
FIZIKA 10(1978) 81-84 YU ISS 001 S-3206 

Green 's Function in Phase Space 

A. Jannussis , N .  Patargias and G .  Brodimas 

Department of Theoretical Physics , University of Patras 

RECEIVED S MARCH 1977 

Green's function is defined in phase space with the help of the eigenfunctions 
and eigenvalues of the Wigner operator and it can be proved that this function is 
the Fourier transform of the phase propagator. 

As it is known]) , phse space is described with the help of the Wigner opera
tor W(q,p ,-f ,aa ) ,  of which the eigenf�ctions , which coincide to the eigerfunctions . q U> 
in phase spece2:1 , as well as it 's eigenvalues are known. Consequently , fron the 
usual! definition 3 ) , G�en 's - function for Wigners operator in the phase space ,
will be of the form 

+ , + + + limG(q ,p ;q,p ,E ) :  
n-t0 n,m 

' ( 1) 

where cp (q,p) are the eigenfunctions in phase space· and are defined with the help n,m 
of the eigenfunctions of Schrodinger V (q) , in the following way ,. n  

The relation ( 1) can be written also as 

· 
[ 

it [E-E +E +in]
+ , + . + + lim 1 \" . 1l m n + + + + · · G (q ,p ;q ,p ,E ) = -" itl L . e cp: m (q',p')cp m (q ,p)  dt •

,,,v n ,m o ' n ,  

(2)  

( 3) 

The above equation , from the definition of the Wigner propagator in phase space. 
takes form 4' 5 )

, CD it [ 1 
+ , + • + + lim 1 J T Eti nJ -,

+ + + G(q ,p ;q,p ,E ) = rr+0 iti e f(q ' ,p ' ;q ,p ,t) dt ' 

where the Wigner propagatoI' is given by the relation 

f(q• ,p• ;q,p,t) =

(4) 

(S ) 
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and ,Cq "  ,p,t) represents the corresponding Sc:hrodiPger propagator, 

A simple is the case of the free particles , where the propagator of the \Jignei
operator is given by the relation 3 )  

+ + + + + + + , 
f(q ' ,P " ;q ,p ,t )  = 6 (q - q '  - � t )  6(p - p ') (6 )  

and then Green's flDlction of the free particles in the phase space , because of (�) ,  
will be of the form 

m it rE • :, 
+ + + -4· lim 1 J 

ii L' +i TIJ + + i:_ + .. 
G (q ' ,q ' ;�,p ,E ) =

rrtO il1 
e 6 (q-q ' - m t ) 6 (p-p ' )dt 

. 0 
iEm ( .. ) . , , , , 
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P1 P2 P1 Ps 

(7) 

We get sal!W! ·res ult ,  if use 
. . :the eigen�uncti:on�

. 
and eigenvalues of the . Wigner 

operator for the free particle , which are 

( ... ... .. + + 
' k,k (q,p) = e1 k-k )q 6(k+k '+ t> ' 

w = 11
2 

(k'2 -k2 ) 2m •

Because of -t.he definition of Gnt:en ;s function ( 1) we will have 

i (
+ + ,) (
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After integration arround the pole 

we get the result ( 7) . 

( 8) 

(9 ) 

( 10 ) 

( 11) 

( 12 )  
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1.nother example is the case of all quadratic forus of the Hamilton operator, 

for which the Propagator of the Wigner operator has the following fom: 

+ + . + + 
� 

+ J f:!' + ] f(q " ,p " ;q,p,E) : 6 Lq-q(t) . 6 1J'-p(t } ' (13) 

where q(t ) and p(t )  are the solutions of the canonical Hamilton equations ; and 
+ ·+ q ",p " , azie constants of integx,ation . 

Fer these cases Green 's function (6 ) is written 
Et 

+ + .. + + 1 
I 

i
1r r+ + l � + ] . G(q " ,P ,q ,p ,E ) ·"'ih e 6 q-q(t ) 6 LP-p (t )  dt • 

In the case of free particles , we have the solutions 

+ + t + .q(t) = q .. + - p ' m p(t )  = p "  

and Green 's function coincides with ( 7) .  

0.4) 

(15 ) 

'lbe same occurs when a uniform electric field is present ; we have then the 
solutions 

and Green 's functio1; takes the form: 
E (p1-pi) 

i etlF 
G(+ .. + .. + + E )  

1
q ,P ,q,p , "' e  

2
+ + t et1 * 

• 6 (q-q .. _ -l p" - - d m 2m 

for 
P1 :-Pi 

t = -- . 1 eF1

+ + *
p(t) : p "+ et· t (16 ) 

( 17 )  

Also,  in the cas e  o f  the spherical harmonic ·os cillatol', the solutions o f  the 
Hami.ltons equations are of the fol'JD: 

q(t )  =· q "  cos wt + p ' sin wt 
m w 

p(t )  = -q "  QA> sin wt + p "  cos wt 

and Green 's function takes the fol"lll: 

( 18 )  
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1Et 

G (-+ • +. + + E )  1 [ 1i q ,p ;Q.,p , "' i11 e 
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+ + + · sin · wt + -+ .  + .  l 6 (q-q 'cos Cl)t ... p • -)6(.p-p cos ci,t + q mw sin wt dt•. m ca>  
(19 ) 

In the same way we can study the ".ase of free electron in a uniform magnetic 
and electri c field and other quadratic forms of Hamilton operator, for whidl the 
Wigner opera�or coincides the Liouville operator ? )  
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