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ABSTRACT. Left-invariant Hermitian and Gauduchon connections are
studied on an arbitrary Lie group G equipped with an arbitrary left-
invariant almost Hermitian structure ((-,-), J). The space of left-invariant
Hermitian connections is shown to be in one-to-one correspondence with
the space ALY g* @ g of left-invariant 2-forms of type (1,1) (with respect
to J) with values in g := Lie(G). Explicit formulas are obtained for the
torsion components of every Hermitian and Gauduchon connection with
respect to a convenient choice of left-invariant frame on G. The curvature
of Gauduchon connections is studied for the special case G = H X A, where
H is an arbitrary n-dimensional Lie group, A is an arbitrary n-dimensional
abelian Lie group, and the almost complex structure is totally real with
respect to h := Lie(H). When H is compact, it is shown that H x A
admits a left-invariant (strictly) almost Hermitian structure ((-,-), J) such
that the Gauduchon connection corresponding to the Strominger (or Bis-
mut) connection in the integrable case is precisely the trivial left-invariant
connection and, in addition, has totally skew-symmetric torsion. The al-
most Hermitian structure ((-,-),J) on H x A is shown to satisfy the strong
Kdhler with torsion condition. Furthermore, the affine line of Gauduchon
connections on H X A with the aforementioned almost Hermitian structure
is also shown to contain a (nontrivial) flat connection.

1. INTRODUCTION

Let (M,g,J) be an almost Hermitian manifold. A Hermitian connec-
tion on (M, g,J) is a connection V on M satisfying Vg = 0 and VJ = 0.
The space of Hermitian connections on (M, g, J) is large; it is in one-to-one
correspondence with the space QD (M;TM) (the space of real 2-forms of
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type (1,1) with respect to J with values in T'M). This served as motivation
for Gauduchon to introduce a distinguished class of Hermitian connections in
[12]. This distinguished class of Hermitian connections (now called Gauduchon
connections) is parameterized by t € R and forms an affine line of Hermitian
connections. When J is integrable, this affine line of Hermitian connections
contains both the Chern connection [5] and the Strominger (or Bismut) con-
nection [4,15]. As metric compatible connections, both the Chern and Stro-
minger/Bismut connections are uniquely defined by their torsion tensors. The
Chern connection can be defined as the Hermitian connection whose torsion
T € Q*(M;TM) has vanishing (1,1)-part: 7(3:1) = 0; the Strominger/Bismut
connection is characterized by the condition that its torsion T is totally skew-
symmetric, that is, g(T(X,Y), Z) is skew-symmetric in X, Y, and Z. It is
interesting to note that the torsion condition ') = 0 can always be sat-
isfied (regardless of whether J is integrable or not) whereas the existence of
a Hermitian connection with totally skew-symmetric torsion does not hold in
general for the non-integrable case (see Appendix A for details). Historically,
the Strominger/Bismut connection was introduced first by Strominger in [15]
in the context of string theory and later, independently, by Bismut in [4] for
purely geometric reasons.

It appears that Hermitian connections and, in particular, the smaller
class of Gauduchon connections, have been studied primarily for Hermitian
manifolds, that is, in the integrable case (see e.g. [3,14,16,18] and the refer-
ences therein). Motivated by this fact, the current paper studies Hermitian
and Gauduchon connections on (strictly) almost Hermitian manifolds. As Lie
groups are considerably simpler than general smooth manifolds (since they are
inherently algebraic objects by nature), Lie groups serve as an ideal setting
for exploring and testing new ideas in differential geometry. For this reason,
we focus our study of Hermitian and Gauduchon connections on Lie groups
equipped with left-invariant almost Hermitian structures.

For a Lie group G equipped with a left-invariant almost Hermitian struc-
ture ((-,-),J), the space of left-invariant Hermitian connections is shown to
be in one-to-one correspondence with the space A(lDg* @ g of left-invariant
2-forms of type (1,1) (with respect to J) with values in g := Lie(G) (see Corol-
lary 3.14). We obtain explicit formulas for the torsion components of every
Hermitian and Gauduchon connection with respect to a convenient choice of
left-invariant frame on G' (which we call a standard frame). The curvature of
a Gauduchon connection is studied for the special case G = H x A, where
H is an arbitrary n-dimensional Lie group, A is an arbitrary n-dimensional
abelian Lie group, and the almost complex structure J satisfies Jh = a (where
b := Lie(H) and a := Lie(A)). Following the terminology of [6,7], J is said to
be (almost) totally real with respect to h. When H is compact, it is shown that
H x A can be equipped with a left-invariant (strictly) almost Hermitian struc-
ture such that the Gauduchon connection corresponding to the Strominger (or
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Bismut) connection in the integrable case is precisely the trivial left-invariant
connection and, in addition, has totally skew-symmetric torsion. The almost
Hermitian structure ({-,-),J) on H X A is shown to satisfy the strong Kdhler
with torsion condition (cf [9]). Furthermore, we show that the affine line of
Gauduchon connections on H x A with the aforementioned almost Hermitian
structure also contains a (nontrivial) flat connection.

The rest of the paper is organized as follows. In Section 2, we give a
self-contained review of Hermitian connections where the general formula for
the torsion of a Hermitian connection is derived. In addition, notation and
conventions are established which will be used in the remainder of the pa-
per. The free parameter in the torsion formula is shown to be an element
a € QWD (M;TM) which, in turn, establishes a one-to-one correspondence
between the space of Hermitian connections and the space Q1 (M;TM).
We note that the formula obtained in Section 2 differs in appearance from
that obtained originally by Gauduchon in [12], but is shown to be equiva-
lent. From the general torsion formula, we obtain the torsion formula for
the Gauduchon connections by an appropriate choice of af € Q(l’l)(M ;TM)
which is parameterized by t € R. In Section 3, we turn our attention to
left-invariant Hermitian and Gauduchon connections on arbitrary Lie groups
equipped with left-invariant almost Hermitian structures. Explicit formulas
are obtained for the components of the torsion tensors relative to a so-called
“standard frame”. (As some of the formulas are on the lengthy side, we also
verified the formulas numerically using the program Octave to ensure that the
formulas worked as expected.) Lastly, in Section 4, we study the curvature of
Lie groups of the form H x A equipped with left-invariant almost Hermitian
structures where the almost complex structure is totally real with respect to

b.

2. PRELIMINARIES

In this section, we review the relevant background and establish notation
and conventions that we will use for the rest of the paper. Let (M, g, J,w) be
an almost Hermitian manifold where

e g is the Hermitian metric,
e J is the almost complex structure, and
e w is the fundamental 2-form defined by w(:,-) := g(J-, ).

For a vector field X (real or complex) on M, we let X = X + X~ denote its
decomposition into its (1,0) and (0,1) components. Explicitly,

1 1
(2.1) X*i= S (X —iJX), X7 i= (X +idX),
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and one easily verifies that JXT = iXT and JX~ = —iX~. We adopt the
following convention for the Nijenhuis tensor:
(2.2) NX,)Y):=JJX, Y|+ J[X,JY]+ [X,Y] - [JX,JY].

2.1. TM-valued forms of type (1,1). Let QD (M;TM) denote the space
of real (1,1)-forms with values in TM. For a 3-form v € Q3(M), we follow
[12] and decompose ¥ as

=94y,
where 9T denotes its (2,1)+ (1, 2)-part and ¢~ denotes its (3,0)+ (0, 3)-part.
When J is integrable, we have the following result:
PROPOSITION 2.1. If J is integrable, then (dw)™ = dw and
(2.3)  dw(JX,JY,JZ)=dw(JX,Y,Z)+ dw(X,JY,Z) + dw(X,Y, JZ).

PROOF. Since J is integrable, the Lie bracket of two (1,0)-vector fields is
again a (1,0)-vector field and since w is (1,1), we have

w(XH,Y) =w(XH, Y], Z4) =0.

The invariant formula for the exterior derivative then implies dw(X+, Y+, ZT)
= 0. The same argument also implies that dw(X~,Y~,Z7) = 0. Of course,
the latter can also be seen by conjugating dw(X+, YT, Z%) = 0 (and using
the fact that w is real). This proves that (dw)™ = dw when J is integrable.
Since dw has no (3,0) or (0,3) part and (2.3) is totally skew-symmetric on
both sides of the equation, to verify (2.3) it suffices to check that equality
holds when X = X+, Y =Y+ and Z = Z~:

do(JX T YT, Z7)+dw(XH,JY T, Z7) +dw(XT, YT, JZ7)
= idw(XT, YT, Z7) +idw(XT, YT, Z7) —idw(XT, YT, Z7)
=idw(XtT, YT, Z7)

= (i)(i)(—i)dw(XF,Y*, Z7)

=dw(JXT,JY T, JZ7).

Hence, equality holds whenever the arguments consists of two (1,0)-vectors
and one (0,1)-vector. Conjugation now implies that (2.3) also holds whenever
the arguments consists of two (0,1)-vectors and one (1,0)-vector. d

More generally, we have the following result.
PROPOSITION 2.2. For n € Q3(M),
1
+n(JX,Y,JZ) +n(X,JY, JZ)].

(2.4)
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Proor. This is a straightforward but somewhat tedious calculation. Ex-
panding

nN(XY,Z) = (XY Z27) (XY, Z) (XY 2T
(XY, Z0) (X Y ZT) (XY, Z27)
and using the fact that X* = 1(X FiJX) gives (2.4). |
Let Q37 (M) be the space of real valued 3-forms of type (2,1) + (1,2). The

next result shows that every element of Q3+ (M) is induced by an element of
QWY (M; TM).

PROPOSITION 2.3. Let F : QUD(M; TM) — Q¥ (M), a = F(a) be the
linear map defined by
F(a)(X,Y,Z) := g(a(X,Y), Z) + g(a(Y, Z), X) + g(a(Z, X),Y).
Then F' is surjective.

PROOF. Since « is skew-symmetric and (1,1), it follows immediately that
the F(«) is totally skew-symmetric and of type (2,1) 4 (1,2). To see that the
map is surjective, let n € Q3 (M). Define o, € QN (M; TM) via

1
9(an(X,Y), Z) = 2 (X, Y, Z) + (] X, JY, Z)].
From the definition of o, we have o, (JX,JY) = a(X,Y) which shows that
ay, is (1,1). Using Proposition 2.2, one has F(a,) =7t =1n. O

We define le’l)(M;TM) = ker F. Extend the metric g to the vector
bundle of real (1,1)-forms with values in TM and define le’l)(M; TM) to be
the orthogonal complement of le’l)(M ; T M) with respect to g:

QD TM) = QY (M TM) @ QD (M; TM).

COROLLARY 2.4. The linear map F : QUV(M;TM) — Q3+ (M) re-
stricted to Ql(ll’l)(M;TM) is an isomorphism.

For convenience, we record the following fact:

PROPOSITION 2.5. Let a € QUD(M;TM). Then o € QY (M; TM) if
and only if
(25)  w(a(X,Y),2) +w(a(Y, 2), X) + w(a(Z, X),Y) = 0.

ProOF. Using —g(+,J-) = w(-,-) and the fact that a(J-, J-) = a(-,-), we
have

w@(X,Y),2)+w(a(Y,Z2),X)+w(a(Z,X),Y)

which implies the proposition. 0
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2.2. Metric compatibility and torsion. Recall that for a linear connection
V on M, the torsion of V is defined by

(2.6) TV(X,Y):=VxY - VyX — [X,Y].
We recall the following well known fact.
PROPOSITION 2.6. For any Riemannian manifold (M,g) and any TM -

valued 2-form T € Q?(M;TM), there exists a unique connection V satisfying
Vg=0 and TV =T. Explicitly, V is defined by

2(VxY, Z) = Xg(Y. Z) — Zg(X,Y) + Yg(Z,X)
(2.7) +9(X. Y], 2) — g([Y. Z], X) — 9([X, Z],Y)
+9(T(X,Y),2) —g(T'(Y, 2),X) — 9g(T(X, 2),Y).
2.3. Hermitian connections. In this section, we give a self-contained re-

view of Hermitian connections. For a more detailed account, we refer the
reader to [12].

DEFINITION 2.7. A connection V on an almost Hermitian manifold
(M, g,J,w) is Hermitian if Vg =0 and VJ = 0.

For convenience, we make the following definition.
DEFINITION 2.8. For a TM-valued 2-form 6 € Q?>(M;TM), 0; €
O2(M;TM) is defined as
0;(X,)Y):=JJX,)Y)+ JO(X,JY)+0(X,Y)—-6(JX,JY).
For convenience, we record some identities related to 6;. The identities
follow by straightforward calculation.

LEMMA 2.9. Let 0 € Q*(M;TM). Then

1. (HJ)J =40,

2. 0,(X*,Y") =0,

3. %Q;(X*,Yﬂ =0(XT, YN +iJO(XT, YT,

4. JO5(XH,YH) = —if,;(XT, V).

LEMMA 2.10. If V is a Hermitian connection on (M,g,J,w), then its

torsion T satisfies

(2) doX,Y,Z) = o(T(X,Y), Z) + (T(Y, Z), X) + w(T(Z,X),Y).
PRrROOF. It follows immediately from Definition 2.7 that a connection V

is Hermitian if and only if VJ = 0 and Vw = 0. For any vector fields X, Y,
and Z, we have

(28)  (Vxw)(Y,2) = X(@(Y, 2)) —w(VxY. Z) —w(Y,VxZ).
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Equation (2.8) together with the definition of 7" implies

dw(X,Y,Z) = Xw(Y,Z) - Yw(X,Z)+ Zw(X,Y)
(X, Y], Z) + w(X, Z], )—w([Y Z], X)
=XwlY,Z)-Yw(X,2)+ Zw(X,Y)
(

(
—w(
(
w(VxY,Z) +w(VyX,Z) +w
(
w(

T(X,Y),2)
(2:9) +w(VxZ,Y) —w(VzX,Y) - w(T(X,2),Y)
VyZ,X)+w(VzY,X) +w(T(Y,Z),X)

= (Vxw)(Y,Z) + (Vyw)(Z,X) + (Vzw)(X,Y)
+w(T(X,Y), Z)+w(T(Y,Z2),X)+w(T(Z,X),Y).

For any vector fields X, Y, and Z, we have Vx(JY) = (VxJ)Y + JVxY.
Since

T(X,Y)+[X,Y] =
T(JX,JY)+[JX,JY] =
JT(JX,Y)+ J[JX,Y] =
JT(X,JY)+ J[X,JY] =

VxY —Vy X,
Vix(JY) = Vyy (JX),
IV xY — Iy (JX),
IVx(JY) - IV sy X,

we have

T5(X,Y) + N(X,Y)
=JVixY - JVy(JX)+ JVx(JY) - IV, v X
+VxY —-VyX -V, x(JY) + Vyy(JX)
— Vx(JY) + IV xY + Vi (JX) — JVy X
4 IV (JY) 4 VY — JVy (JX) — Vy X
—(Vyx )Y + (Vyy NX +J(Vx )Y — J(Vy )X

(2.10)

It follows immediately from (2.9) and (2.10) that if V is Hermitian then its
torsion satisfies conditions (1) and (2) of Lemma 2.10. |

PROPOSITION 2.11. A connection V on (M, g, J,w) satisfying Vg = 0 is
Hermitian if and only if its torsion T satisfies both conditions of Lemma 2.10.

PRrOOF. From Lemma 2.10, it remains to show that conditions (1) and (2)
are sufficient. So suppose that V is a g-compatible connection which satisfies
conditions (1) and (2) of Proposition 2.11.
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Using Proposition 2.6, the fact that w is J-invariant, and g(-,-) = w(-, J-),

we have
29((Vx )Y, Z)
=29(Vx(JY), Z) - 29(JVxY, Z)
=29(Vx(JY), Z) +29(VxY,JZ)
=Xw(JY,JZ)+ Zw(X,Y) + (JY)w(Z,JX)
+w([X,JY],JZ) —w([JY, Z],JX) + w([X, Z],Y)
+w(T(X,JY),JZ)—w(T(JY,2),JX)+w(T(X,2),Y)
—Xwl,2) - (J2)w(X,JY)+Yw(JZ,JX)
—w(X,Y],2) —w([Y,JZ],JX) —w([X,JZ],JY)
- w(T(X,Y),2) —w(T(Y,JZ2),]X) -w(T(X,JZ),JY)
=dw(X,Y, Z)+w(]Y,Z],X) —dw(X,JY,JZ) — w([JY,JZ], X)
—w([JY,Z],JX)+w(T(X,JY),JZ) —w(T(JY,Z),JX)
+w(T(X,2),Y) —w([Y,JZ],JX) —w(T(X,Y), Z)
—w(T(Y,JZ),JX) —w(T(X,JZ),JY).
The last line can be rewritten as
29((Vx )Y, Z)
= dw(X,Y, Z) +w(Y, Z],X) — dw(X,JY,JZ) — w([JY, JZ], X)
+w(J[JY,Z,X) - w(JT(X,JY),Z) + w(JT(JY, Z), X)
+w(T(X,2),Y)+w(JY,JZ],X) —w(T(X,Y), Z)
+w(JTY,JZ2), X)+w(JT(X,JZ),Y)
=dw(X,Y,Z) —dw(X,JY,JZ)+w(N(Y,Z2),X)+w(Ts(Y,2),X)
—w(T(Y,2), X))+ w(T(JY,JZ),X)+w(T(X,JY),JZ)
+w(T(X,2),Y)—wT(X,Y),Z) —w(T(X,JZ),JY).
Applying condition (1) of Proposition 2.11 yields
w(NY,2),X)+w(T,;(Y,Z),X)=0.
Applying condition (2) of Proposition 2.11 gives
dw(X,Y,Z) —w(T(X,Y),Z2)+w(T(X,2),Y) - w(T(Y,Z),X)=0

and
—dw(X,JY,JZ)+ w(T(JY,JZ), X))+ w(T(X,JY),JZ)

—w(T(X,JZ),JY) =0.

From this, it follows that 2¢((VxJ)Y,Z) = 0 which shows that V.J = 0.

Hence, V is Hermitian.

|
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REMARK 2.12. From Proposition 2.11, we recover the well known fact
that the Levi-Civita connection is Hermitian if and only if J is integrable
and w is closed. In other words, the Levi-Civita connection associated to g is
Hermitian precisely when (M, g, J,w) is Kéhler.

LEMMA 2.13. A connection on (M, g, J,w) satisfying Vg = 0 is Hermitian
if and only if its torsion is of the form T = —iN + 0 where € Q>(M; TM)
satisfies the following conditions:

(1) 0(X+,Y 1) is (1,0) for all (1,0) vector fields X, Y and

(2) dw(X*+, Y+, Z7)
=w@XT, Y, Z7)+w@Y T, Z7), X)) +w@(Z,XT),YT) for all
(1,0) vector fields X+, Y+ and all (0,1) vector fields Z~.

PRrROOF. By Proposition 2.11, a g-compatible connection is Hermitian if
and only if its torsion satisfies both conditions of Lemma 2.10. Let T €
Q%*(M;TM) be any TM-valued 2-form and let § := 1N + 7. Then

1 1 1
0,=(-N+T) =-N;+T;=-AN)+T;=N+T.
4 L4 4

Hence, T satisfies condition (1) of Lemma 2.10 if and only if 8; = 0. So any
T € Q?*(M;TM) which satisfies condition (1) of Lemma 2.10 is of the form
T = —1N +6 where 0 € Q?(M;TM) satisfies 6; = 0. It follows from Lemma
2.9 that 6; = 0 is equivalent to the statement that (X +,Y ™) is (1,0) for all
(1,0)-vector fields X+, Y.

Now suppose 7' € Q?(M;TM) satisfies both conditions of Lemma 2.10.
By the above argument, T' must take the form 7" = —%N + 6 for some 0 €
Q?(M; T M) which satisfies condition (1) of Lemma 2.13. Expanding condition
(2) of Lemma 2.10 gives

dw(X,Y,2) =w(T(X,Y),Z) +w(T(Y,Z),X)+w(T(Z,X),Y)

(2.11) 1

= _Z (W(N(va)vz) +C'p) + (W(Q(Xa Y)a Z) + C'p)

where “c.p” denotes cyclic permutation. Note that N(XT,Y~) = 0,
N(X*,YT)is (0,1), and (by conjugation) N(X~,Y ™) is (1,0). Since w is
a (1,1)-form, equation (2.11) reduces to the following when the arguments are
Xt Y+, Z+:

(2.12) do(Xt, YT, ZT) :—i (wN(XH,YT),Z") +cp).

Now, by expanding both sides of (2.12), one finds that (2.12) is actually
an identity. Hence, when the arguments are X+ YT, Z+ (or X—,Y~,Z7),
equation (2.11) is always satisfied (provided 6 satisfies condition (1) of Lemma
2.13).

When one takes skew-symmetry and conjugation into account (and as-
suming 6 satisfies condition (1) of Lemma 2.13), it follows that (2.11) holds in
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general if and only if it holds for X, Y™, Z~. Substituting these arguments
into (2.11) and simplifying gives
dw(XT,) YT, Z7) = ( (XT YT, Z ) +w@Y T, Z27),XT)

w(

(2.13) 8z ). T,

From this, we see that condition (2) of Lemma 2.10 holds if and only if 4
satisfies (2.13) (as well as condition (1) of Lemma 2.13). This completes the
proof. 0

COROLLARY 2.14. A g-compatible connection on (M, g, J,w) is Hermitian
if and only if its torsion is of the form T = —iN—FoH—,B where « is an arbitrary
real T M -valued 2-form of type (1,1) and B is a real TM wvalued 2-form of type
(2,0) 4 (0,2) which is uniquely defined by the following conditions:

(1) B(XT,Y™T) is (1,0) for all (1,0)-vector fields X+, YT and
(2) w(B(X*,YT),Z7)
=dw(XT YT, Z7) —w(a(YT,Z7),X1) —w(a(Z7,XT),YT).

PrOOF. From Lemma 2.13, a g—compatible connection is Hermitian if

and only if its torsion is of the form T = —1N + 6 where 6 € Q*(M;TM)

satisfies conditions (1) and (2) of Lemma 2. 13 Decompose 6§ as a sum of its
(2,0), (1,1), and (0,2) parts:

0 =020 4 gD 4 (02,
Since 6 is real, we have (02 = 9(2,0) and (1.1 = g(1.1) | Let
a=00D 5= 4 902

Then conditions (1) and (2) of Lemma 2.13 are precisely those of Corollary
2.14. |

The next result expresses the torsion formula given by Corollary 2.14 in
terms of real vector fields.

PROPOSITION 2.15. A g-compatible connection on (M, g, J,w) is Hermit-
ian if and only if its torsion T is of the form

I(T(X,Y),Z) = ——g(N(X,Y), Z) %(dw)*(JX, Y, JZ)
(dw)" (XY, JZ) + %a"’(X,Y, 7)

- 704+(‘]X7 ']KZ) —|—g(0¢(X,Y),Z)

V] >—~[\>\>—~»&M—*

where o € QU (M; TM) is a real arbitrary TM -valued (1,1)-form and
at(X,Y,Z) == g(a(X,Y), Z) + cyclic.
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PrOOF. Let T = fiN + a + 8 as in Corollary 2.14. Expanding
W(B(X,Y), Z) gives

w(B(X,Y), Z)
=w(B(XTY),Z7) +w(B(X",Y7),Z7)
=dw(XT, YT, Z7)~wa¥Y,Z27),X") —wa(Z",XT),YT)
+dw(X7, Y, ZN) —w(a(Y 7, Z), X7) —w(a(ZT,X7),Y7).
Let
(XY, Z) =n(X,Y, Z) = w(a(X,Y), Z) + w(a(Y, Z), X) + w(a(Z,X),Y).

Since w(a(X 1T, Y1), Z) = w(a(X~,Y ™), Z) = 0, the above can be rewritten
as

wB(X,Y),Z2)=dw(Xt, YT, Z7) +dw(X, Y, ZT)
-t (XN YT, Z7) -t (X, Y, ZT).
Using the fact that X* = (X FiJX) gives
w(B(X,Y), Z)

1
= 1 (XY, 2) — dw(IX, JY, Z) + dw(JX.Y. ] Z) + d(X, Y, ] Z)

1
Rewriting the left side as g(8(X,Y), Z) gives
9(B(X,Y), Z)

1
= (X, Y, TZ) — dw(IX, Y, Z) = dw(JX.Y. Z) = dw(X, Y, Z)

1

Using Proposition 2.2 and the fact that 7 = T, the above can be rewritten
as

1 1
1 1
+ 5n+(JX, JY,JZ) — §n+(X, Y,JZ).
Defining
a™(X,Y,7) = g(a(X,Y), Z) + cyclic
gives

98X, ), 2) = —5 () (JX, JY, T Z) + L (dw)* (X, Y, JZ)

1 1
+ 50" (XY, 2) - Jat (JX, IY. 2).
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Substituting the above expression into
1
9(T(X,Y), Z2) = —19(N(X,Y), Z2) + g(B(X,Y), Z) + g(a(X,Y), Z)
gives the desired form. ]

REMARK 2.16. The general torsion formula for Hermitian connections
given in [12] consists of two free quantities: a real TM-valued (1,1)-form

B € le’l)(M;TM) and a real valued 3-form ¢ of type (2,1)+(1,2) where
we recall that B satisfies the cyclic condition

9(Bs(X,Y), Z) + cyclic = 0.
From Corollary 2.4 the space of real valued 3-forms of type (2,1) +
(1,2) is isomorphic to the space le’l)(M;TM). Since QUWD(M;TM) =
le’l)(M;TM) & Q,(ll’l)(M;TM), we see that the two free quantities in the
formula of [12] is equivalent to a T'M-valued (1,1)-form as given by Proposi-

tion 2.15. Given By € le’l)(M; TM) and 9", we can recover Gauduchon’s
exact formula by defining o € QD (M; T M) in Proposition 2.15 by

g(a(X,Y), Z) = é [(dw) " (JX, Y, JZ) + (dw) " (X, Y, ] Z)]
+ g [WH(X,Y,2)+ 9T (JX,JY, Z)] + g(Bs(X,Y), Z).

COROLLARY 2.17. There is a one-to-one correspondence between the space
of Hermitian connections on (M, g, J,w) and QY (M; TM).

PrROOF. For a € QUD(M;TM), let T* € Q*(M;TM) be given by the
formula in Proposition 2.15. We show that T% = T implies o = o’. From
the formula in Proposition 2.15, we have

_ 1 _ 1 _
g(Ta(X+7Y )7Z):_ZQ(N(X+7Y ),Z)—i(dW)—’—(X—F,Y aJZ)
1 1
+i(dw)+(X+,Y’,JZ)+§a+(X+,Y’,Z)
1
—§Oé+(X+,Y7,Z)—|—g(OZ(X+,Y7),Z)

= g(a(X+?Y_)>Z)a

where we have made use of the fact that N(X*,Y~) = 0. Hence, T® = T
implies g(a(X+,Y7),Z) = g(a/(XT,Y ™), Z) which in turn implies o = o
since a, o' are (1,1) and g is nondegenerate. The corollary now follows from
the fact that the space of Hermitian connections on (M, g, J,w) is in one-to-
one correspondence with the space {T® | a € QD (M;TM)} which is in
one-to-one correspondence with the elements of Q1 (M; TM) by the above
calculation. a0
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2.4. Gauduchon connections. The Gauduchon connections form an affine
line of Hermitian connections which includes both the Chern [5] and Bismut
(or Strominger) connections [4,15] when J is integrable.

We obtain the torsion formula for the Gauduchon connections from the
formula of Proposition 2.15 as follows. Let

nt(X,Y,Z) := (dw)T(JX,JY,JZ).
For \ € R, define o* € Q1 (M; T M) by
9(aNX,Y), Z) = " (X, Y, Z) + Mt (J X, JY, Z)
= MNdw)T(JX,JY,JZ) + XNdw)T(X,Y, JZ).

Let F : QUU(M;TM) — Q3F(M) be the linear map of Proposition 2.3.
From the proof of Proposition 2.3, we have

F(a*)(X,Y, Z) := g(a*(X,Y), Z) + cyclic
=4 (XY, Z) = 4\(dw) T (J X, Y, J Z).
Substituting o into Proposition 2.15 gives o := F(a’) and

G(TNX,Y), 2) = ~19(N(X.¥), Z) — 5 (d)* (JX, JY, 1)

+ %(dw)Jr(X, Y, JZ) + 2\ (dw) T (JX,JY, JZ)
—2X\(dw) (X, Y, JZ) + Ndw) T (J X, JY, JZ)
+ Mdw) T (XY, JZ)

= —ig(N(X, Y),Z)— (2’\2 1) (dw)™(X,Y,JZ)

+ <6A2_ 1) (dw) T (JX,JY,JZ)

where the last equality is the family of Gauduchon connections parameterized
by A € R. For convenience, we can express the Gauduchon connections in a
more standard form by taking A\ — ¢/4 and defining 6¢,0° € Q2(M;TM) by

(2.14) 9(0°(X,Y),2) = % [(dw)™ (X, Y, JZ) — (dw) " (J X, JY, T Z)],
(2.15) g0 (X,Y), Z) = (dw)  (JX,JY,JZ).
Then

o(T'(X.Y),2) =~ {4(N(X,Y), 2)
(2.16) . .
+ (1 - 2) g(0°(X,Y), Z) + 5g(e”(X, Y),Z).
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REMARK 2.18. When J is integrable, (2.16) reduces to

(2.17)
g(THX,Y),Z) = (24_t> dw(X,Y,JZ) + (3154_2> dw(JX,JY,JZ).

When ¢t = 0, we have
1
9(T(X,Y), Z) = 5 [dw(X, Y, JZ) = dw(J X, JY, ] Z)]

which is the torsion formula for the Chern connection [5]. When ¢t = 2, we
obtain the torsion formula for the Bismut or Strominger connection [4, 15]:

9(TAX,Y),Z) = dw(JX,JY,]Z).

The Chern connection is the unique Hermitian connection on a Hermitian
manifold with the condition that the torsion has no (1,1)-part. For the general
case of almost Hermitian manifolds, the condition 7(3)) = 0 corresponds
uniquely to the condition @ = 0 in Proposition 2.15. The Bismut connection
is the unique Hermitian connection on a Hermitian manifold whose torsion
tensor g(T(X,Y),Z) is totally skew-symmetric. When J is not integrable,
a Hermitian connection with totally skew-symmetric torsion is not always
possible. See Appendix A for details.

3. LEFT-INVARIANT HERMITIAN CONNECTIONS

In this section, we apply the results of Section 2 to almost Hermitian
manifolds of the form (G, g, J,w), where G is a Lie group (with identity ele-
ment denoted as 1) and g, J, (and hence) w are left-invariant. Hence, if X,Y
are left-invariant vector fields, g(X,Y) is a constant and JX is left-invariant.
We let g := Lie(G) denote the Lie algebra of left-invariant vector fields on G.

We recall that a connection V on G is left-invariant if VxY € g for all
X,Y € g. An immediate consequence of this definition is the following:

COROLLARY 3.1. Let V be a left-invariant connection on G with torsion
T. Then T € A%g* ®g where g* denotes the dual of g. (Hence, g* is the space
of left-invariant 1-forms on G.)

PROOF. From the definition of T', we have
T(X,)Y)=VxY -VyX-[X,Y]eg, VXYeg
d

REMARK 3.2. Note that the converse to Corollary 3.1 is not true. Indeed,
let h be any Riemannian metric on G which is not left-invariant and let Z € g
be nonzero. Let F := h ® Z and let V be any left-invariant connection
on G with torsion 7. By Corollary 3.1, we have T € A2g* ® g. From the
definition of F', we have F(X,Y) = F(Y, X) for all vector fields X,Y on G.
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Let V' := V 4+ F and let T denote the torsion of V’. Then V' is not left-
invariant since for some X,Y € g, one has F(X,Y) = h(X,Y)Z ¢ g. At the
same time, the symmetry of I implies T/ =T € A%2g* @ g.

PROPOSITION 3.3. Let V be a g-compatible connection on (G, g, J,w) with
torsion T. Then V is left-invariant if and only if T € A*g* ® g.

Proor. This follows from Corollary 3.1 and Proposition 2.6. a
For convenience, we make the following definition.

DEFINITION 3.4. A standard frame on (G,g,J,w) is an orthonormal
frame of left-invariant vector fields

(eqy | e@)) = (e1,---sen | €ny1,.-- €2n)
such that Je; = epyi fori=1,...,n.

REMARK 3.5. The existence of a standard frame follows from an induction
argument on dim G.

We recall that the Lie group of n x n complex matrices GL(n,C) can be
regarded as a subgroup of GL(2n,R) via the identification

) A -B
A—I—zBN(B A>'

PROPOSITION 3.6. Let (e | e(2)) be any standard frame on (G, g, J,w)
and let 2n = dim G. Then the set of all standard frames is given by

{leqy l e@)K | K € U(n) :=GL(n,C)NO((2n,R)}.
PROOF. Express K € GL(2n,R) as
A C
K= < B D ) ’
Then (ef; | €5)) := (eq1) | €(2)) K expands as

¢; = (ayeitbiifi), ey =) (cijei +dijfi), j=1,....n.

3 K2

(¢(1) | €(2)) is then an orthonormal basis with respect to g if and only if
(3.1) ATA+B'B=0C"C+D"D=1,, AT'C+B'D=0,

where 1,, denotes the n x n identity matrix. Moreover, the condition Je, =
e, 1; is simply the statement that the matrix representation of J with respect
to (e(1) | e(2)) and (e{y) | €{y)) are both

0 -1,
L, 0 )



432 D. PHAM AND F. YE

Since K is the transition matrix between (e, | €(5)) and (eq1) | €(2)), it follows
that

(32) A c\'/0o -1, ACY [0 -1,
’ B D 1, O B D) \1, 0
which implies A = D and C = —B. Hence, K € GL(n,C). This along with

(3.1) implies that K7 K = 1,,,. This completes the proof. d

REMARK 3.7. A choice of standard frame uniquely determines the left-
invariant almost Hermitian structure on G. Moreover, any two standard
frames which are related by a unitary matrix define the same left-invariant
almost Hermitian structure on G.

From this point forth, we fix a standard frame (e(1) | e(2)) on (G, g, J,w). We
denote the structure constants of g as

(3.3) lei, e] = Zcfjek-
k

For notational convenience, we set (X,Y) := ¢g(X,Y). Since a standard frame
is orthonormal, we have

(3.4) G = (e el ex)-
For T € A’g* ® g, we adopt the following notation for its components:
(3.5) Ti]} = (T(es,€5), ex).

LEMMA 3.8. Let V be a left-invariant g-compatible connection on (G, g,
J,w) with torsion T. Then

(3.6) Veej = Thex
k
where
1 ; : . 4
(3.7) U = 5 (Ch = O — Gl + T ~ T — 13, ).

PRrOOF. Using (2.7) and the left-invariance of (-,-), we have
2, = 2(Ve,ej, ex)
= ([ei, €5], ex) — (lej, ex], €i) — ([ei, exl, €5)
+ (T(eis 5), ex) — (T(ej, ex), i) — (T(ei ex), €5)
= Cf = Cly = Ch + T = Tjy, = T}
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LEMMA 3.9. The components NS := (N(eq, €p), €c) of the Nijenhuis ten-
sor are given as follows: for 1 <i,j,k <n,

k __ n+k n+k k k
Nij - _Cn+i,j - Oi,n+j + Cij - Cn+i,n+j’

(3.8)
n+k __ k k n+k n+k
Ni ™ = Crgi g+ Cingy + G = Crlinygo
n+k __ k k o n+k
(3.9) Nimys = —Nigs Nipyy = Nig™™,
’ k _ k n+k _ n+k
Noyimes = —Nijs Noyliny; = —Nig

In particular, N = 0 if and only if NZ]E = N{;-Jrk =0 for1<i,j,k<n.
PROOF. Since J(ex) = epir and J(epir) = —eg, we have for 1 <i,j <n
N(ei,ej) = J[Jes, e5] + Jlei, Jej] + [ei, e5] — [Jes, Jej]
= Jlentis e5] + Jlei, enpy] + Z(C’fjek + ij"'ken_i_k) — [enti, €nyl

k=1
n

n
k n+k k n+k
Z(On-i-i,jek + Cn+i,jen+k) + ']Z(Ci,n-i-jek + Ci,n+jen+k)
k=1 k=1

<

k n+k
(Cn+i,n+jek7 + Cn+i,n+j6n+k)

NE

+ Z(ijek + Cinj+ken+k) -
c 1

n
_ k n+k k n+k
= E (Crtijentk — Cpilijen) + ) (Cinyienik — CFoiier)

w

Il

N
=~
Il

k=1 k=1
n n
k k k k
+) (Chen+ClFenin) = > (CEyiyjen+Cutt ienin)
k=1 k=1
n
k k k k
= Z(_ngr_i,j - CZ:H + Cij - Cn+i7n+j)ek
k=1
n
k k k k
+ Y (O + Oy + ClF = Ot enn
k=1
which proves (3.8). The equalities (3.9) follow from the identities

N(ei, €n+j) = N(ei, Jej) = —JN(ei, ej),
N(en+i, en+j) = N(J@i, Jej) = 7N(€i,€j).
From the definition of w(-,-) := (J-,-), we have
(3.10) w(es, ;) = w(entirentj) =0,  wle;, entj) = bsj.
LEMMA 3.10. For1<1,5,k <n:
(1) dw(ei,ej,ex) = CiF + CF + Ol
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(2) dw(ei,ej, ensr) = —Ck +Crft +Cntl

Jsn+ n+k,i’
o k n+1 J
(8) dw(ei, Cn+tj, entk) = _Ci,n+j + Cn+j,n+k - CnJrk,i’
(4) dw(en-i-ia Entj, en+k) - 7Cn+i,n+j - Cn+j,n+k - Cn+k,n+i'

PROOF. Since w is left-invariant, it follows that
dw(X,Y,Z2) = —w([X,Y],Z2) —w([Y,Z],X) —w([Z,X],Y), VX,Y,Z€g.
Applying this to (1) gives
dw(ei, e, ex) = —w([ei, €], ex) — wlej, e, ei) — w(ler €], €;)
== Chwlener) =Y Chwlene) = > Chwlere))
1 l 1
_ Clnj-i-k + C«;Lk+i + C',Zli+j.
Statements (2)—(4) are computed the same way. d
LEMMA 3.11. Let T € A’g* ® g. Then
T;(X,JY)=—-JI;(X,Y), T;(JX,JY)=-T;(X,Y).
PrOOF. We verify the first identity:
T;(X,JY)=JI(JX,JY)+ JT(X,JJY)+T(X,JY)-T(JX,JJY)
=JrJX,JY)-JT(X,Y)+T(X,JY)+ T(JX,Y)
= —J(-T(JX,JY)+T(X,Y) + JT(X,JY) + JT(JX,Y))
= —JTy(X,Y).
The second identity follows by applying the first identity. 0

PROPOSITION 3.12. Let V be a left-invariant g-compatible connection
on (G,g,J,w) with torsion T. Then V is Hermitian if and only if the

torsion components T, = (T'(eq,ep),€c) satisfy the following equations for
1<i4,5,k<n:
k k k k k
(3.11) = = T T = Ty ey + N =0,
k k k k k
(3.12) Totig+Ting, + Tfﬁ - Trﬁrz‘,nﬂ + NZJF =0,
and
(3.13) Cpth v ontt 4 Ot = —Tptt - - Tt
k j +j k ‘ +j

(3.14) —Ci + Ol + Culies = Ty — Thty — T

k +i j _ ik +i j
(315) _Ci,n+j + Cg+;,n+k - CZL+]€,7: - Ti,nJrj - Tg+;,n+k + T7ZL+k,i7
(3.16)

Ak . i _ ok 3 J
Crtimti — Ontimtk = Criknti = Tnvinti T Togjmner + Dogkontis
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ProOOF. This is an application of Proposition 2.11. Since every vector
field on G can be expressed as a C°°(G)-linear combination of left-invariant
vector fields, it suffices to take X, Y, and Z in conditions (1) and (2) of Lemma
2.10 to be left-invariant vector fields. From this, it follows that condition (1)
of Lemma 2.10 is satisfied if and only if

(3.17) (Ty(ei,e;) + N(ei,ej),ex) = (Ty(ei e;) + N(ei,ej), enyr) =0,
(3.18) (Ty(eisentj) + N(ei,entj)s en) = (Tlei entj) + N(eis€ntj), entr)
-0,
(3.19) (T(en+iren+j) + N(enti, envtj), )
= (Ty(entirentj) + N(entirenij)sentr) =0,

for all 1 <14,j,k <n. However, Lemma 3.11 implies

TJ(ei7en+j) + N(ei,enﬂ-) =—-J [TJ(ei,ej) + N(ei,ej)] R
TJ(€n+i7 €7L+j) + N(en-l-ia en-i-j) = - [TJ(ehej) + N(ei7 ej)] .

Hence, equations (3.17)—(3.19) hold if and only if (3.17) holds. We expand
the second half of (3.17) which will turn out to be (3.12):

(Ty(eire;) + N(ei,€5), entk)
= (JT(Jei, ;) entr) + (JT (i, J€j), €ntr)
+ (T'(ei, €5), entk) — (T(Jes, Jej), entr) + NZJ&’“
= (JT(entir €5); ensn) + (JT(€is ents), ) + T
— (T(entirntj)s entk) + NZ;Jrk

2n

Z ntig{Jel entk) +Z intilJen enyk)
=1

n+k n+k n+k
T» : Tn_H nti T N

+k +k +k
+ T{} -7 + Ni’; .

k
T n+i,n+j

k
_T i,n+7

n+1 ]

The first part of (3.17) is handled similarly and corresponds to (3.11). Con-
dition (2) of Lemma 2.10 holds if and only if

(3.20) dw(e;, ej,er) =w(T(ei,e5),ex) +w(T(ej,er),e) +w(T(er, ), €5),
(3.21)
dw(ei, ej, entr) =w(T(ei,€5), entr) +w(T (€], €ntr)€;)
(T (ensirei)se5),
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(3.22) dw(eis entjsentk) = w(T (e enty)s entk) + w(T(€ntjsentr), €:)
+ w(T'(entk; €i); €ntj);
(3.23)
dw(en+tis entjs €ntk) = W(T(€ntiyentj)s entr) + (T (ents, entr), €nti)
+w(T(entksn+ti) €ntj)s

for all 1 < 4,7,k < n. Expanding equations (3.20)—(3.23) with the help of
Lemma 3.10 gives (3.13)—(3.16) respectively. ad

Let AN g*  A2g* denote the space of real left-invariant 2-forms of type
(1,1) with respect to the almost complex structure on (G, g, J,w).

PROPOSITION 3.13. A Hermitian connection on (G, g, J,w) is left-invari-
ant if and only if a € QWY (G, TG) in Proposition 2.15 belongs to the space
/\(171)9* ® g‘

ProoF. Let a € QD (G;TG). By Proposition 2.15, a determines the
torsion T" for a Hermitian connection (which in turn uniquely determines the
Hermitian connection). By Proposition 3.3, the Hermitian connection with
torsion T is left-invariant if and only if T' € A%g* ® g.

If a € AODg* @ g c QUD(G;TG), it follows immediately from the
formula in Proposition 2.15 that T € A%g* ® g.

Now suppose that T € A?g* ® g and let X, Y, and Z be left-invariant
vector fields. Substituting X, Y, and Z into the formula for Proposition
2.15 and simplifying gives

(T(XTY7),Z) =(a(XT,Y7), 2Z).
Expanding the above equation in terms of X and Y and simplifying gives
TX, )+ T(JX,JY), Z) =2(a(X,Y), Z)

where we have made use of the fact that a is (1,1). Since the left side of the
equation is a constant for all XY, Z € g, it follows that a(X,Y") € g for all
X,Y € g. Hence, « € AW Dg* @ g. 0

COROLLARY 3.14. There is a one-to-one correspondence between the
space of left-invariant Hermitian connections on (G, (-,-), J,w) and the space
/\(171)9* ® g‘

ProOF. This follows from Corollary 2.17 and Proposition 3.13. O

LEMMA 3.15. Let a € A%g* @ g. Then a € AMVg* @ g if and only if
the components oS, = (a(eq,€p), ec) satisfy the following conditions for all
1<i,j<nand1<c<2n:

(a) Oéfj = a%+i,n+j7

(b) af,n+j = _a%-&-i,j
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where all other components are determined by skew-symmetry in the lower
indices.

PROOF. The 2-form « is of type (1,1) if and only if a(e,es) =
a(Je,, Jes) for all 1 < r,s < 2n. This is equivalent to the requirement
that for all 1 <7, <n and 1 < ¢ < 2n one has

(324) <Ot(61', ej)v ec> = <a(en+ia en+j)7 6c>a
(3'25) <a(eiaen+j)766> = _<a(en+ivej)766>'
Expanding (3.24) and (3.25) gives (a) and (b) respectively in Lemma 3.15.

d

For o € AV g* @ g, we define
a™(X,Y,2) = (a(X,Y), Z) + (Y, Z), X) + (a(Z, X),Y)

for all vector fields X,Y,Z on G. Note that a™ is a (real) 3-form of type
(2,1)+(1,2). Following the notation of Section 2, we write n* to denote the
(2,1)+(1,2) part of any 3-form n € Q3(G).

LEMMA 3.16. For a € A\OVg* @ g and 1 < a,b, ¢ < 2n
+

ot = at(eq, ep,ec) = aly + af, + al,
where oy = (a(eq, ep), ec).
PrOOF. Immediate. ]
LEMMA 3.17. (dw)™ is given as follows: for 1 <i,j5,k <mn
(dw)* (ei, €5, ex)

1 k ; +j ; k j
(3.26) = 1[30? +3CHT 430 + Chny = Colinn + Coginl
1 +j ; k ; j
+ 11Chnwi = Ctlnin + Crvieg = Clingg + Cnfmin = Ol

(dw)+ (eia €5 en+/€)

1 k ni n+j k i j
(3.27) = 1[—3@]' + 3Cj,:+k + 3Cn+ljc,i = Crtim+i — Cntjntk — Ciz—&-k,n—i—i]
+

L +j Tk j +i tk
1[ e = Cinls — iy — O + O + CRi L
(3.28)
(dw>+(6i7 En+j, entk)
& ; j k +j ;
[=3C sy +3C0 5 ik =30 i = Ol + Ol = O

1
4
+ Z[Clz,nqtz - Cn—ti,n+j + C:erj,k + C’ij+ + lej + Cki—i_]]’
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(dw)+ (entis €ntjs Cnik)

1
4 [
PROOF. We compute only (3.26). The other cases are computed in the
same way. Using Proposition 2.2 and Lemma 3.10, we have

(dw)™ (es, €5, ex)

1 . . - -
(3.29) = 7[73Ch1ints = 3Chismin = 3Chimrs = Oy + iy + O]
+ —

J n—+1i n+k 7 n—+j n—+k
Ci — Ckm-i—j o Cn+j,i o Cjk + Ck,n+i + Cn+i7j]'

— %[3dw(ei, €js k) + dw(enti, enyjs ex) + dwlentis €, entk)
+ dw(ei, entjs enti)]

— 3[3dw(ei, €j; er) = dw(er, entj, enti) — dw(ej, entis entr)
+ dw(e;, entjs €nti))

1 " n+i n+j i n j
- Z[3Om‘+k +3CT +3CH + Cf oy — Ot + O]

n+j,n+1
1 . _ , ,
k n+j 7 k =) J
+ E[Cj,n-i-i = Cotintk + Crgig = Cimys Ot — Ol

d

LEMMA 3.18. Let o € AWVg* @ g and let V* denote the left-invariant
Hermitian connections whose torsion is associated to o by Proposition 2.15.
Let T™ denote the torsion of V. Then

(THUX,JY), Z) = —(T*X,Y),JZ) — %(N(X,Y),JZ)

+{a(X,Y),JZ) +(a(X, JY), Z)
for all vector fields X,Y,Z on G.

(3.30)

PRrOOF. By Proposition 2.15, we have

(T(X,Y), Z) :—i(N(X,Y),Z) (dw)T(JX,JY,JZ)

_1
2
+ %(dwﬁ(x, Y,JZ)+ %a*(x, Y,Z) - %oﬁ(JX, JY,Z)
+{a(X,Y), Z).
It follows from Proposition 2.2 that if n* is a 3-form of type (2,1)+(1,2) then
n(X,Y,Z2) =0t (JX,JY,Z)+ 0" (JX,Y,JZ) + 0" (X, JY, J2Z).
Hence,

(XY, Z) =0T (JX,JY, Z) =" (JX,Y,JZ) + 0" (X, JY, ] Z)



LEFT-INVARIANT HERMITIAN CONNECTIONS ON LIE GROUPS 439

and
Wt (IX,JY,TZ) — 0t (XY, JZ) =t (X, TY, Z) + 5 (JX,Y, 2).
Using these identities, we have

(TY(X,JY), Z)
1

=~ (N(X,JY), Z) + %(dw)*(JX, Y,JZ)+ %(dwﬁ(x, JY,JZ)

1 1
+ §a+(X, JY, Z) + 5oﬁ(JX, Y,Z) + (a(X,JY), Z)

1

=1 (-INXY), Z) + %(dw)*(X,Y, Z) — =(dw)t(JX,JY, Z)

1
2
1 1
+ §a+(JX, JY,JZ) — 5oﬁ(X, Y,JZ) 4+ {a(X,JY), Z)
1 1 1
= _1<N(Xa Y)7JZ> + §(dW)+(X,KZ) - i(dUJ)—i_(JX, JY> Z)
1 1
+ 5oﬁ(JX, JY,JZ) — 5oﬁ(X, Y, JZ) + {a(X,JY), Z)

— (TY(X,Y),TZ) — %(N(X, Y),JZ) + (a(X,Y), JZ) + (a(X, IY), Z).

At this point, we have all the ingredients needed to compute the torsion
components of a left-invariant Hermitian connection (the components of a
left-invariant Hermitian connection is then computed using Lemma 3.8). In
particular, we also compute the torsion components of a left-invariant Gaudu-
chon connection.

PROPOSITION 3.19. Let o € AW Vg* @ g and let oty = (a(eq, ep), ec).
Let V¢ denote the left-invariant Hermitian connections whose torsion is as-
sociated to o by Proposition 2.15. Let T® denote the torsion of V. Then for
1<i,5,k<n

(T (ei, €5), ex)

1, 1., 1., 1., 1, 1.
=50~ gcfk + 70k + 50 ins T 7 Ontimte + 10i+k,n+i
(3.31)

1 . 1 ; 1 . 1 ; 1 . 1
+ + + + k
+ 1 Chmie + 70k T 700mss — 70kt T 0 + 5 + 500
1 n+i 1 n+j

- ian+j,k - iak,nJri’
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(T(€i,€5), €nth)

1 1 1 . 1 _. 1 .
_ +k +k J i J
- _icinj + §C’r?+i,n+j - chc,n-m‘ - Z n+j,k Zci,n-‘rk:

(332) i T i Cionm icﬁii,m - i%ﬂ _ ic;t,j L aptk
T T T S SC IS T
(T(€i,entj), k)
- *%Cliﬂ,j - %Oﬁnﬂ - ic’:-tij,n-&-k + icz“r’w' * icﬁi;’”k
(3.33) — iC’f‘H_k’i - ici7n+j - ici—i-i,k - icgjj a iC’gJﬂ‘i + aﬁ"‘*‘j
+ %aiﬂ;k + %O‘ij + %O‘?fji %ai’”“’

<T0£ (eia en—i—j )7 en+k>

1 n+k 1 n+k 1 7 1 n—+j 1 i
= =3Ot — 50w T 70k — 1k T 1 Cntimtn
(334) 1 . 1 i 1 n-4i 1 n+j 1 n—+1i n+k
+ 1Ot ¥ 70 = 7C0n4in = 7Cimtr = 700tk + Yints
1, 1 gy [ 1

J
+ 9 Antjmntk + 5 Yntk,i + 5%tk + 5 Yntkntio

(T (en+isentj),er)

1, 1, 1. 1 1o,
) = —5Cntinti T 505 = 7 tintk = 1Cntknri — 7 Chnti
3.35 1 s 1 ) 1 . 1 . 1 s
- ch-tljc,i - ZC]?,:,:-j + ZCZJk + 70k t+ ch,ii-i + O i
1y 1 n-+i 1 n+j 1 i
+ §aiL+i,n+k + ianik,j + gai,nik + éan+k,n+j7
<Ta (6n+ia en+j)7 6n+k>
1 1 1 . 1 1 .
_ n+k n+k 7 ] n—+1
( ) - _5 n—+i,n+j + §C,Lj + Zon+j’k + ick,n—‘ri + ZC]k
3.36 1 1 ) 1 . 1 . 1 )
n—+ n—+1 i n+
+ chz ! + chij,n—&-k - ZCfL+k,i - ch,nJrk + ch+li,n+i
+ an+k¢ + lan+i + }an—i-j 1 i 1

J
n+i,n+j ) n+j,n+k 2 n+k,n+i §aj,n+kt - §an+k,i'
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PROOF. The equation (3.31) is computed using Proposition 2.15 and
Lemmas 3.9, 3.15, 3.16, and 3.17:

(T*(ei, €5), ex)
Lok Lo s+ Lo+
= _ZNz‘j - i(dw) (entis enJrjvenJrk) + §(dw) (es, s> Entk)

+
Q

+(€¢7€j,€k) - *a+(€n+i7€n+j,€k) + af-
2 J

n+k n+k k k
[_Cn+i,j - Ci,n+j + CZ] - Cn+i,n+j]

— 00| = B N -

k i J k n+i n+j
[_3Cn+i,n+j - 30n+j,n+k - 3Cn+k,n+i - C’L] + Cj,nJrk + CnJrk,i}

J n—+1 n+k 7 n+j n+k
— <G — O — oy — Ch + O + Ol

k n+i n+j k i J
+ 2305 + 307 L 3000 — Crgimts — Cntjinsk — Cogkon

+
— 0| = 00| —

i n+j n+k J n—+1i n+k
[Chk = Crnti — Cnti — Cie + Oty + Cnijil

) : 1
+5lat; + e+ gl -

k nti n+j k
9 §[an+i,n+j + o okl o

1, 1. 1. 1., 1 1.
= _§Cij - Zcz'jk + chk + §Cn+i7n+j + 10n+j,n+k + ZCTJLJrk,nJﬂ'

1 . 1 ; 1 . 1 ; 1 . 1
+ + + + k
+ Zc;tnik + EC:LLJH]C,Z + chfl,nlj — ECI::L,TL{H + aij + 504_17% + 50&']7“
1 n+i 1 n+j
— - 2 — — (Y ..
9 ntik 9T knti

The equation (3.32) is computed the same way, while (3.33) can be obtained

from Lemma 3.18 via

1
(T*(eis entj) ex) = —(T(€i, €5), €ntk) — iNZ}J’k +altt +af, .

The equality (3.34) is given by

1
(T(€s, en+t) entr) = (T (ei, €5), ex) + §N¢l§' — o + ol il

To compute (3.35) and (3.36), we apply Lemma 3.18 using (3.34) and (3.33)
respectively:

1
(T (entisentj) ) = (T(€j, enti)s entr) + §Nn+k +anh O s

Jsn+i
1 k k
<Ta (enJriv 6n+j)7 en+k> = _<Ta (ejv enJri)a ek> - §le'c,n+i - anJri,j + CVZL,”-H"

|
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From Section 2.4, the Gauduchon connections are parameterized by t € R
and the elements ot € ALY g* @ g which give rise to the Gauduchon connec-
tions are given by

(337 (aM(X,Y),Z) = i(dw)ﬂJX, JY,J7) + %(dwﬁ(x, Y, J7).

Let V* denote the Gauduchon connection associated to t € R; the associated
torsion T is given by

XY 2) = N2 - () (@) (X, v, 02)
(3.38)

N (3t4_ 2) (dw)*(JX, Y, JZ).

Applying Lemma 3.17 and Lemma 3.9 to (3.38) yields the components of the
torsion T°¢:

(T*(eirej), ex)

t ntk t ntk 1 k —t+1 L 1 nti
= ZCn-HJ + Zci,n-i-j - §Cij T Cntinss t ZCj,n-Hc
(3.39) Lonty |, ~2t+1 “2+1
+ Z n+k,i 4 n+j,n+k + 4 n+k,n+i
N s U [
4 Ik 4 Ck:,n-i—i + 4 Cik + 4 Ck,n+j’
<Tt(eiv 6j)7 en+k>
2l 2% —1 et P
(3 40) - 4 n+i,k 4 n+j,k 2 n+i,n+j
. —t+1 n—+j t_l n+i t k t—l j
+ 1 ntintk T 1 Coiinik — zci,n-i-j + 1 Ci otk
—t+1 t Ak Lok Lot 1
+ ch,n-i-k - ch-&-i,j - icij + zcik - ZCjk .
(T*(eirenyj),en)
—t4+1 , t o U —1 i T
= Tcn+j,k + ch+i,n+j + Tcn+i,n+k - iCl]
(3.41) t=1 i —t4+1 . 2—1 t—1
n+j n+1e 7 k
+ O+ O S+ 5 Cla
t—1 1 s 1 . 1.
+ 1 Chyin™t ch+j,n+k - §Cz‘,n+j + ZCi],nHw
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<Tt (67;7 en+j )7 6n+k>

t o t—1 —t+1 t o
= =1 Cn+inti + — Cntimir T =5 Ctjnsr T 703
(3.42) il O el DT L o 8 DUUR el P!
+ 4 jk 4 i,n+k + 4 Jn+k + 2 n+1i,j
—2t+1 n+j 1 n+k 1 J 1 n+i
1 Cntik 50t — 700 — 1Cntin
<Tt(en+i7 enJrj)» ek>
—t+1 . —t+1 —t+1 . t—1 . t
=7 SEk T Cl + 1 Ch + 1 T~ 1 z":ffg
(3.43) 241 21 ot e t—1
+ Tci,nJrk 1 Clntn — ECnJri,j + TCnJri,k
1 1

1 , .
k J i
- §On+i,n+j + 4Cn+i,n+/c - Z n+j,n+k>

(T*(en+irntj)s €nth)

t—1 —t+1 —t+1 2t —1

_ n+j n+i n+k n+j
- 4 Cn+g,n+k: + 4 Cn+j,n+k + 2 Cij + 4 Cik
(3.44) t o —t4+1 “2+1 . t—1
J n—+1i 7
+ ici,nﬂ‘ + 4 Cz‘,n+k + 4 Cjk + 4 Oj,n+l~c

t o 1 1 s 1,
+ 1Cntig t 70ntik = 5C0nTints — chz+i,k'

We conclude this section with the following examples.

ExXaMPLE 3.20. Consider the Lie group G with left-invariant frame
e, €2, €3, e4 whose non-zero bracket relations are

le1,e2] = e, [e1,e3] =ex+es, [e1,eq] =e3+eq.

The above 4-dimensional Lie algebra (and others) is studied in [2]. Equip
G with a left-invariant Hermitian structure (J, (-,-)) so that ey, ez, e3,€e4 is a
standard frame with respect to (J,(-,-)). Let a € A(bVg* @ g be the left-
invariant 2-form of type (1,1) with values in g whose nonzero components
aly = (aleq, ep), ec) are given by

1 _ 1 _ 4 _ 4 _
ajg =az =1, ag3=-5, oy =5,

where af, = —ajf,. Note that the components of « satisfy the conditions of
Lemma 3.15. From Proposition 3.19, the nonzero components of T“ are
1

3 1
(T%(er, e2),e1) = 1 (T%(e1,e4), 1) = > (T%(ea,e3),€1) = -5

5 3 3
<Ta(€3,64),61> = Za <Ta(61’€2)362> = 57 <Ta(63364)762> = 757
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1 3 3

<Ta(617€2)7e3> = _57 <Ta(617€4)7e3> - _17 <Ta(€27€3)7€3> = 1?
1 7 13
(I'“(e3,e4),€3) = 3 (I'“(e1,e4),€4) = 3 (I'“(e2,e3),e4) = 5

The components I';, of the associated left-invariant Hermitian connection V¢
(which are defined by V¢ e, = > TG e.) are computed via Lemma 3.8:

F%Q = Z’ Fh = %, F%Q = g’ Féz = %v 1%3 =1 F:134 = %’ F};g = %a
le14 = _g» F%1 = _Z» F%s = %a Fgl = _g’ F%l = _%a F%B = ; F§4 =—4,
Fz213 = _g’ F§2 = _%7 F:134 = Z» ngx = g Fgl =-1 ng = _%7 F§4 = %
Fil = %7 Fiz = g’ I11111 = —%a I‘A1l3 = _Za F33 = _ga
I‘gl = _%v sz =4, ng = _%, Fi1 = g

We have V*J = 0 if and only if (V¢ J)e, = 0 for all 1 < a,b < 4 and the
latter is easily found to be equivalent to the following for 1 < a < 2n and
1 < j,k <n (where n = 2 here):

k n+k __ n+k kE _
(3.45) I N N

The condition Vg = 0 is easily found to be equivalent to the following condi-
tion for all 1 < a, b, c < 2n:
(3.46) re, +It. =o.

One can verify by inspection that the values calculated above for I'S, satisfy
the above conditions.

EXAMPLE 3.21. Let G and eq,es,e3,e4 be as in Example 3.20 and let
(J,{(-,-)) be the almost Hermitian structure on G so that ej,eq, e3,e4 is a

standard frame. The nonzero torsion components 7 for ¢t = 2 are computed
from (3.39)—(3.44):
1 1
(T?(er, e2),€1) = T (T?(e2,e3),e1) = 1, (T?(e3, €a),€1) = 7
<T2(61763)762> = _17 <T2(63,€4),62> = _2a
1

1
(T?(e1,e2),e3) =1, (T?(e1,e4),e3) = L (T?(e2,e3),e3) = 7k

(T?(e2,e4),e5) = 2, (T?(e2,e3),e4) = —2.
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Let V2 denote the Gauduchon connection with torsion 72. The components
I, of V2 (where V2 e, = > T¢ e.) are given by

1 1 1
F%2: Za F%2:1, F%3:1, F§3:1, F§4:17 F};g:ia le14:17
r2 = L rZ =-1 F271 rZ, =-1,1%,=1
11 — ) 21 — ) 33 — ) 34 — ) 43 — b
4 4

3 | - 3 3 3 1 3 1 3

Iy, = 4’ Iy =—1, Iy = 1,13 = =1, I'gy = g Ui = 2 P =-1
4, = L i, =—1 r4——1 rd, =1, T4 =-1
3= Tt T T AT T i T b ta T T

The conditions VJ = 0 and Vg = 0 expressed in terms of the I'S,’s are
given by equations (3.45) and (3.46) respectively. One easily verifies that the
computed I'¢,’s satisfy equations (3.45) and (3.46).

4. CURVATURE ON TOTALLY REAL ALMOST HERMITIAN STRUCTURES

In this section, we take G = H x A where H is an arbitrary n-dimensional
Lie group, A is any n-dimensional abelian Lie group and G is equipped with
the product Lie group structure. Hence, we have the natural identification
g ~ h @ a, where g := Lie(G), h := Lie(H), and a := Lie(A). Hence, a is
an abelian ideal of g. We equip G with the left-invariant almost Hermitian
structure (J, (-, -)) so that G has a standard frame of the form

€1,...,€n, en+17---762n

where ey, ..., e, isabasisof hand e, 41, ..., ea, is a basis of a. (For notational
convenience, we write (e;,0) € g as e; and (0, e,4;) € g as e,+;.) In particular,
Jbh = a. Motivated by the terminology of [6-8], we say that J is a totally real
almost complex structure with respect to h. Since g = h & a and a is abelian,
we have

(4.1) Cith =Gty = Crging; =0

for 1 <4,j5,k <mnand 1 < ¢ < 2n. Lemma 3.9, Lemma 3.10, and (4.1) imply
the following:

COROLLARY 4.1. The Nijenhuis tensor associated with J has components

— Ntk ok NFE N0tk N7

k _ ok k
Nij =G Nn+i7n+j i,n+j 97 i,n+j n4+i,n+j ij

+k _
R = 0,
for1 <i,j,k < n where NG, := (N(eq, ep), ec). In particular, J is integrable if
and only if H is abelian. In addition, the fundamental 2-form w(-,-) := (J-, )
1s closed if and only if H is abelian.
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As a consequence of (4.1), the torsion formulas (3.31)—(3.36) and (3.39)—
(3.44) reduce respectively to the following:
1 1 1
(T(ei,e5), ex) = —EC’Z — ink + EC’k + a P+ a

(4.2) 2

1 1 . 1
n+i 7l+
+ 50[1161 - §an+j,k - 5 k nJ+z7
e a 1
<T (6,‘, 6]‘), en+/€> +k + ag n+k + Oén+k i
(4.3) 2 .
_ 7051111_ - 7l+] ,
9 n+j,n+ 2 n+k n+1
1 1
« n+ n+1
(44) <T (eiaen+j)7ek> Qy n+] + 2an+] k + 2ak J +35 2 jlj— + ia?c,nJri’
« i j n 1 1 j
45) (T(€is entj), entk) = *Cjk + *Cijm‘ + @i,:ij + 2an+j,n+k + 20423,1'
’ 1
+1i
2 ;Ln+k: + 2an+k n+41?
« 1 k J 1 7 k 1 J
@6 (T (en+tis entj) en) = 5 G5 + 70l + 70k + Qnpimgs + 5% itk
. 1 _
+1 n+ i
2 ?LJ";C i + 5 % n«ch + §O‘n+k,n+j7
o 1 |
A7 <T (en+i7 671+j)a en+k> Zi?nJr_] + 20[2127 n+k +5 2 nii@n-ﬁ-i
(47) e
- iajm—&-k - §Qn+k,i’
and
1 —t1, t—1
(4.8) <Tt(€z‘7€j)a€k> = *505 =+ 4 ikt 4 Cijk’
(49) <Tt(ei7 e]) en+k> 07
(4.10) (T" (e, entj),ex) =0,
t —2t41 1
(4.11) <Tt(ei,en+]) entk) = zczkg + 4 ik — iogk’
—t+1 —t+1 ,  t—1
(4.12) (T"(entisentj) er) = 5 CE+ T G+t —Cie

(413) <Tf (en+i7 en-‘rj)) €n+k> =0.

Let V* and V! be the Hermitian and Gauduchon connection on (G, J, (-, "))
whose torsion is 7 and T respectively. For completeness (and later use), we
record some formulas related to the curvature of a left-invariant connection.
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Recall that for an arbitrary connection V on G the associated curvature tensor
is defined by

R(X, Y)Z = [VX,Vy]Z — V[X7y]Z
where X, Y, Z are any vector fields on G. For convenience, we define
R(X,Y,Z W) :=(R(X,Y)Z,W).

As usual, the components of V are defined with respect to the standard frame
€1,...,6E, Via

Zb = <v€a6ba ec>~
In the case of a left-invariant connection one has the following result.

PROPOSITION 4.2. Let V be a left-invariant connection on (G, J,{-,-)).
Then

(4.14) R(ea, b, €crea) = »_ (T4,Th, —TH,Th, — CHTY) .
p

PRrROOF.

R(eaa eb)ec = vea vebec - vebvea €c — v[ea,eb]ec
= Z (rgcvea €p — FZCV% €p — Cgbvep ec)

P
- Z Z (ngrgc - ngrgc - Cgbrgc) €q
a p
which implies (4.14). O

COROLLARY 4.3. Let V be a metric compatible left-invariant connection
on (G, J,{-,-)) with torsion T. Then

R(eav €b, €c, ed)
= Z (égpalz;c - agpagc - Ogbégc> + Z (fgpfl?c - flzof(fc>
(4.15) " P

beap

+ 3 (Gl T+ CLTd, — Gy TE, — TiOn — 0BT,
p

where Cg, = 3(Cg, — Cj, — C3.), Tgy, = 5(T, — Ty, — T5.), and T, =
(T(eq,ep),e€c)-
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Proor. From Lemma 3.8, I'¢, = C’C + ch Substituting this into (4.14)
gives

R(@a, eba 667 ed)

=> (rd,r% —Ty e, —chrd)
p
= Z(éd +f(;i ) CZIJJC + Z Cbp +pr Cpc +j:‘5c)
p
ZCP (Cp.+ T

= Z(é;fpép +Ca T + Cp T + To,TE)

bc*ap
— > (CLCr, + CTE, + Co T, + TihTE) — > (CP,Cl, + OB, T
P P
which is (4.15) after rearranging the terms. O

REMARK 4.4. Note that the formulas in Proposition 4.2 and Corollary
4.3 apply to all Lie groups equipped with a left-invariant almost Hermitian
structure (as opposed to only Lie groups of the form H x A).

For the remainder of the paper, we let
Raped := R(eq, €, €c, €4d)-

Let a € ADg*®g and let V be the Hermitian connection on (G, (-, -), J)
whose torsion is 7. For notational convenience, we let 7' := T and Ty, :=
(T'(eq,ep),ec). The components TS, satisfy the followmg identities:

COROLLARY 4.5. An element T € N\?g* ® g is the torsion of a Hermitian
connection on (G, J, (-,-)) if and only if for 1 < i, j,k < n, the components of
T satisfy the following identities:

(4.16) T =T+ T T+ CE =0
(4'17) T7]z€+z \J + len+J + Tn+k Tr?jrrlkwrj = 0’
and

(4.18) ~T - T - T =0,
(4.19) Tf = Tyt =~ ks = =G
(4.20) Tz’kn+J Tﬁ’i; ntk Tn+l~c i =0
(4.21) Thvimii + Toiiman + Tn+k i = 0.

PRrOOF. This follows immediately from Proposition 3.12, Corollary 4.1,
and (4.1). d
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The quantities ffb feature prominently in the formula of Corollary 4.3. Note
that T (unlike T'S) is not skew-symmetric in the lower indices. Instead, one
easily ﬁnds that ch satisfies the following identities:

7 b 7ib
(422) acb - Tlfa = Tacb’ chb - gb - Tac’ a?b = 7Tac'
Of course, the same identities apply to égb;
A A A A b b
(423) gb - Olfa = C{ib’ Cgb - gb = _Cac’ ab - _O

Using (4.2)—(4.7), the third identity in (4.22), and the symmetries of «, one
obtains the following for 1 <4,j,k < n:

(124) T =~ 70k + 10l + 5Ch + 50k — sody — 2alil, + salik,
(425) Tyt =l ol b solt - sak,

(4.26) Tk, = %a%H - %a;’;j + %a{w - %a@*k,

(4.27) T\7lf+i,j = ; fnﬂ + %O‘g,nﬂc %O‘Zcﬂ +% mkv

(4.28) ﬁn;rfj = _Zcijk + *Ck' + laﬁr—]ﬁj - %O‘Zﬁk - %O‘gk + %a?jv
(4.29) fgilkj = _lcijk Czkj - %a?:ﬁg %O‘gk - %a?ﬁk - %a?ﬁ
(4.30) fr]fﬂ‘,nﬂ‘ = inj + Cka + 10‘ + ;azk + 5 ?Z—Ji-k + % ?i—]iw
(431 Dot = =50k + 50l - gai + el

In the next result, we calculate the element a € A1 g*®g which corresponds
to the trivial Hermitian connection, that is, VxY =0 for all X,Y € g (which
is clearly flat by Proposition 4.2). We will write V = 0 to denote the trivial
Hermitian connection.

PROPOSITION 4.6. Let G = H x A where H is any n-dimensional Lie
group and A is any n-dimensional abelian Lie group. Let (J,(-,-)) be any
left-invariant almost Hermitian structure on G such that (J,{(-,-)) admits
a standard frame of the form ei,...en, €pi1,...,€2, where e1,... e, and
€nt1,-- -,y correspond to frames on H and A respectively. Then V¢ =
is (uniquely) given by the element o € ANVVg* @ g whose components for
1<4,5,k,<n and1§c<2n are

k _ _k _ k n+k _ ¢
Qg = Oyt = C s «

:O7

_ _c
ij> i T Qindj T Xpgig

where (again) CS, := ([eq, €], ec>.
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PrOOF. Following the previous notation, let af, = (a(eq, es),e.). Let
T :=T* be the torsion associated to V*. We need to show that Fcb =0 for
all 1 < a,b,c < 2n. From Lemma 3.8 and the definition of C’Cb and T, we

have I'¢, = C’ab + T So we need to show that T C’ab for the above
choice of a. (Unlqueness of a follows from Corollary 2. 17.) From (4.24), we
have

Tk k i k n4+ +k
g _Zcij + 701]]9 + 70 ik + 204” 2O‘gk 2ai,n+j k 9 ’777,+j
1

1 k k )
= _zcij + Czjk T3 e — Oz'j + chk

1 . 1
=50+ 3 kaJF 5 i
1, & -
5(013‘ o ;k - Cf/c)
_ ¢k,
Since C¢ ¢, = 0 whenever one of its indices is greater than n, it only remains

to show that 7¢ < = 0for a >n, b>mn,orc>n. Equations (4.28), (4.29),
and (4.30) respectively glve

1 1 1 ; 1 1
+k _ k +k + k
Tlnn+j - _Zczjk + C 2 ?n—!—J 2a2n—]§-k 2 gk + §O‘ij

L k k
= _chk + Zcij + icgk ng

n+k _ J k n+k 7 n+j
il =—-=Ch - O - = e

1
k
ij 20[1 n+j 2azk: 971 n+k iaij

L k K
= *chk - Zcij + icijlc + Zcz‘j

Tk _ Ck C 1 n+j 1 n+k:
Tn+i,n+j - + + a + 2 zk + 2041 n+k +5 9 @; n+J
— k J k J
= ZCij + Zcik Cz; Cik
=0.
Lastly, from (4.25), (4.26), (4.27), and (4.31), we immediately have
rn+k _ mk _ rk _ n+k
Tij 11 n+j Tn-H 2] Tn+z n+j = =0.
This completes the proof. 0

REMARK 4.7. The connection V¢ constructed in the proof of Proposition
4.6 is, in general, not a Gauduchon connection. To see this, recall from (3.37)
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that the ¢-Gauduchon connection is determined by ot € ALY g* @ g which is
defined by

((X,Y), Z) = ~(dw) T (JX, JY, JZ) + —(dw) T (X,Y, T Z).

_! t
4 4
Using (3.26)—(3.29), we have for 1 <,5,k <n

t t
(a'(eive)), en) = Z(dw)+(en+iv €n+tj»Entk) + i(dwﬁ(ei, €j>En+tk)

t k
t t
(a"(ei enty), ensk) = z(dw)+(en+i’€ja€k) - Z(dw)Jr(ei,enﬂ,ek)
t ot
- *icgk - ZCjk'

In order for o to agree with the o appearing in the proof of Proposition 4.6,
we require .
t t i t .
—Zcfj = —5(}{;7 —1% = 4G =0.
For an arbitrary Lie group H, there is, in general, no ¢t € R which satisfies
both equations simultaneously which shows that the connection appearing in
the proof of Proposition 4.6 is a Hermitian connection which is, in general,
not a t-Gauduchon connection.

Let V' be the t-Gauduchon connection whose torsion is 7. We now
determine a sufficient condition on H so that V' (for some t) is trivial. For
notational convenience, we set T := T" and (once again) T, := (T'(eq, €p), €c)-
We now calculate T¢, := (TS, — T +T2,). Recall that Ce, = (Ce, -0+
C%,). Then

2—t 1 . 1~

~ 1 -
k _ k 7 J k i
(4.32) Ty =—7C+—Ci— 10 = —35% + —Cin
o~ 1 t 1 . 1 1—-t
n+k __ k 7 J k 7
(4.33) Tonvy = 705 = 700 + 1Cki = 5005 + —Cins
~ t—1 1-t 1—-t;, t—-1_,
n+k __ k _ 7
(4.34) T =—7C5+— Ci, = 5 Cl; + — G
~ 1-1¢ t—1 t—1 4, 1-t
k k i
(4.35) Tovin+j = TC“ + TC,JW. = Tcii T ik
P T
(4.36) T = Tipej = Ty = Tifing; = 0

In preparation for Theorem 4.11, we recall some basic facts from the theory
of Lie groups (cf [1,13,17]):

LEMMA 4.8. Let H be a compact Lie group. Then § := Lie(H) admits a
positive definite Ad-invariant metric ), that is, n(Adp(X), Adp(Y)) = n(X,Y)
VheH, X, Y €b where Ad: H— GL(h) is the adjoint representation.
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PRrROOF. Fix an orientation on H and let 2 be a left-invariant volume
form such that

(4.37) /H Q= 1.

Let n be any left-invariant (Riemannian) metric on H. Define j: h x h — R
by

AKX, Y) = /H D(Ady-1 (X), Ady-1 (V)2

for X, Y € b. Clearly 7 is positive definite and, since 7(X,Y) € R for X, Y €
b, n also induces a left-invariant Riemannian metric on H. To see that 7 is
Ad-invariant, fix X,Y € h and define f : H — R by

F(h) = p(Ady-1(X),Adp-1(Y)) €R, he H.

Let z € H be arbitrary and let L, : H — H be left translation by x. Then
forhe H
(L3 f)(h) = f(zh)
(Ad xh)*l( )7Ad(rh)*1(y))
(Adh 1:v_1( ) Adh_lx_l(y))
(Adh 10 Ad, —1( ),Adh—1 o Adw—l(Y)).

Ui
Ui
n
From this, we have

7/7\(Ad3¢1)(7 Adel(Y» :/ n(Adh—l o AdI—I(X),Adh—l o Adrfl(Y))Qh
H

H
= / T](Adh—l (X), Adh—l (Y))Qh
H
where we have used the fact that €2 is left-invariant in the third equality and,
in the fifth equality, we have used the fact that L, : H — H is an orientation

preserving diffeomorphism (since LX) = Q and Q is positively oriented by
(4.37)). a0
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COROLLARY 4.9. Let H be a compact Lie group and let 7] be a positive-
definite Ad-invariant metric on h. If ey, ..., e, is an orthonormal frame with
respect to 1 and C’fj =n(les, e5], ex), then C’fj =—C.

PROOF. Let X € b and let h(t) = exp(tX). Then for Y,Z € b, Ad-
invariance of 7] gives

N(AdpwY, Adpwy Z) = 1(Y, Z).
Differentiating both sides at ¢t = 0 gives

nadxY, Z) +7(Y,adx Z) = 0.
Hence,

(X, Y], 2) = =Y, [X, Z]).
Taking X =e;, Y =e;, and Z = e, gives

cl = -y,
|

REMARK 4.10. The proof of Lemma 4.8 provides a means of construct-
ing a positive definite Ad-invariant metric on the Lie algebra b of a compact
Lie group H. However, as the construction requires an integration, it would
be nice to have an alternate way of obtaining a positive definite Ad-invariant
metric on the Lie algebra. For the case when H is both compact and semisim-
ple, one can obtain such a metric by turning to the Killing form. Specifically,
if H is both compact and semisimple, then the Killing form K which we recall
is defined by

K(X,Y)=Tr(adx o ady)
is a negative definite Ad-invariant metric on § where Tr denotes the trace

([1, Theorem 2.28]). Hence, if A < 0 is any negative number, then 7 := AK is
a positive definite Ad-invariant metric on b.

‘We now come to the main result of this section.

THEOREM 4.11. Let H be an n-dimensional compact Lie group and let
A be any n-dimensional abelian Lie group. Then G = H x A admits a left-
invariant almost Hermitian structure (J, (-,-)) such that

(1) J is totally real with respect to by := Lie(H), and

(2) Vt =0 fort =2 and has totally skew-symmetric torsion

(3) V' is flat (and nontrivial) for t = —2
Moreover, if TP denotes the torsion of the Gauduchon connection V? and
B € A3g* is the left-invariant 3-form defined by B(X,Y, Z) := (TB(X,Y), Z),
then (B is closed.
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PROOF. Since H is compact, there exists a positive definite Ad-invariant
metric 77 on h by Lemma 4.8. Let ey,...,e, be any left-invariant frame on
H which is orthonormal with respect to 7 and let Cf; := 7([e;, €;], ex). By
Corollary 4.9, the structure constants satisfy the symmetry condition ij =
—CY.. Let epy1,...,€2, be any left-invariant frame on A. Define (J, (-,))
to be the left-invariant almost Hermitian structure on G = H x A so that
€1,...,6a, is a standard frame for (J, (-,-)). (Note that from the definition of
standard frame, we see that (-, -) restricted to ey, ...,e, is precisely 7.) From
the symmetry condition on ij for 1 <14, 4, k, < n, we immediately have

. 1 , . 1
k _ k 0 _ k
Cfy = 5(Ch = O} = Cl) = 50

From (4.32)—(4.36), all of the ﬁfb components associated to V' vanish except
possibly Ti@. and T™F  which reduce to

i,n+j
75— ¢k Ttk =17tk
Settirig t=2, we obtair/l\ fsz = 0 whenever one of its indices is greater than n
and Tj; = —3CF = —CF;. From this, it follows that I'S, := (V2 ey, e.) = 0.
This implies that the torsion T? of V? is given by
(4.38) (T?(eq,ep),ec) = —{[eq, ], ec) = —CS.
Since ij = —C’gk for 1 <4,5,k <n and C¢, = 0 whenever a, b, or ¢ exceeds

n, it follows that (T%(X,Y), Z) is totally skew-symmetric. This completes the
proof of (1) and (2).

For (3), consider V' for arbitrary ¢. Given the values of CA'gb and f;b
above, it follows from Corollary 4.3 that all the components of R! are zero
except possibly Rf;, and R, ., ., (where 1 <4,j,k,1 < n) which reduce
to

(chcm, — clycn —acch) + 3 (ehen, - cen)
1 p=1

NE

1
Rfjkz = 1

=
Il

n

t
— = (ChCn + ChCl, — €1, 08, — €, Ch = 20T.Cly )

gk Jjp Jjp
p=1

2 —te(2—t 2—1
t l l l
Rimiknit = 3= D <4 ClCh = == C3pCh — ijcpk) .
p=1

The Jacobi identity expressed in terms of the structure constants is

> (CHCh + ChCh + CLCL, ) =0,

p=1
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Applying the Jacobi identity to Rj;, and Rf,, .\ .., gives

2 1\ <
Rﬁjkz = Rfj,n+k,n+z = (16 - 4) ZC@CIIJ,C.
p=1

From this, we see that R}, = Rf;, ., ., = 0 for t = 2 (which we recognize
as the trivial left-invariant connection) and ¢ = —2. This completes the proof
of (3).

For the last statement, let T2 := T? (where we use “B” to emphasize that
the ¢ = 2-Gauduchon connection corresponds to the Bismut (or Strominger)
connection in the integrable case). From (4.38), we have

B(X,Y,Z):=(TB(X,Y),Z2)=—(X,Y],Z) VXY, Zcg,
where the above calculation shows that § is a (left-invariant) 3-form. For
W, X,Y, Z € g, we have
AW, X, Y, Z) = =B(W, X],Y, Z) + B(W, Y], X, Z) — B([W, Z], X, Y)
- B(X YW, 2) + (X, 2], W, Y) = B([Y, 2], W, X
= (W, x],Y], 2) = (W, Y], X], Z) + (W, Z], X], Y)
(4.39) +(X, Y], W], 2) = (X, 2], W1, Y) + ([[Y, 2], W], X)
= (W XL, Y]+ [X, Y], W]+ [[Y, W], X], Z)
+ (W, 2], X] + [[2, X], WL, Y) + ([l 2], W], X)
= (W, X], 2],Y) + ([[Y, 2], W], X)
where we have applied the Jacobi identity in the last equality. It follows from

(4.39) that dp(eq,ep,ec,eq) = 0 whenever any of the indices a, b, ¢, or d
exceeds n. For 1 <1,7,k,l < n, we have

dB(ei, ej, ex, e1) = ([lei, 5], er], ex) + ([[ex, e, ei], €5)

~—

I
NE

(ij% + CZzC;J

=
Il
—

I
NE

(crem+ched,)

3
Il
-

[
NIE

(cr.oh + cier)

ij 1j

I
<0
I

where we have used the symmetry condition ij = fok in the fourth equality.
Hence, dS = 0. ]

REMARK 4.12. It is interesting to note that the ¢ = 2-Gauduchon connec-
tion V2 of Theorem 4.11 is precisely the trivial left-invariant connection, that
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is, every left invariant vector field on H x A is parallel with respect to V2.
From this, it follows that every left-invariant tensor on H x A is parallel with
respect to V2. Since the almost complex structure .J is left-invariant here, the
associated Nijenhuis tensor is also left-invariant and one has, in particular,
the nice upshot that V2N = 0 as well.

In addition, the 2-Gauduchon connection of Theorem 4.11 also has totally
skew-symmetric torsion (which is not guaranteed for the non-integrable case-
see Appendix A). Recall from Section 2.4 that the 2-Gauduchon connection
corresponds to the Strominger or Bismut connection in the integrable case.
With T2 denoting the torsion of the 2-Gauduchon connection, Theorem 4.11
shows that the associated (left-invariant) 3-form 3(X,Y, Z) := (TB(X,Y), Z)
is also closed. This is precisely the strong Kdhler with torsion (or SKT)
condition which was first introduced in the context of physics (cf [11,15]) and
then became a topic of interest in complex geometry (see [9] and the references
therein). In general, the 3-form 3 induced by 77 in Theorem 4.11 is not exact
(see Example 4.13 below).

The SKT condition has mainly been studied for the case where the al-
most complex structure is integrable. In fact, the standard definition of an
SKT manifold assumes a Hermitian manifold rather than an almost Hermit-
ian one. The reason, of course, is due to the fact that the existence of a
Hermitian connection with totally skew-symmetric torsion is always guaran-
teed for a Hermitian manifold (and this connection is precisely the well-known
Bismut/Strominger connection). So interestingly, Theorem 4.11 yields a left-
invariant almost Hermitian manifold (G = H x A, {(-,-),J) which satisfies
the SKT condition despite the fact that J is non-integrable (when H is non-
abelian). Following the terminology of the literature, {-,-) is an SKT-metric
for (G=H x A, J).

We conclude the paper with the following example:

EXAMPLE 4.13. Let G = SO(3) x R® where SO(3) is the Lie group of
3 x 3 orthogonal (real) matrices of determinant 1 and R? is given its natural
abelian Lie group structure. Let (J,(:,-)) be the left-invariant almost Her-
mitian structure on G with standard frame ey, ..., es where ey4, €5, g is any
left-invariant frame on R3 and ey, eq, €3 is the left invariant frame on SO(3)
whose bracket relations are

[61, 62] = —€3, [61,63] = €2, [627 63] = —€71.
Note that the frame on SO(3) has been chosen so that the symmetry condition
C’fj = fC’gk is satisfied for 1 < 4, 5, k < 3. From the proof of Theorem 4.11, the
2-Gauduchon connection V? associated to (SO(3) x R, J, (-, -)) is the trivial
left-invariant connection and has totally skew-symmetric torsion. In addition,
the left-invariant 3-form (3 defined by

B(X,Y,Z):=(TB(X,Y),Z) = ([X,Y],Z), VXY, Zcg
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is closed, where T (again) denotes the torsion of V2. Explicitly, we see that
Ble1,ea,e3) =1 and B(eq, ep, e.) = 0 whenever a, b, or ¢ exceeds 3. We now
show that 3 is not exact. Let 7 : SO(3) x R?* — SO(3) be the natural projec-
tion map. Since R? is contractible, it follows that 7 is a homotopy equivalence.
Hence, 7 induces an isomorphism between the de Rham cohomology groups
of SO(3) x R? and SO(3). In particular, we have

7™ H3(SO(3)) = H3(SO(3) x R3).
Since SO(3) is compact, connected, and orientable of dimension 3, we have
H3(SO(3)) =~ R. Any volume form on SO(3) is then a generator of
H3(SO(3)). Let p be the left-invariant volume form on SO(3) defined by
p(er,ez,e3) = 1. Then B = 7*p is a generator for H3(SO(3) x R3) which
shows that S is not exact.

The proof of Theorem 4.11 also shows that V=2 is nontrivially flat. Cal-
culating the components I'¢, := (Ve_feb, ec) we obtain the following:

FéS =-1, F1132 =1, F?s =1, F§1 = -1, Fi’z = -1, Fg1 =1,
Mgg=—1,T3,=1TI%=1,T3, =—-1, I'S; = -1, 'S, = 1.

The cautious reader can verify directly that the connection defined by the
above components is both Hermitian and flat.

APPENDIX A.

The following result was originally proved as part of [10, Theorem 10.1].
We give a proof!

ProOPOSITION A.1. Let (M,g,J,w) be an almost Hermitian manifold.
Then (M, g, J,w) admits a Hermitian connection whose torsion tensor is to-
tally skew-symmetric if and only if g(N(X,Y), Z) is totally skew-symmetric.
Moreover, if g(N(X,Y),Z) is totally skew-symmetric, then the Hermit-
ian connection with totally skew-symmetric torsion is precisely the t = 2-
Gauduchon connection (see (2.16)). In this case, the torsion T? of the t = 2-
Gauduchon connection can be simplified to

9(T*(X,Y),Z) = dw(JX,JY,JZ) — g(N(X,Y), Z).

PROOF. Suppose V is a Hermitian connection such that ¢(T(X,Y), Z) is
skew-symmetric in X, Y, and Z. By expanding Ty in condition (1) of Lemma
2.10, condition (1) can be rewritten as

Al g(T(JXaJY)aZ):g(N(X»Y)aZ)"'_g(T(XvY)vZ)
(a.1) — g(T(JX.Y).JZ) - g(T(X.JY). 1 2).

IThe authors were originally unaware of the existence of [10, Theorem 10.1] at the
time Proposition A.1 was proved.
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Condition (2) of Lemma 2.10 can be rewritten as
(A.2)
dw(JX,JY,JZ) =g(T(JX,JY),Z) +g(T(JY,JZ),X)+ g(T(JZ,JX),Y).

Substituting (A.1) into (A.2) and then using the assumption that g(7'(-,),)
is skew-symmetric in its arguments, we find that

(A.3) g(T(X,Y), Z) = dw(JX,JY,]Z) — g(N(X,Y), Z).

This shows that if T is totally skew-symmetric, then it must be unique.
Since the left side is totally skew-symmetric and dw(J-, J-, J-) is totally skew-
symmetric, it follows that g(N(X,Y), Z) is totally skew-symmetric. We now
show that (A.3) is precisely the torsion T? of the ¢t = 2 Gauduchon connection
(2.16). To do this, we first expand g(T;(X,Y), Z) with T defined by (A.3).
This gives

9(T;(X,)Y),Z) = —dw(X,JY,Z) —dw(JX,Y,Z) + dw(J X, JY, JZ)

(A4) — dw(X,Y,JZ) - 4g(N(X,Y), Z).

At the same time, condition (1) of Lemma 2.10 gives g(T;(X,Y),Z) =
—g(N(X,Y), Z). Substituting this into (A.4) gives

39(N(X,Y),2) = ~dw(X, JY, Z) — dw(JX,Y, Z)

A5
(A.5) +dw(JX,JY,JZ) — dw(X,Y, ] Z)

Applying (A.5) to (A.3), we obtain the following:
1

— LNy, 2) + dw(Ix, Y, J7) - Zg(N(X, YY), 2)

4
_ —ig(N(X, YY), Z) + dw(JX, JY, JZ) — i(—dw(X, JY, Z)
— dw(JX,Y, Z) + dw(JX, JY, JZ) — dw(X, Y, JZ))
- fig(N(X,Y), 7)+ i(3dw(JX, JY,J7)
+ dw(X,Y, JZ) + dw(X, JY, Z) + d(JX, Y, Z))
- —%g(N(X, V), Z) + (dw)t (JX, JY, J2)
=g9(T*(X,Y),2)

where we applied (A.5) in the fourth equality, the second to last equality
follows from Proposition 2.2, and the last equality is 7 in (2.16) for t = 2.
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On the other hand, if g(N(X,Y), Z) is totally skew-symmetric, then it

follows that g(T?(X,Y), Z) is totally skew-symmetric. The previous calcula-
tion shows that if a Hermitian connection has totally skew-symmetric torsion,
then the Hermitian connection is unique and must be T72. 0
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LIJEVO-INVARIJANTNE HERMITSKE KONEKSIJE NA
LIEJEVIM GRUPAMA S GOTOVO HERMITSKIM
STRUKTURAMA

SAZETAK. Na proizvoljnoj Liejevoj grupi G snabdjevenoj proizvoljnom
lijevo-invarijantnom gotovo hermitskom strukturom ((-,-), J) proucavaju
se lijevo-invarijantne hermitske i Gauduchonove koneksije. Pokazano je da
je prostor lijevo-invarijantnih hermitskih koneksija u bijektivnoj korespon-
denciji s prostorom ALV g* @ g lijevo-invarijantnih 2-formi tipa (1,1) (s
obzirom na J) s vrijednostima u g := Lie(G). Dobivene su eksplicitne for-
mule za torzijske komponente svake hermitske i Gauduchonove koneksije
s obzirom na prikladan izbor lijevo-invarijantnog okvira na G. Zakrivl-
jenost Gauduchonovih koneksija proucava se za poseban slucaj G = H X A,
gdje je H proizvoljna n-dimenzionalna Liejeva grupa, A je proizvoljna
n-dimenzionalna Abelova Liejeva grupa, a gotovo kompleksna struktura
potpuno je realna s obzirom na b := Lie(H). Kada je H kompaktna,
pokazuje se da H x A dopusta lijevo-invarijantnu (strogo) gotovo hermitsku
strukturu ((-,-), J) tako da je Gauduchonova koneksija koja odgovara Stro-
mingerovoj (ili Bismutovoj) koneksiji u integrabilnom slu¢aju upravo triv-
ijalna lijevo-invarijantna koneksija i, uz to, ima potpunu koso-simetri¢nu
torziju. Pokazalo se da gotovo hermitska struktura ((-,-),JJ) na H x A
zadovoljava uvjet jako Kdhlerov s torzijom. Nadalje, pokazano je da afina
krivulja Gauduchonovih veza na H X A s gore spomenutom gotovo hermit-
skom strukturom takoder sadrzi (netrivijalnu) plosnatu koneksiju.



