3{d231<?1LPzexpE%EJGs(z)dz]|3>-1},

2% = -¢ . (1.1)
Here ﬁz is an ordering operator, in which the step functions

iaz
=i [ e
olz) = emi I ed-1-i¢ da

7'8), are used

obtained by finite-difference analysis
instead of the usual 6 functions; 63(2) is a quasipotential
operator in the space of "state vectors" |3>, with the two-
dimensional vector 3 = (pl,pz) being an analogue of the im-
pact parameter. Formula (1.1} is a direct relativistic

generalization of the eikonal representation of non-



A HIGH-ENERGY... 3

relativistic quantum mechanicsg)-

In this paper, a generalized eikonal representation
(1.1) for the scattering amplitude at high energies is
derived by summing diagrams of a covariant Hamiltonian

0)

formulation of QFT1 and diagrams of a three-dimensional

formulation of QFT on the light conell). We consider the
interaction Lagrangian ka) = g:?z(x)¢(x):, where ¥ (x)
is a "scalar nucleon" with mass M and ¢(x) is a scalar

meson with mass m.

2. A generalized eikonal representation in
relativistic Hamiltonian theory

We demonstrate how the usual eikonal representation
is obtained in the framework of a three-dimensional formula-
tion of QFT by summing generalized ladder diagrams
desdribing the scattering of two high-energy "nucleons".
The summation.is performed by the variational-derivative
method (see Fig. 1). To this end let us recall the basic
rules for construction of matrix elements. Suppose that
all vertices of a given Feynman diagram are numbered. Then .
the continuous dotted line of quasiparticles must connect
all vertices and be oriented along the increasing vertex
number. The internal solid lines of physical particles
are oriented in the opposite direction, along the decreasing
vertex number. The factor i—

27 k=-1ie
internal dotted line with the four-momentum Ak (A2=Ag-fz=1,

corresponds to each

A°>0) and the function &) (x)=6 (x°) s (k2-M?) (0 ) (k) =6 (xk°) x

xs(kz-mz)) corresponds to each internal "nucleon" (meson) line
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with the four-momentum k.
The sum of diagrams in Fig. 1 gives the following
expression for the amplitude on the energy shell

(1.e. when p,+p, = q,+q,)

(211)4'1'(91;923(11:!;2)5(pl+92-q1"q2) = (2.1)
-2
2 2, 2 2
= lim -M -M G
2 2 2 ifl—-l (Pi }qi Jmm (Perz‘ X2)G(P1rq1[xl,|xlux2=o r
Pjrqy+M

o

ipx=19X°G(x,x*|x) is the Fourier

where G(p,q|x) = Idxdx’e
transform of the one-particle Green function of a nucleon
in the external field x (x)SA(x)¢(x); it satisfies the

equation
2_,,2 . .
[ax-u -gx (x)JG(x,x",[x) = 6 &=x") .
The operators K and k¢, which involve the derivative
operators over the external fields A1(1=1,2) and ¢, have

the form

2
K,= exp(-1g° Idudv[e(ku-xv)b(-) (u-v) - (Av-Au)D +) (u-vﬂm1 o o)

“<°= sz EE%ET eXP{Je(Xz-Azl) 3315;;-dzl} '

) -
where D ¥ (x) = +1 (2w) p™) (k)ak 1s the negative-

3 j e:ikx
(positive-) frequency part of the Pauli-Jordan commutator
function. The operator “(¢appears owing to the presence of
quasiparticles in the theory.

The validity of formula (2.1) can be verified by
perturbation expansion using the following formal properties

of the ) function:
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(1) 6(x-x,)8(x=x;) = 0(x=X,;)6(x;-%5)+8(X~x%5)0 (x3-%,)

(11) 6(x)=x3) 0 (xy=X3) ...0 (X =X;)=0, n>2 ;

n (2.2)
(iii) o (x) = 6(x), n>1;

(iv) 0(x, -x; )o(x; -x; )...0(x -x, ) =1.
over all n! i1 12 12 i3 w in-l in
permutations

3)

Let us compare (2.1) with the analogous formula of Refs.
obtained by summing generalized ladder diagrams of the four-

dimensional Feynman-Dyson formalism (see Fig. 2):

4
(27) "2 (p) /P34, /9,) 80P +P5 8 ~qy) = (2.3)
2 2 2 2 24
= lim T (py~M7) (g M HKG Py 9, [B,) 6P, + T4 |A,)
o, P 1 20922306 (P 43y [A) Ay=ny=0 !
Pirql"‘M
where

2
K= exp{-ig2 Jf D€ (u-v) m dudv}

For the physical external lines, the relativistic
Hamiltonian scheme coincides with the Feynman one, the action
of the operator “% leads to the multiplication by unity,
and the chain of diagrams of Fig. 1 coincides with the one
given in Fig. 2, i.e. the relation (2.1) gives the same
result as (2.3).

inkihﬁ =0 approximation2'3) for the amplitude

T(pllpz;ql,qz)sT(s,t), we obtain the eikonal representation

ak, -ikB
2
T(s,t) = -Zisjdzbe-izg(eXp[%g—J i’.‘?.i_:l?]-l). B2=-e. (2.0)
(2m) ° m4k|

In order to derive the generalized eikonal representation

(1.1), let us examine, in the ladder approximation, completely
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reducible (CR) diagrams describing the process under con-
sideration (Fig. 3). In the ladder approximation, we call
a diagram a CR diagram if its irreducible components cor-
respond to one-meson exchange. (In what follows we omit
the words "in the ladder approximation” for brevity.)

th

For one of the CR diagrams of the 2n order in g,

depicted in Fig. 4 (the number of all CR diagrams that differ
in the way the vertices are connected by dotted lines,

is equal to 2"), one obtains the following expression

2n 2n-2 2n-1 dk.
N, _ + :
Tplsit) = 3o-1) I TodkgaT(ky) M g—fg x
(2n) j=° j=° b)
N TS “Akys) (2.5)
23+1 K29+1 ~AK2j .
j=0

§(82341 ~ B2ge2 T Ap54p T Akp4) 4
where k_;=p,+ k ZP5r kop 130y ¢ Kyp=dys Kko3ky KZnEK', A5=kj_2-kj.
When the integration is performed over k2j+2 (j=0,1,...n-2),

the expression (2.5) takes the form

" 2n n-2 (+)
Tp(sst) = T(a-1) J T [dkyyp 877 Oeggyq)
(2m) oo
x a¢*) (a +Ak ) %Lr] n-lil ]:D“" (&, +AK -x;c ) =
di
2j+1
) __jT] ' Ba341 = F ~ kpyupe B = aqpbqy o (2.6)
X241 €

Now, integrating over « 1 (j=0,1,...,n-1), we obtain:

23+
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n 2n n-2 C +)
n (2")3(n 1) j=o 2j+1 2j
dg ..
(+) ——2i+2
AT (Bage1 * Aka342) T e 1~
nﬁl 1 . 1 ]
jmo "2W2j+1  Kzj T Ayyup.touggey < 1€
2_,2 3z (2.7)

wzy+1 = (B2541) "h2541

All subsequent calculations are carried out on the energy
shell (k = k° = 0).
Suppose that at high energies (i.e. when s = p2+ ©,

t = (pl-ql)2 = const.), the terms sz in the denominators

of the type Kz.-XA of the integrand (2.7)

j 2j+1+w25+1
may be neglected (for a discussion of this approximation,

see the Appendix), i.e.

+ WS =-xAZ + W

2417 29+1 2j+1 (2.8)

K23 ~ Main
In this approximation the sum of all terms corresponding

to 2" ca diagrams is equal to

T _(s,t) = x J " ax 28 e AP gk Ly
n’ (2my 31} § o, 2341 25+1 29+177 2442

dk n-1
27+2 - L 2y
qusz'—iE jgo v[(k2j—1( ]k2j+1) 1. (2.9)

k K,k
- > .2 q F o> > 2 o 172
where V[ (k,(-)k,) = » Ky (F)k,= k- = [k .
Ly =3k me-(k -k,)2-1¢ 1 2 "1 M =1 M+k°1
1 72 2
We choose the four-vector A in the form
k,. + k,.
A = 2P1/2 = 2j+1 2; 7z - (2.10)
(P°) ((k2j+1 + kzj) )
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Then expression (2.9) in the centre-of-mass system

(1.e. 31=-§2=§, §1=—§2=§) can be written as follows

1 n- 2:I+1 :
T_(s,t) =‘ﬂ_J + 3
" (2my3 {071 j=o EeE2j+1{32j+ = iﬁ)I
n-1
= - -~ 2
x jgo ‘V[(kzj_l( Kp54q) 1 -« (2.11)
where E,.,, = (M2+§§J+1}1/2 = E_ = %+3%) 12,
dag., . =.dﬁj+_1 .
2j+1 E2j+1

Since high energies are carried by nucleon lines,

(i.e. the essential contribution in (2.9) comes from the
-1

regions 32j+1 v Eq), 2]+1(E2j+1 E _-i€)
can be substituted by E_ 2j+1 E -ie), so
n-1 n-2
-3(n-1), 1 2j+1

T (s,t) = (27) (z%-) J x
n EEq nﬂo 32j+1 Eq ie

n-1

2
x 1 vk, .,k T (2.12)
joo 25-1 %2540 7]

In order to find the asymptotics of (2.12), we

apply the technique developed in Ref.q).

BE =8, Ky 18 = X6 = BnE, Ky, = 0D a3

and taking into account relations dQ,. = dnx», we can
2j5+1 3

write (2.12) in the form
dﬁx

x vIR 1 X AvEE, (-ﬁz)z]...vdfl_l . {2.14)

=3{n-1) = {n=~1)
Tn[s.t) = {2m) (BEq) J
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Using the relations (fi(-)fj)2 = (Ii ] X;l)z (see Ref.4)),

we pass to holospherical coor@inates = (a,¥), Xj= (aj,yj)
a.
in (2.14) by use of the formulas EA_+Aj3 = Me J,
J
-a a 2a.
3 1 A2 b ) Y. = _ b ] 2V
E. =-A:. = Me + 5 Y5 e 70Xy = (A5 4A5), A0, = e -“dajdyy.
Ay T35 M T3 3 3,'73, j 373
Then we obtain

~3{n-1) ,4-2,~ (n-1) [ P! e aaa®, 2
T (s,t) = (2m > qeg)” " n [——4—3] nva@:,
n q =1 ai j=1 3j

e -1 - ie
(2.15)
- P "‘1 -, -1
where =% ® ill, Kz ;'Kl o Xz {f'.’.zn-l = Xn_z (-] Xn_l '
E:=3_,.
The definitions of the operations (+) and ® are given
in Ref.7), for example. We have chosen 3 in the form

a = (0,0,q) and have taken into account the fact that

the following approximation holds for s>>M2,|t|
E

Al a.
3 3
3 - = +A. d ——l——-—— = -1 .
;03 T Fq (EAqu A /M Eg 2 Eq(— 1) = Eqle )
S:nce A= (aé,?i) (k=1,2,...,n), then a£= -y T v
W

X " . v, _ v
Y = e (Yk-l - Yk) when 1<k<n-1 and a S a7 Y = Ypo

when k=n, where by definition a_:za, $°E¢. Using in (2.15)

o
the operator Fourier transformation on the group T(3)
L . Vo 2%(3) 12v(3) ~(3) 1§ v(3j)
V(Aj)=V(aj,yj) = Idzjd p,"'d%p <p, lV(zj)lp > x
- N a(j) -
-iasz.-iy:p -as
xe 33713 3

and performing the integration over all $j' we arrive at

the expression



12 MIR-KASIMOV et al.
]
Tpis.t) = (1GﬂE§)-{n-l) e 2 I e~ 179 de x

n-1
i ] a; (zj J.+1)-:I.azl

n-1 |e i=1 daﬁ
xJII 3 -
i=1 ed -1 - ie

-~ -a.

x I M az, a?3 {1 <3{3’|v(=jii3e 3> . (2.16)
j=1

Taking into account that in the high-energy regime the rela-

tions a}o, Yak, |t|%¢2 hold and performing the integration

over aj (j=1,2,...,n-1), we obtain the representation

_ Y1 2%42% ~ o _
T (8.t} = -2is J d“p 1( 2 J 8(2;-25)...08(z, ;-2 ) X

<8y IViz)) .. Viz) ) [B>dz,...az (2.17)

Thus, we have demonstrated that the summation of the chain

of diagrams (Fig. 3) at high energies leads to the re-

presentation (1.1) for the amplitude T(s,t) = Z Tn(s,t),
n=1
which was derived in Ref.4) from the QPE.

3. A generalized eikonal representation in a three-
dimensional formulation of QFT on the light cone
According to the diagram technique of a three-dimensional

11)

formulation of QFT on the light cone + the dotted line cor-

responds to the four-momentum uk; here the four-vector u,
in contrast to the four-vector A, is light-like: 2=u§-u2=0,
Ho>0. In this case the CR diagram of the 2nth order in g,

depicted in Fig. 4, can be expressed by the expression
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2n n-2 +
Fplset) = T )gTE=TT I R dk2j+1“(+)‘k23+1’°( M8y 41t 2g02) ¥
)~ j=o

d dk

Kns n-1
25+2 (+) - 2j+1
x —=d¥e ARV S T TS =— .  (3.1)
K2j+2 Te jgo 23+1 2j+1 2j+2 K2j+1 ie
When we perform the integration over Kj (j=1,2,...2n-1),
instead of (3.1) we obtain *)
" 2n nﬁ2 } (qu +1)
T {s,t}) = — I dk 5
n (2n)3‘n 1) =0 29+1 2]+1
n-1 8 luds s, y)
x I 23-1-12 I 1 (3.2)
j=o M%-4" 2ub5. .|
Kpq + 2j3+1 _ ie 2j+1
3 2uAz

2§+1

_ 2_,2 . _
where K, = M A2j+1)/|2"A2j+1|’ j=1,2,...n-1.
Suppose that at high energies the terms sz in the de-

. 2_ -
nominators of the form K2j+(M 2J+1)/|2uA J+1| may be neglect
ed (cf. with (2.8)). Then the sum of all terms corresponding
to 2" cr diagrams is equal to (in the following k = k“= 0)

T (s,t) = (2m) 327D J I dk2j+l

n-1
x jgo vLtkyy., (=Vkaqep) 2] (3.3)

In (3.3) it is convenient to pass to the centre-of-mass

- system (§=0), where

* Cd
)As it is known, the points uA2j+1 = uA2j+1 = 0 do not con-

tribute in (3:1) (see Ref.ll)).
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- -3(n-1) -(n-1) | P72 9954
T (s,t) = (2n) (8E) J L e L S

X
j=o E2j41 ~ Eq

n-1
- 2
x G(ZEq E2j+1+ﬁﬁ23+1) jgo Vttizj_l (-)izj'l'l} J: (3.4)

-
b AT | B
¥o
In the high-energy limit, i.e. when 2Eq = /s + », the 6
functions in (3.4) can be replaced by unity. As a result,

the expression (3.4) for Tn takes the form

n-2 daQ

 gF— L e

T (s,t) = (2n)’3(“'1)(ena)’(“’” J
- j=0" 2j+1 q

n-1 N 2
x jgo VIRygoy k541270 (3.5)
which coincides exactly with expression (2.12) of the
preceding section.
Thus, we again obtain the representation (1.1) for
the scattering amplitude; it differs from the usual eikonal
representation (2.4) due to a more complicated dependence
of the phase function on energy and potential. For example,

in the case when the matrix <31|G(z)|3> = § 61-3)vs(z,3)

is diagonal, the logarithmic dependence arises4'7)

T(s,t) = -4uis ] pdpJo(J=E 0) {e
o
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Appendix

In deriving expression (2.9) we used the approxima-
tion (2.8), which is analogous to the:approximation
2,3)

Z kikj =0 . It can be shown that in this approxima-

tion the asymptotics of the amplitude is conserved. The
)

conservation of asymptotics consists in the following12 ’
N

Let Tn(s,t) be the exact contribution of CR diagrams of

the 2nth order in g to the amplitude, and let Tn(s,t) be

in the approximation (2.8). Then, as s + =, t = const.

?i'n(s,t) + a(t)B(s),
(a.1)

T,(s,t) + a(t)B(s) .

If B(s) = E(s), then the asymptotics does not change,
though a(t) and &(t) are different.

For example, let us consider CR diagrams of the
fourth order (Fig. 5); they give the following contribution

to the amplitude:
Ty(s,8) = const [ 8 ™ ac10™ 0™ (@) x

3 dg
x jH K—"}.E Lﬁ (ql'k+q'+h(2‘ll<3) L3
=1 ]

x 6(k-p1+p‘-XK1)6(qz-k‘—q‘+lk3)+6(ql-k-q‘+AK3) x
x G(k-pl-p'+AK1-AK2)6(qz-k'+q'+AK2-AK3) +
+ G(ql-k+q'+XK2-AK3)6(k-pl-p'+AK1-AK2)6(qz-k’—q’+xx3) +

+ 6(ql-k-q’+kk3)6(k-p1+p'—xx1)6(qz-k'+q'+AK2-AK3)] x

X

dkdk® dp dq” . (A.2)
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We write the relation (A.2) in the form
e
ths,t) = Th{s,t) + Az(s.tj . (A.3)

Here %2 is defined by formula (2.9) with n=2, and for the
case when A is taken in the form (2.10), A, in the centre-of-
mass system has the form (Eg = (m2+x2) 1/2 )
A,(s,t) = -const j Sﬁ& { 3 ) . 3 2
Eg By [n°- (k-af)-e] [B2%y - (Eg-Ey) 1]

+

1
+
Eg_y [~ Oc-p ) - 1] [B 75 - (B -Ey) 1€]

} -

1
P - '2_ o _ - ’2 - - _2—-
EP_qu_k[Eq_k (B, Ek}§ ie] [Ep_k {EgEy) ie]

The approximation (2.8) implies that the terms An(s,t) =

Tn(s,t)-Tn(s,t), n>2 (see (A.l)) are neglected. Here we
demonstrate that the asymptotics of Az(s,t) is of the form
1/s. Because of (2.13) and the relation

E_E, + PX 2 .2

- 2 2,1/2 _ pk = )
Egpp = I +E0B’] = RBX—,  (pP=kan) ,
we have

mz- (k-ql)z = Eq'fk - (Eq-Ek)z = f(X) ’

n?-(epy)? = B2 - (BB ? = £EO)D,

where £(k) = 2MEk+m2-2M2 and when s>>m2.]t[,M2

E +A
22 .2 _ 3
Epx % Eglg X Eg f1 —ln— | .

Consequently,
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P i M E 4
A, (s,t) = - const J —M 2+sign(1 - _A_3) (A.4)
275 s L Y TE [ w]

which is proved.

In the same way we gag prove that omission of sz in the
denominators of the integrand in the expression (3.2) does
not change the asymptotics of this expression. Indeed, con-
fining ourselves to the CR diagram of the fourth perturbation-

expansion order (see Fig. 5), we obtain the following expression
8 (uP-uk) agg

x
R T Grmg oie] - py oa]

ﬁ(upl-ukletuk-uql) ﬁ(uql-uk)B(uk-ppl)
K, + x, = ie + + Kk, = le +

A,(s,t) = -const J

x{

1 > K2 3
+ e(uk-uql)e(uk‘upl)[K +:—-ts *+ % +i -1e ~
1772 273
Koy ]}
_ _ (A.5)
(K +Ry=1E) (K ¥Ry ie)
2 2 2- (epy)
m‘~ (k-q, ) _ m%- (p-x)2 > -y

where k

1" k) %2 T me-n K T Weh)
As above, we orient the vectbr a along the z axis and the
vector R against this axis. Then, at high energies in the
centre-of-mass system, we obtain the relations uqlguplngqfuP
and the integrand in (A.5) vanishes. It means that with
Eq + =, the asymptotics of Az(s,t) is smaller than that of
T,(s.t).

We may draw the following conclusion. In deriving the representa-
tion (1.1) we.took into account only some generalized ladder dia-
grams (in contrast to the eikonal representation where all

dgeneralized ladder diagrams are used). In spite of this, the
asymptotics of the amplitude is not changed since the sum of all
omitted diagrams dn each 2nth order tends to zero as l/s .
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VISOKOENERGETSKA REPREZENTACIJA U TEORIJI

RELATIVISTICKOG HAMILTONIJANA
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Dubna, SSSR

SadrZaj
Dobivene su reprezentacije amplitude rasprfenja kod
visokih energija, sumiranjem dijagrama u formulaciji
kovarijantnog Hamiltonijana u kvantnoj teoriji polja
te dijagrama trodimenzionalne formulacije kvantne

teorije polja na svjetlosnom konusu.

* Mati&na ustanova: UdruZeni institut za nuklearna

istraZivanja, Dubna, SSSR.





