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The paper presents, the numerical investigation of electrical
double layer (EDL) effect on thermal elasto-hydrodynamic
lubrication (EHL) line contact problem. The precise mathematical
model consists of modified Reynolds, film thickness, load balance,
and energy equations along with appropriate boundary
conditions. The numerical computation of the problem involves
apparent viscosity along with viscosity-pressure-temperature and
density-pressure-temperature relations. The second order finite
difference approximations are used to discretize the governing
mathematical equations. The resulting systems of non-linear
algebraic equations are solved using Newton-generalized

minimum residual (GMRES) method with Daubechies D6 wavelet
as pre-conditioner. The temperature grown freely in EHL contact
area, the influence of temperature rise on EDL effect is studied in
detail. The results illustrates that, film thickness increases with
increase in EDL effect. The minimum film thickness for isothermal
case is larger as compared to thermal film thickness and
temperature escalation in contacting region reduces the film
thickness. The EDL effect enhances fluid film thickness, while
temperature rise in the contact area reducesminimum film
thickness. Comparison between isothermal and the thermal results
are presented in the form of figures and tables.
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1 Introduction

Advances in science, technology and materials research have led to the use of ceramic materials in the
construction of many machine components such as cams, gears, etc. These material surfaces are less rough
compared to other material surfaces. The separation between two ceramic materials requires a thinner film
thickness, resulting in a thinner lubricating film thickness as the effect of the electrical double layer is greater;
this phenomenon is known as thin film lubrication (TFL). The decades of studies show that TFL reduces the
friction coefficients of ceramic materials by a thin water film of 30-40 nm thickness [1], as water is readily
available and environmentally friendly by nature.

The rheological properties of the lubricant in TFL differ from those of thick film lubrication. All these
aspects raise attention and help to understand the phenomenon of electrokinetic effects induced by EDL. Prieve
and Bike [2] deliberated the electro-kinetic repulsion between two charged bodies undergoing the sliding
motion. The study of lubrication analysis for bodies bearing thin double layer while considering squeeze and
sliding motion was studied by Bike and Prieve [3]. Luo et al. [4]experimentally deliberated the difference
between EHL and TFL. Zhang and Umehara [5] analyzed the hydrodynamic lubrication problem lubricated
with water and presented the modified Reynolds equation. The effect of EDL on flow characteristics of dilute
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aqueous solutions in small micro-channels was discussed by Li [6]. Ren et al. [7]considered the electro-viscous
effect on fluid flow in micro-channels. The magnitude of additional flow resistance caused by electro-kinetic
effect in micro-channels was discussed by Ren et al. [8]. Huang et al. [9], and Wong et al. [10], numerically
studied the consequences of hydrodynamic and Elasto-hydrodynamic lubrication (EHL) problems. Li [11]
discussed the surface roughness on EHL with thin EDL for sliding of one charged body past another in an
electrolyte solution. The effect of EDL on TFL was demonstrated experimentally by Bai et al.[12], further
derived a complete mathematical model to understand the electro-viscous influence caused by EDL on friction
surfaces. A series of experimental and theoretical investigations are accomplished by Shaoxian and Ping [13],
Wang et al. [14], and Bai [15] to realize the outcomes of EDL on lubricating film. The small dimension effect
like EDL is mainly depends on the size of film thickness and lubricant properties were noticed by Wen [16].
But the practical problem is more complex, even though a rigid surface undergoes elastic deformation when
they are subjected to high pressure. As compared to hydrodynamic withEHL theories, it predicts that, larger
film thickness under the same operating conditions. Chen et al. [17] explored the EHL line contact problem by
considering EDL effect and noticed that, EDL has significant impact on film thickness. Awati et al. [18]
deliberated the effect of EDL on EHL line contact problem with surface roughness and predict that, EDL has
less impact on pressure and significant impact on film thickness. In most of the frictional work heat is produced
due to scraping of surfaces. Because of this phenomenon heat is generated within the contact region that affects
the performance of the machine components. Thus, it is important to consider the effect of temperature while
analyzing EHL problems. The consideration of temperature effects in EHL analysis dates back to 1961. in
1961, the Newton-Raphson method for predicting temperature effects in EHL problems was studied by Cheng
and Sternlicht [19].

The formula for calculating the minimum layer thickness was presented by Ghosh and Hamrock [20]. The
Newton-Raphson method is used by Sadeghi and Sui [21] to study the behaviour of temperature in the EHL
line contact problem. Salehizadeh and Saka [22] analyzed the temperature effects in EHL problem by
considering non-Newtonian fluid with rolling/sliding conditions. Many researchers examine the effects of
temperature on EHL problem with different physical models, techniques and lubricants [23], [24]. Liu and
Yang [25] deliberated the thermal effects on finite EHL line contact problem. Yang et al. [26] studied the
starvation, thermal and non-Newtonian behavior of EHL line contact problem. The numerical solution of
thermal EHL point contact problem was studied by Habachi et al. [27]with Newtonian as well as non-
Newtonian fluids. Carli et al. [28] scrutinize the thermal EHL point contact with rolling/sliding condition
through numerically as well as experimentally. The effect of temperature on EDL and EHL point contact
problem was discussed numerically by Zuo et al. [29]. The fatigue life of machine components in point contact
EHL problem was explored by Yan et al. [30]. The performance of thermal EHL line contact problem under
zero entertainment velocity with Newtonian and Ree-Eyring fluid models was examined by Zhang et al. [31].
The impact of thermal conductivity of contacting surfaces on traction in rolling/sliding EHL problem was
numerically discussed by Liu et al. [32]. So far EHL studies focused on a velocity slip at the solid-lubricant
interface. But the fluid film thickness mainly depends on the boundary slip, thermal slip at the solid-lubricant
interface was revealed by Meng et al. [33]. Ono [34] deliberated the modified Reynolds equation for the study
of thin film lubrication with high viscosity, to analyze the mechanism of high load capacity and super-low
friction coefficient in micro-texture lubrication. Awati et al. [35] studied the numerical solution of thermal EHL
line contact problem with bio-based oil as lubricant. Tosic et al. [36] considered the non-Newtonian rheology
and thermal effects on slender EHL contacts via both experimental and numerical study.

The fully coupled mixed finite line contact EHL problem was solved by Fang et al. [37] using finite element
method. Further the investigation reveals that, 5% higher accuracy and 50% greater efficiency as compared to
weakly coupled one. To solve the EHL problem as effectively as possible, there are new ideas for artificial
neural networks (ANN). Yu et al [38], among others, used a backpropagation neural network (BPNN) to solve
the EHL problem, which accurately predicts the oil pressure and film thickness.

Thermal EHL scrutinizes the non-wetting/wetting contact under a high slide to roll ratio to realize interplay of
boundary slip and heat was debated by Zhao and Wong [39]. Hjelm and Wahlstrom [40] premeditated the
influence of manufacturing error tolerance on thermal EHL behavior of gears.

Most of the EHL line contact problems were solved numerically through Newton-Raphson technique. The
demerits of Newton-Raphson method is that, the computational cost of the method is o(»*), n is the number

of calculation points in the calculation domain, as # increases the condition number of Jacobian matrix also
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increases. The elastic deformation term in Jacobian matrix, which is a nx#n matrix and finding its inverse
requires o(»*) operations. For high load and speed, Jacobian matrix becomes dense, sparse and singular. This
difficultly can be evaded by using much lower complexity schemes for the solution of problem. One typical
procedure is to apply FAS method having lower complexity i.€ O(nlogn) it is one of the most efficient method

as compared to Newton-Raphson method. In this method, the spatial domain is divided into two regions and
solutions of these regions are obtained by using Gauss-Seidel and Jacobi di-pole iteration methods. The
Newton-GMRES method with Daubechies D6 wavelet as pre-conditioner is used, to reduce the condition
number of Jacobian matrix which in turn reduces the number of iterations for convergence as compared to
other numerical methods.

1.1 Krylov subspace method (KSM)

Consider a system of linear algebraic equations
Ax=b (1)

where, A4 be a dense, non-symmetric matrix and Eqn. (1) is solved by using Krylov subspace iterative method
[41] viz. Generalized Minimum Residual(GMRES) method. KSM was introduced by Hestenes and Stiefel [42]
for the solution of linear system of large sparse algebraic equations as direct method. Reid[43] re-introduced
them as iterative methods and Golub and Leary [44] developed these methods. Greenbaum [45]presented the
salient features of these KSM methods. Saad and Schultz [46]depicted the GMRES method from the
generalization of MINRES algorithm i.e. extension of Arnoldi process and researchers like, Saad and Vorst
[47], Roland et al. [48], Simoncini and Szyld [49] have extended the KSM. However, the convergence of
GMRES method is too slow when the grid size n increases. Thus, the convergence of GMRES method can be
accelerated for the matrix A4 is first preconditioned. Hence, pre-conditioner with GMRES method is used to
solve large system of equations. Let us construct the sparse matrix P using discrete wavelet transforms and
approximate matrix A is right preconditioned, then Eqn. (1) becomes

AP 'y =b, where y = Px,

And P is a noble approximation to 4, then it requires less number of iterations to achieve the convergence with
error tolerance. To approximate a full matrix 4, we first consider a Discrete Wavelet Transform (DWT)
constitute with Daubechies D6 wavelet, with Permutation as proposed by Chen [50]. In this paper all the results
are accomplished by using Daubechies D6 wavelet [51] transform.

Let m be the order of compactly supported wavelets with m low pass filter coefficients ¢,,¢,,c,,...,c, , and

> “m—1

™ vanishing movements. The coefficients d,,d,,...,d, _, are derived from c, by the relationd, = (—l)l [
2

. Let us consider n=2 and 2" <mand2" ™ >m, where / is the resolution level in the Krylov subspace, and
Fis integer 0 < 7 < ¢ . Indicate s = s"is a column vector in the matrix A at the wavelet level ¢ and fisagiven

function. The wavelet transform W :s = w (i.e. w= WS) is implemented by well-known pyramidal algorithm.

T
The standard pyramidal algorithm transforms the vector s° to w= |:<s; )T ( 1 )T ( £ )T ( ! )T} inalevel

by level manner, where S(v) and f ™) are of length 2" .The sum of all these lengths is 2 andv=/{—1,...7 +1.
At the characteristic level v, s") and f “are the collections of scaling and wavelet coefficients

respectively. In matrix form, wcan be expressed as w= P, W; P sWe s . B W, BW, =ws" where

P, W,
J" nxn JV nxn
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Py , 1s a permutation matrix, WV is an orthogonal (sparse) matrix of size 2" =2° -k, =n—k,, le.
P, =1 1,3,...,2" =1,2,4,...,2"), J, is an identity matrix of sizek,. Herek,=0 and
k,=k,,+2" for v=0—1,.,F+1

The one level transformation matrix W, with Daubechies wavelet transform of orderm=6with m/2=3
vanishing moments becomes

Cop € C €3 ¢4 Cs
dy d d, dy d, ds

Cg € € 3 C4 Cs

S|
I

cy G g € € <
d, ds dy, d, d, ds
Cy 3 ¢4 Cs co <
dy, dy d, ds dy, d,

nxn

where {ci,di} are the filtering coefficients known to be ¢, =0.33267, ¢; =0.80689, ¢, =0.45987,
¢; =—0.13501, ¢, =0.08544, c5 =0.03522 and d, :(—l)kcm,l,k.

1.2 Discrete wavelet transformation with permutation (DWTPer)

Let the matrix A can be written in terms of DWTPer is expressed as 4 =WAWT, where W = PW and permutation
matrix P=P,'B",..PL, P!, . In this instance, permutation D6 discrete wavelet transformation is utilized to

Jacobian matrix with thresholding i.e., setting the elements below some numerical value to zero. A simple pre-
conditioner for such a matrix would be a banded matrix it can be constructed by setting to zero for all entries
of the matrix outside a chosen diagonal band [Ford et al. [52]]. The band matrices make a particularly good
pre-conditioner as it may be stored efficiently and there are subroutines available for manipulating them at low
cost. The application of DWT on sparse and dense matrix with D6 wavelet generates more non-zero elements
analogize to DWT with D4 wavelet coefficients. Hence the precision and convergence of this technique
increases for DWT with D6 wavelet co-efficients.

The paper presents a numerical computation of EDL effect on thermal EHL line contact problem with water
as lubricant. The precise mathematical model consist of modified Reynolds, film thickness, load balance and
energy equations and these are solved simultaneously using Newton-GMRES method with Daubechies D6
wavelet as pre-conditioner. The physics of EHL is discussed for various operating parameters and the effect
of EDL, temperature on film thickness and pressure profiles are illustrated in the form of figures and tables.

2 Governing Equations

Consider an electric double layer take place between the solid/liquid interfaces. The steady state thermal
modified Reynolds equation[53] is given in dimensionless form as

2 [o20) 200, o
oxX\ oX oX
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Mg =1+

2

~

3)

~ 73
where, & =——, ,13 and H denotes the dimensionless density and fluid film thickness respectively, P is the

Na

. 12U°E'R’ R . .
fluid film pressure and A = P—b3 . The apparent viscosity 77, of the lubricant, for the present study it is
h
expressed as[12],
- 2
2
2
N cosh I{H{) ]—1
s 3FERY R . [Hsz (Hsz
—sinhx + K| ——

47* Kb, A H*

sinh /{ Hb
R

~

|

where, & is the absolute dielectric constant of the fluid, x is the Debye reciprocal length, 7 is the viscosity of

lubricant, ¢is the zeta potential of EDL, L is the bulk electrical conductivity and the electro viscosity is

expressed as

_ X 5 -
Hb
. coshx| —— |—1 )
382E2RY 1 R . Hb? Hb?
77e=4 228 7 gt Py —sinhx 7 +K 7
R sinh x| -
R
H is the fluid film thickness. The fluid film thickness equation in dimensionless form is given by
X2 2 qut
HX)=Hy+——-— [ P(X)In(X - X"dX". (5)
2 g Xin
where H, denotes the dimensionless offset film thickness.
The viscosity-pressure-temperature relation in dimensionless form as [54]
e -9 0.68 .
i = exp{ [In(70)+9.67] [~1+(1+5.1x10~ B,P) ]—;/TO(T—I)} , 6)

where, 7 is the temperature-viscosity coefficient. The density-pressure-temperature relation is expressed in

non-dimensional form as [55]

A

p

|

0.6x1

-09
0 pp,

1+1.7x10"% PP,

H+DOTO(7”"—1),

(7

where D, =—0.00065. The relevant boundary conditions of Reynolds equations is given in dimensionless form

as

P(X)=0,

at X=X, , and d—P:O,
dx

m>

atX =X

out *

®)
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The load balance equation in non-dimension form as

X, out

[ PxX)dx =%. 9)
X.

in

For the study of thermal EHL problem, the energy equation is elucidated to compute temperature in the contact
region and dimensionless form of energy equation becomes

. . . N2
T 0T T oP [ oU
A A RPN O (10
oz oX P oX oz
C,E'D’ E'Pp E"R?
where, F| = p()p—A , F,= — " and = . The boundary conditions for two interfaces are
KnoR KnoRpo KT

expressed in dimensionless form as

. K Kou (5T dx'
T;Apl(X): ( }

T P T 11
VG KU, )!:n ), JX-X' (b

. K You (BT dx"
Tpnp (X)) = ——ee= | { J — (12)
Z=H

NG KU, oz JX-x'’

where, thermal conductivity of lubricant, steel and ceramic material (SiO,) are denoted as K, K; andK:
respectively. C;and C; are the specific heat of upper and lower surfaces respectively, 0, and p, are the

densities of upper and lower surfaces, U; and U; are the velocities respectively denotes the upper and lower
surfaces, 7,1s the ambient viscosity of lubricant and non-dimensional parameters used in the present study is

a * X
p:ﬁ’ 77(1 :77_”’ 77 :la P p s X -
Lo o o By b

~ w % nou
, T=—, W=——, U =1 | (13)

2.1 Discretization of governing equations

In the present study, the interval of computation is considered as X;,=-4 and X,u=1.4 with uniform 513 grid
points. Finite difference technique of second order were used to discretize the governing equations,and
discretization of Reynolds equation becomes

(i +Cu) By —B) (G + e )B-F) Hi—H;i _

0,

where,
~X, HH? 12U°E'R?
AX:—Xout Xm,gzﬁ,(ﬁ‘:p* ,/lz v 3
N+1 A N, Bb

The boundary conditions in discretized form as

d P(Xout)_P(Xout—l)
AX .

P(X;,)=0 an (15)
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The film thickness equation can be discretized as

H,=H, +£—1§KP
(=Hot S KR (16)

where K;; is the kernel given by

el -

The discretization of load balance equation becomes

i—j+

i—j—%‘AX)—l} (17)

(P+ Fa) =«

AXZ =5 (18)

The non-dimensional energy equation can be expressed in discretized form as

gl T =T |, g T yr = )| e — ~ 2740+ T s (19)
! AX 25 AX AZ?
* * 2
gt Ykt =Yie | _
Ha AZ ’

where, kkindicates the node number in the film thickness direction.

2.2 Solution procedure

The leading mathematical equations are discretized by using finite difference approximations, the resulting
system of non-linear equations were solved by using Krylov subspace method. We, first convert the non-linear
system of equations into linear system of equations by Newton’s method. To solve these linear system of
equations Ax = b, many methods are available in the literature. But Krylov-subspace methods are more
suitable and robust technique [56] to solve the large system of linear equations. Depending upon the properties
of the matrix 4 (symmetry, positive definite, indefinite, asymmetric etc.,) different Krylov subspace methods
are available [41], [47]in the literature. In this situation, resulting matrix 4 is a sparse and dense. GMRES
method is more appropriate and robust to solve the system of linear equations. The pre-conditioner is used
because the problem is highly non-linear in nature, the resulting matrix has large condition number, in order
to reduce the condition number nearer to unity the problem is well behaved and it is easy to determinethe
required solution in reduced number of iterations. First we obtain the isothermal pressure and film thickness
values by utilizing the preconditioned Newton-GMRES method. The energy equation is solved using finite
difference method with Gauss-Seidel iteration method and utilizing the attained pressure and film-thickness.
The resulting temperature, pressure, film thickness are used in the calculation of isothermal pressure and film
thickness recursively. The process is repeated until the converged solution is obtained.

3 Results and discussion

The present work is to investigate EDL effect on film thickness and temperature is explored over a 513 uniform
grid points on a computational domain 4 < X <1.4. The Newton-GMRES technique with Daubechies D6
wavelet as pre-conditioner is employed to solve the nonlinear system of coupled equations. The effect of EDL
on temperature and film thickness for various parameters are examined in detail. Figure 1 exemplifies the film



N. Mahesh et al.: Scrutinization of Krylov subspace method for the solution of electric double layer ...

56

thickness profiles for various zeta potentials and shows that film thickness increases with increase in zeta
potential; this shows the effect of EDL on film thickness; also the effect of EDL on pressure is not so
significant. For, the isothermal and thermal pressure distributions for load W' =1.3674E—05  speed

U =1.0218E —12 with zeta potential £ =100mv is illustrated in Figure 2. It is observed that, the pressure spike

1s noticeable in thermal case but not in isothermal case. Isothermal and thermal film thickness distributions for
W =13674E—05, U =1.0218E —12 with £ =100mv is demonstrated in Figure 3, and isothermal minimum

film thickness has a higher value as compared to thermal minimum film thickness. Figure4 demonstrates the
temperature profiles forW =1.3674E —05,U =1.0218E —12 with £=100mv as usual the middle layer

temperature is higher than the surface temperature distributions.
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Figure 1. Film thickness and pressure distributions for the load W =1.3674E —05, speed U =1.0218FE —12
with different zeta potentials.
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Figure 2. Isothermal and thermal pressure profiles for W =1.3674E —05, U =1.0218E —12 with zeta

potential &=100mv.
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Figure 3. Isothermal and thermal film thickness profiles for W =1.3674E —05, U =1.0218E —12 and zeta
potential &=100mv.
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Figure 4. Temperature profiles for W =1.3674E —05, U =1.0218E —12 with &=100mv.

Figure 5 describes the apparent viscosity profiles for isothermal and thermal cases by considering the operating
parameters W =1.3674E —05, U =1.0218E —12with £=0and&=100mv. In view of increased apparent

viscosity is due to the effect of EDL. While temperature effect is taken into account the apparent viscosity
decreases. This shows the leverage of temperature interpretation on electro-viscous effect which is significant
and it should be deliberated while analyzing the EDL effect on EHL. The study of Dowson and Higginson [55]
reveals that, as load increases, the pressure spike and film thickness decreases, in contrast to load variation,
pressure spike and film thickness increases with increase in speed and these findings are demonstrated in
Figures 6-9. Associating Figures 3 and 6, film thickness profiles moves downwards as load increases. The
effect of temperature on fluid film thickness for various speed is illustrated in Figures. 8 and 9 at constant load
and zeta potential, it depicts that isothermal as well as thermal film thickness increases as the speed increases.
The isothermal film thickness is much thicker than the thermal film thickness, as can be seen in Figures 8 and
9. This is due to the increase in temperature in the contact area, which reduces the effect of the EDL on the
film thickness.
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Figure 5. Apparent viscosity profiles for different cases, 77: | is isothermal apparent viscosity with the
effect of EDL, 77:2 is the thermal apparent viscosity with EDL effect 771* 4 18 the isothermal apparent viscosity
without EDL effect and 77; o 1S thermal apparent viscosity distribution without considering the EDL effect.
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Figure 8. Fluid film thickness profiles for U =1.7031E —12 W =1.3674E — 05 with & =100mv.
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The pressure profiles for different speeds are shown in Figures 10 and 11. It can be seen that the pressure peak
increases with increasing velocity. When comparing isothermal and thermal pressure profiles, it is clear that
the isothermal pressure peak is lower than the thermal pressure peak. This phenomenon is due to the effect of
the EDL, which is more pronounced in the isothermal case; in the thermal case, the effect of the EDL is reduced
due to the reduction in apparent viscosity. Figures 12 and 13 show the temperature profiles for different
velocities at constant load and constant zeta potential.
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Figure 10. Pressure profiles for W =1.3674E —05, U =1.7031E —12 with £=100myv.
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Figure 11. Isothermal and thermal pressure distributions for a) U =2.3843E —12 and b)
U =3.0655E —12 at the constant W =1.3674E —05and & =100mv.
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Figure 12. Temperature profiles for W =1.3674E —05 and & =100mv with speed U =1.7031E —12
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Figure 13. A and B Temperatures profiles for different speed U =2.3843E —12 and
U =3.0655E —12 respectively; at a constant load W =1.3674E —05 and zeta potential £ =100mv.
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Table 1. shows the material parameters used in the present investigation. The comparisons of minimum and
central film thickness for isothermal and thermal cases are given. Minimum film thickness for isothermal case

is always larger than that of minimum film thickness of thermal case which is given in Table 2.

Table 1. The material parameters used in the present study.

Properties of lubricant and contacting material surfaces

Thermal conductivity of water(W/m K) 0.58
Thermal conductivity of steel(W/m K) 46
Thermal conductivity of SiO2(W/m K) 0.04
Specific heat of Water (J/Kg °C) 4200
Specific heat of steel (J/Kg °C) 470
Specific heat of Si0, (J/Kg °C) 670
Density of water (Kg/m?) 1000
Density of steel (Kg/m?) 7850
Density of SiO, (Kg/m?) 2700
Table 2. Comparison of minimum and central film thickness for isothermal and thermal cases at different
load and speed.

S1. No. Load Speed Isothermal film thickness Thermal film thickness

WE-05 UE-12 Hmin Hcen Hmm Hcen4

1 1.3674 0.1161 0.1220 0.0990 0.1190

1.0218

2 2.2140 0.0724 0.0757 0.0588 0.0689

3 0.68122 0.2573 0.2807 0.2150 0.2649

4 1.7031 0.1603 0.1729 0.1368 0.1662

1.3674
5 2.3843 0.1932 0.2078 0.1696 0.2066
6 3.0655 0.2252 0.2433 0.1996 0.2343

4 Conclusion

In the present study, we consider the EDL effect on the problem of thermal line contact EHL. The mathematical
model of the physical problem is solved using the Krylov subspace method and the following conclusions have
been drawn from the above study, The effect of EDL depends mainly on the zeta potential. As the zeta potential
increases, fluid film also increases. The thermal minimum film thickness is lower than the isothermal minimum
film thickness due to the temperature increase, which reduces the effect of EDL on the film thickness. The
effect of EDL on film thickness is significant, but not as significant on pressure, since equation (4) shows that
electroviscosity is proportional to the square of the zeta potential or inversely proportional to the quartic of the
film thickness. Therefore, the influence of EDL is significant for a very thin lubrication film, but decreases
rapidly as the film thickness increases In the future, this work can be extended to the point contact EDL
problem by considering the effects of surface roughness, temperature and slider to roller ratio on fluid film and

pressure.
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