
FIZIKA 10 (1978) 41-SO 

REMARKS ON THE LIOUVILLE 

EQUATION 

A .  JANNUSSIS , N .  PATARGIAS 

YU ISS 0015-3206 

Dept. of Theoretical Physics., University of Patras 

and 

L. PAPALOUCAS

Dept . of Mathematics, University of Athens 

RECEIVED ·28 APRIL 1977 

REVISED MANUSCRIPT RECEIVED 30 JUNE 1977 



42 JANNUSSIS et al. 

Ab s tract 

. In the preir"ent  p aper .w e  de a l  w i th ce rt ain re mark s  on the 
Liouvi ile e q uati on an d we de fine gene ral s oluti ons dep e n di n g  
a ls o o n  t i me . From th e s e  s ol ut i on s  res ult s uch one s  th at h ave 
phys i cal me aning an d c l os e  re lati on w i th the ph as e for any 
Hami ltoni an functi on . Then w i th the h e lp of th e n ormali z at i on 
conditi ons of a dis t rib uti on i n  the ph as e sp ace for quadrati c 
forms of the H ami l t on i an fun cti on we als o ·fi n d  ti me fluctua ti on . 

1 .  Int roduct i on 

In a previous pap�r of Jannussis - Papaloucas l) the Poisson �quation 
of motion 

dF dt :{f ,H} ( 1. 1) 

was studied,  and certain solutions of the following form . 

F(q,p) = F0 (H)eiU (q ,p ) 
( 1. 2 )  

- 1 
were found whern the function U (q ,p )  = "' f  dq( a

a

H
> is the phase and the . p 

integral. e>etends over the surface of H = const .  
Acc�r�ng to the ioothod applied i n  l) . 

for the Poisson equation we 
shall wonc in the present paper with the solution of �e Liouville equation 

ar 
at 

+ {F ,H} = 0 ( 1. 3) 

Jannussis and Brodimas 2 > as well as Contopoulos 3) have already wor­
ked on the above equation asking to define integrals �f motion for a spe­
cial case in which the Hamiltonian f\Dlctio11 is a peI'i.odic function of tiioo 
and the coefficients are polynomials in (q ,p )  of ·the same degree as the 
order of perturbation . 

In the case where the Hamiltonian function does not ·c1epend on · tiioo 
we consider q ,p , t as independent variables . Then the Liouville equation 
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( 1. 3 )  has a solution of the form 

and the new fl..'l:ction ,f (q ,p) . satisfie� the eigenvalue equation

iwf(q,p ) + { f  ,H} = 0 1

43 

( 1 . 4 ) 

( 1. 5 ) 

wh.i ch is a linear differential equation of first order with partial deriva­
d.ves , the solution of whi ch  will be of the form 

( 1.6 ) 

where H = const . 

Therefore a solution of the Li ouville equation depending on time 
will be of the form 

[ 
3H - 1

] ica> t - f dq(-) • 
F(q ,p , t )  = r0 (H)e ap ( 1. 7 )  

Now w e  c an  easily prove that for an ari>itraty Hamiltonian function 
H(q ,p ) the solution of the Liouville equation ( 1: 3 )  has the following form 

( 1. 8) 

where U is an arbitrary function . 

Solutions of th� form ( 1. 7) have physical meaning because the exp�s-
3H - l sion II) J dq <r> represents the phase .
p

2 .  Ph as e p rope rt i e s  

T o  mak e  things siq>ler, we will restrict our problem t o  th e  siq>le 
classical description starting from the energy theol:'em 

2 
E : L  +V (q)2m (2 . 1) 
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For the Hamiltonian (2. 1) , the ph�e ip is given by the foll01-1ing 
relation 

q, = wm f S p 

which because of (2 .  l) takes the form 

or 

where t = f pdq 

(2 . 2 )  

(2 . 3 ) 

(2 . 4 )  

( 2 .5 )  

is the phase integral which was of great importance for, the old quantum -
mechanics 4 ) . 

In the case we consider the phase is an integer multiple of :21t !" that 
is 

q, = 2m , n :: integer ( 2 .6 ) 

then the eigenvalues of CIJ are given by the relation 

(2 . 7 )  

an d  the limits in th e  above integral are taken from th e  relation 

(2 . 8) 

For the simple case of the harmonic oscl.llator V (q )  = � w�q2 , the re­
lation (2 .6 ) lead to the following tesult 

nc,Jo 
(I) = 21t -----=---t2 d(,J{ "'oql

q1 
�1 - c {-!f  woq>2 

(2 . 9 )  

oro finally 

( 2 . 10 )  
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We come to the same conclusion ; if we consider the eigenvalues 
Liouvi.lle equation ( 1. 5 )  for the case of the harmonic oscillator, that is 

which in polar coordinates 

takes the form 

• f 3f - o
i<i> - (l)o a� -

and has the normalized solution 

with the eigenvalues 

(2 . 11) 

(2 . 12) 

(2 . 13) 

(2 . 14 ) 

(2 .  lS }  

Generally , the condition of the eigenvalues does not hold , and the 
Liouville equation fol' the case . of the harmonic oscillator has the folla,ing 

sol�tion according to (l. 8) 

F(q,p ,t ) = r0 (H) u (wt -t � arctg ..L) •
(1)0 !llcllq 

For the special case w = �O and

{2 . 16 ) 

(2 . 17) 

we c� to known solution 5 ) ,  which for the case of quantum mechanics leads
5-7) to the ph�e operators : 

If except the above found solutions of the form F(q ,p , t )  we wa;nt to
define such· ones ·that will aldo satisfy the condition of normalization on 
the phase space and will depend on the tiuie .  Then· we Cilll assume certain 

time fluctuations for the case w�en the Hamiltonian function is a polyno-



46 JANNUSS1S ct al. 

mi.al in second order as for as q and p are concerned. Such solutions de­
pending on time in the phase .space and being also normalizable , was applied 
recenti� in the "Rate Theoiy of Solids" a) not onl� classicaly· but also
quantum mechani cally . 

Since the Liouville equation for the case of quadratic forns coinci­
dens with the Wigner equation 9 ) , it is expected that the results can be
explained both in classi cal or quantum mechanical way . 

3 .  T i me f luctuati on 

In order to find time fluctuations we will examine both the case 
of the harmonic os cillator and the case of electrons in a uniform magneti c 

field. 

For the harmonic os c:i:Uator the I4ouvil.le equation is of the form 
(2 . 11)  and admits , according to the known facts lO ) , Bol.tzmann distribu­

H 
- kTtion as a stationary solution that is e , where k is Boltzmann cons-

tant and T is the absolute temperature . 

If for the equation (2 . 11) we ask a solution of the form 

H 
- kT + a(t )p + b (t )q

F (p ,q , t )  = c e  , 

whi ch  will fulfil! the normalization condition 

f F (p ,q,t)  dpdq = 1

( 3. 1) 

( 3 . 2 )  

then by substituting ( 3 . 1) to (2 . 11) i t  follows. that the �unctions a(t ) 
and b ( t )  satisfy the Hamil ton 's eq uaticim1 cf motion of the harmonic os cil­
lator, that is 

with the knCMn s ol.utions 

db = mllfa dt 

a(t) ;: i\) COS
0

(Cl>t + q,) .  ' b (t )  :: �C&Jm sin(llrt + q,)

which yield to the follCMing relations 

( 3 . 3) 

( 3 . 4) 
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( 3 . 5 ) 

In the s ame Wa:J from the normalization condition ( 3 . 2 ) the constant c 

takes the value 
m 

l.ll - 2 kT�
C : 21tkT  e ( 3 .6 ) 

and the solution we seek ( 3. 1) takes the form 

- ..!:. r..!..(p - nkTa(t ) )2 +�  i (q -4 b (t ) )21 kT L2m 2 IIXI.)" J ' 
F(p ,q, t) = 2u�T e ( 3. 7) 

kT .where the quantities kTa ( t )  and � b ( t )  correspond to the average value 
1l¥&l 

of· the velocity and the mean path and their values are periodi c functions 

l
kTa · 

1 of time ·ar;d f�uctuate between l kT� j and 7 
In th� s ame way we alsc study the case of ele ctrons in an uniform 

magneti c  field H parallel to the z axis and with a symmetric Vector poten­

tial . 

The Hamiltonian function in this case OS gi Ven by the re lation 

-p 
H : 2m , 

+ + e + + 
p = (p + _: I\ (q) ) , C 

where .1 represents the generaliz.ed momentum. 

The Liouville equation takes the form 

( 3. 8) 

. ( 3 .9 )  

eH where (I) =  2mc is the Larmor frequen cy .

Following the same way we used for the harmoni c .os cillator ( 3. 1) , we

find that the normalized s olution of ( 3. 7) is the fol.J.owing 

FCP, t )  = (2..!kT) 
a/

2 

exp {- 2,;ltkT [� l - mkT
"o 

sin (.,t + � ) · 2 +

+ �2 - nkT
"o 

cos C  .. t + f )) 
2 � p;] } • ( 3 .  lO )
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The above distribution is a generalized Maxwell distribution in the 
space of generalized momentum, the average velocity of which is a periodic 
function of time and has coordinates (kT�sin (wt + q,) ,  kT� oos ( wt + cp) ,O )  

and changes from -�kT to �kT . 

The distributions we found in ( 3. 7) and (3. 10 )  are positive and hold 

for, any time . 

The?'e is a lot of intel'est fol' tbe case of the hamonic oscillato:r 
disturbed by a function of the form aC.t )p + b (t)q, th�t is the Hamiltonian 

function depends on time , and is of the form 
2 m 2 2 H(p ,q ,t ) = �

_
+ 2 w q. =J. a(t )p + b ( t )q ,

whel'e the corl'espondent Liouville equation is 

ar r. 2 ar n I \ ar 
at = \.IIUi) q + b (t )) ap - (; + a(t)., 3q • 

The equation ( 3 . 12 )  has .the folladng solut�on 

F(p ,q,t)  = e 
1 2 m 2 2 - kT Cri; + 2 w q ) + A(t)p + B(t)q + c(t )

( 3 . 11) 

( 3 . 12 )  

( 3 . 13)  

when the time dependent functions A Ct ) ,  B(t)  and c(t)  satisfy the following 
system of diffel'ential equations 

� + .! B + b ( t )  : 0 dt m mkT. ' 

1 dB ,.,2A _ w2a(t )  m dt - .., kT = O '  

g£ + aB - bA = O • dt .· 

( 3 :14 )  

From the first two equation of the above system we get the following 
solution 

A( t) • A0 C<JS"'1: + A 1sinoit - .i!r } �.,( t-t ')b ( t ')+-inw( t-t ')a( t '� d1: '
0 ( 3 . 15 )  
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i B(t) = A0.,.ino,t - A1o,ccs,.t - k; J riru.i(t-t ')b (t ' )-... coso,(t-t ' )a(t ' )] dt '
0 ( 3. 16 )  

an d  we cbtain the function c(t )  by siirq,le i.ntegration respect to time . 

·If the functions a(t) an�. b (t )  are bounded for all values of time ,

then the s olution ( 3 . 15 )  has meaning and the distributiou ·( 3 . 13)  is po­

siti.,,.e . 

In the case for whid1 the functions a(t)  and b (t )  are bo\Dlded and 

also periodic functions of time with period �lt , it is possible to h ave  
-o

. cases_ for .which for certain relation between C&> and w
0 

the ft·olutions of the

form (3 . 13)  are both periodi c functions of time and integrals of motion 

according to the meaning mentioned in 3 )

For the special case 

(3 . 17) 

the solutions ( 3 . 15 ) ,  ( 3. 16 ) yield 

2 2 • � WO + w  [
]A ( t )  = A0 coswt + A 1sinwt + kT � 

L
cosw

0 t - cos wt 
(1)0 � Cl) 

( 3 . 18) 

i, B(t) = A0wsinwt - A1wsinwt + . �
2 [2w0C&>Sinw0 t - Cw� + w2 )sinwi

kT(w0 - w ) )3 . 19 

and 

( 3 . 20 )  

From the above solµtions we obtain that for ·w = kw0 , k � 1 and

integer we get periodi c solutions with period � • 1'he case w2 = w� has

meaning but it does not give periodic solutions . 
8) Mol"e details about time fluctuations we can find in Weiner•s papers 

and his contributors , especially for the case of interstitial diffussion 

as well as for the study of Schrodinger - Langevin equation . 
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