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ABSTRACT. We introduce dynamical systems (X, G) with closed rela-
tions G on compact metric spaces X and discuss different types of minimal-
ity of such dynamical systems, all of them generalizing minimal dynamical
systems (X, f) with continuous function f on a compact metric space X.

1. INTRODUCTION

In dynamical systems theory, the study of chaotic behaviour of a dy-
namical system is often based on some topological properties or properties of
continuous functions. One of the commonly used properties is the minimality
of a dynamical system (X, f) or the minimality of the function f. According
to [KS], minimal dynamical systems were defined by Birkhoff in 1912 [B] as
the systems which have no nontrivial closed subsystems: they are considered
to be the most fundamental dynamical systems; see [KS] where more refer-
ences can be found. Minimal dynamical systems (X, f) (i.e., with a minimal
map f) have the property that each point moves under iteration of f from one
non-empty open set to another. This property has been studied intensively by
mathematicians since it is an important property in dynamical system theory.

In this paper, we generalize the notion of topological dynamical systems
to topological dynamical systems with closed relations and introduce the no-
tion of minimality of such dynamical systems. A similar generalization of a
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dynamical object was presented in 2004 by Ingram and Mahavier [IM, M] in-
troducing inverse limits of inverse sequences of compact metric spaces X with
upper semi-continuous set-valued bonding functions f (their graphs I'(f) are
examples of closed relations on X with certain additional properties). These
inverse limits provide a valuable extension to the role of inverse limits in the
study of dynamical systems and continuum theory. For example, Kennedy and
Nall have developed a simple method for constructing families of A\-dendroids
[KN]. Their method involves inverse limits of inverse sequences with upper
semi-continuous set-valued functions on closed intervals with simple bond-
ing functions. Such generalizations have proven to be useful (also in applied
areas); frequently, when constructing a model for empirical data, continu-
ous (single-valued) functions fall short, and the data are better modelled by
upper semi-continuous set-valued functions, or sometimes, even closed rela-
tions that are not set-valued functions are required. The Christiano-Harrison
model from macroeconomics is one such example [CH]. The study of inverse
limits of inverse sequences with upper semi-continuous set-valued functions is
rapidly gaining momentum - the recent books by Ingram [I], and by Ingram
and Mahavier [IM], give a comprehensive exposition of this research prior to
2012.

Also, several papers on the topic of dynamical systems with (upper semi-
continuous) set-valued functions have appeared recently, see  BEGK,BEK,CP,
LP,LYY,LWZ,KN,KW ,MRT,R,SWS], where more references may be found.
However, there is not much known of such dynamical systems and therefore,
there are many properties of such set-valued dynamical systems that are yet to
be studied. In this paper, we study the minimality of such dynamical systems.
We also extend the notion of dynamical systems with (upper semi-continuous)
set-valued functions to dynamical systems with closed relations.

We proceed as follows. In the sections that follow Section 2, where basic
definitions are given, we discuss the following topics:

1. Minimal dynamical systems with closed relations and invariant sets
(Section 3).

2. Minimal dynamical systems with closed relations and forward orbits
(Section 4).

3. Minimal dynamical systems with closed relations and omega limit sets
(Section 5).

4. Backward minimal dynamical systems with closed relations (Section
6).

5. Minimal dynamical systems with closed relations and backward orbits
(Section 7).

6. Minimal dynamical systems with closed relations and alpha limit sets
(Section B).

7. Preserving minimality by topological conjugation (Section 9).
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In Sections 3, 4, 5, 7, 8, and 9, we first revisit minimal dynamical systems
(X, f) and then, we generalize the asserted property from dynamical systems
(X, f) to dynamical systems with closed relations (X, G) by making the iden-
tification (X, f) = (X,T(f)). Results about dynamical systems (X, f), pre-
sented in the first part of each of the above mentioned sections, are well-known.
Their proofs are short, rather straight forward and elementary. Therefore, we
omit the proofs. The reader can track these proofs by a little help from
S. Kolyada’s and L. Snoha’s paper “Minimal dynamical systems” [KS], where
a wonderful overview of minimal dynamical systems is given, or by E. Akin’s
book “General Topology of Dynamical Systems” [A], where dynamical sys-
tems using closed relations are presented.

2. DEFINITIONS AND NOTATION

In this section, basic definitions and well-known results that are needed
later in the paper are presented.

DEFINITION 2.1. Let X and Y be metric spaces, and let f : X =Y be a
function. We use

I(f) ={(z,y) e X XY |y = f(2)}
to denote the graph of the function f.

DEFINITION 2.2. If X is a compact metric space, then 2% denotes the
set of all non-empty closed subsets of X.

DEFINITION 2.3. Let X be a compact metric space and let G C X x X be
a relation on X. If G € 2X*X | then we say that G is a closed relation on X.

DEFINITION 2.4. Let X be a set and let G be a relation on X. Then we
define
G '={(y,2) e X x X | (x,9) € G}
to be the inverse relation of the relation G on X.

DEFINITION 2.5. Let X be a compact metric space and let G be a closed
relation on X. Then we call
m—+1
* G = {(Il,l'g, ey Tmg1) € H X | foreachie{1,2,...,m},

i=1
(.Ti,.%‘iJrl) c G}
for each positive integer m, the m-th Mahavier product of G, and
oo
*2,G = {(J:l,xg,acg, ... € HX| for each positive integer 4, (z;, z;11) € G}

=1

the infinite Mahavier product of G.
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OBSERVATION 2.6. Let X be a compact metric space, let f: X — X be a
continuous function. Then

ST = (X, ).
In this paper, we use various projections that are defined in the following

two definitions.

DEFINITION 2.7. Let X be a metric space. We use p1,p2 : X x X — X
to denote the standard projections defined by

pi(z,y) =z and p2(z,y) =y
for all (z,y) € X x X.

DEFINITION 2.8. Let X be a compact metric space. For each positive
integer k, we use 7 : [[;2, X — X to denote the k-th standard projection
from [T;2, X to X, defined by

7k (T1, To, T3y .oy ) = Tp

oo
for each (x1,29,23,...,...) € [[.1 X.
3. MINIMAL DYNAMICAL SYSTEMS WITH CLOSED RELATIONS

First, we revisit minimal dynamical systems and then, we introduce dy-
namical systems with closed relations and generalize the notion of minimality
of a dynamical system to minimality of dynamical systems with closed rela-
tions.

DEFINITION 3.1. Let X be a compact metric space and let f: X — X be
a continuous function. We say that (X, f) is a dynamical system.

DEFINITION 3.2. Let (X, f) be a dynamical system and let A C X. We
say that

1. Ais f-invariant, if f(A) C A.

2. Ais strongly f-invariant, if f(A) = A.

DEFINITION 3.3. Let (X, f) be a dynamical system. We say that (X, f)
is a minimal dynamical system, if for each closed subset A of X,

A is f-invariant = A € {0, X }.

First, we state the following well-known result. One can easily prove it
by using Zorn’s lemma. We leave the proof to the reader.

THEOREM 3.4. Let (X, f) be a dynamical system. The following state-
ments are equivalent.

1. (X, f) is a minimal dynamical system.
2. For each closed subset A of X,

FA) = A= Ae {0 X).
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Next, we introduce dynamical systems with closed relations. Before we
do that, we give Observation 3.5, which will serve as a motivation for the rest
of this section.

OBSERVATION 3.5. Let (X, f) be a dynamical system and let A C X. The
following statements are equivalent:
1. A is f-invariant.
2. For each (z,y) € T'(f),
re A= yc A
3. For each x € A,
x € p1(T'(f)) = there is y € A such that (z,y) € T'(f).

Motivated by Observation 3.5, we introduce two different types of invari-
ant sets with respect to a closed relation on a compact metric space.

DEFINITION 3.6. Let X be a compact metric space and let G be a non-
empty closed relation on X. We say that (X,G) is a dynamical system with
a closed relation or, briefly, a CR-dynamical system.

DEFINITION 3.7. Let (X,G) be a CR-dynamical system and let A C X.
We say that the set A is
1. l-invariant in (X, G), if for each x € A,

x € p1(G) = there is y € A such that (z,y) € G.
2. oo-invariant in (X, G), if for each (z,y) € G,
reA=ycA

OBSERVATION 3.8. Let (X,G) be a CR-dynamical system, let A be an
oo-invariant set in (X,G), and let x = (x1,%2,23,...) € *2,G. If z1 € A,
then xp € A for any positive integer k.

OBSERVATION 3.9. Let (X, f) be a dynamical system and let A C X.
Then (X,T(f)) is a CR-dynamical system and by Observation 3.5, the fol-
lowing statements are equivalent.

1. The set A is f-invariant.

2. The set A is 1-invariant in (X,T(f)).
3. The set A is co-invariant in (X,T'(f)).

Next, we show that every oo-invariant set in (X, @) is also 1-invariant in

(X,G).

PROPOSITION 3.10. Let (X, G) be a CR-dynamical system and let A C X.
If A is co-invariant in (X, G), then A is 1-invariant in (X,G).
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PROOF. Suppose that A is co-invariant in (X, G). If ANp;(G) = 0, then
there is nothing to show, so, let x € AN p;1(G) and let y € X be any point
such that (z,y) € G. Such a point exists since z € p;(G). Since x € A and
since A is oo-invariant in (X, G), y € A. So, there is a point y € A such that
(x,y) € G. Therefore, A is 1-invariant in (X, G). |

The following example shows that there are CR-dynamical systems (X, G) and
subsets A of X such that A is l-invariant in (X, G) but it is not co-invariant
in (X,QG).

EXAMPLE 3.11. Let X =[0,1] and let G = ([0,1] x {}) U ({3} x [0,1]),
see Figure 1.

N~

FIGURE 1. The relation G from Example 3.11
Then (X,G) is a CR-dynamical system. Let A = {1}. Then A is 1-
invariant in (X, G) but it is not co-invariant in (X, G).

DEFINITION 3.12. Let (X,G) be a CR-dynamical system. We say that
1. (X,G) is 1-minimal if for each closed subset A of X,

A is l-invariant in (X,G) = A € {0, X }.
2. (X,QG) is oo-minimal if for each closed subset A of X,

A is oo-invariant in (X,G) = A € {0, X }.

THEOREM 3.13. Let (X,G) be a CR-dynamical system. If (X,G) is 1-
minimal, then (X,G) is co-minimal.

PRrROOF. Let (X, G) be 1-minimal and let A be a non-empty closed subset
of X such that A is oo-invariant in (X, G). Then A is 1-invariant in (X, G) by
Proposition 3.10. Therefore, A = X and it follows that (X, G) is co-minimal.

a0
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In the following example, we show that there is a co-minimal CR-dynamical
system which is not 1-minimal.

EXAMPLE 3.14. Let X =[0,1] and let G = ([0,1] x {1} U ({3} x [0,1]),
see Figure 1. Then (X, G) is co-minimal but it is not 1-minimal. Let A = {%}
Then A is l-invariant in (X, G) but A & {0, X}. Therefore, (X, G) is not 1-
minimal. To see that (X, G) is co-minimal, let A be a non-empty closed subset
of X such that A is oo-invariant in (X, G). Let 2 € A. Then (z,3) € G and
1 € Afollows. Since (3,t) € G, it follows that t € A for any ¢ € X. Therefore,
A = X and it follows that (X, ) is oo-minimal.

4. MINIMALITY AND FORWARD ORBITS

First, we revisit forward orbits of dynamical systems (X, f) and then we
generalize these to forward orbits of CR-dynamical systems (X, G).

DEFINITION 4.1. Let (X, f) be a dynamical system and let xo € X. The
sequence

X = (J;Oa f(xO)a fz(x0>7 f3(I0)7 .. ) € *f?ilr(f)
is called the trajectory of xq. The set
O;’e(x) = {JTO, f(x0)7 f2($0)a fg(xo)v .. }
1s called the forward orbit of .
First, we state the following well-known result.
THEOREM 4.2. Let (X, f) be a dynamical system. The following state-
ments are equivalent.

1. (X, f) is a minimal dynamical system.
2. For eachz € X,
Cl((’)j‘?(z)) =X.
DEFINITION 4.3. Let (X, G) be a CR-dynamical system and let zo € X.
We use Tg (o) to denote the set
T (z0) = {x € x2,G | m(x) = w0} C *24G.

DEFINITION 4.4. Let (X,G) be a CR-dynamical system, let x € x32,G,
and let g € X.

1. We say that x is a trajectory of z¢ in (X, G), if m1(x) = xo.
2. We use OZ(x) to denote the set

O&(x) = {m(x) | k is a positive integer} C X.

If m(x) = xo, then we call this set a forward orbit of .
3. We use UG (x0) to denote the set

Ug(zo)= |J 0&(x) cX.

xeTg(mo)
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EXAMPLE 4.5. Let X = [0, 1] and consider the graph of the singleton point
G = {(1,0)}. Then *}_,G # 0 and for each m # 1, ¥/, G = (). Therefore, in
this CR-dynamical system, there are no trajectories in (X, G).

DEFINITION 4.6. Let (X, G) be a CR-dynamical system. We say that

1. (X,G) is 1®-minimal if for each x € X, T (x) # 0, and for each
x € %52, G,

cl (og (x)) - X.
2. (X,Q) is 2®-minimal if for each x € X there is x € Tj (x) such that
cl (og (x)) = X.
THEOREM 4.7. Let (X,G) be a CR-dynamical system. Then (X,G) is
2% -minimal if and only if for each xg € X,

C1 (U (@0)) = X.

PROOF. Suppose that (X,G) is 2®-minimal. Let x € X be any point.
Since (X, G) is a 2®-minimal dynamical system, there is a point xg € *2,G
such that 71 (xo) = 2 and C1(O%(x0)) = X. It follows from OF(x¢) C U ()
that ClUS (z)) = X.

Now, we show the other implication. Let xy be any point in X. We
construct a point xo € T (xo) with a dense forward orbit set. Since X is a
compact metric space, it is also second-countable. Let {Uy,Us,Us, ...} be a
countable basis for X.

StEP 1: Since Cl (ug(xo)) = X, it follows that

ninl U 0g= | (0500 #0.
x€TE (z0) x€TF (z0)
Let x1 € T (z0) and let i1 be a positive integer such that
i, (x1) € Us.
STEP 2: Since Cl (Ug(xo)) = X, it follows that
n( U 0ix= U (05x)nT) #0.
€T (miy (x1) *xETE (miy (x1)
Let x5 € Tg (z1) and let iy be a positive integer such that
iy (x2) € Us.
STEP K: Since Cl (Z/Ig(mo)) = X, it follows that
v U 0= U (0=t #0.

xETE (i), (¥—1)) x€TE (mi),_, (Xr—1))



MINIMAL DYNAMICAL SYSTEMS WITH CLOSED RELATIONS 487

Let xi € Tg (zk—1) and let 5 be a positive integer such that
Ty (Xk) c Uk.

We repeat these steps inductively to obtain the sequence of points (x,)
and the sequence (i,) of positive integers such that for each positive integer
n7

1. xn € T4 (i, ,(Xn—1)) and

2. 7;, (Xn) € U,.

Let
xo = (71,72, T3,...)

be such a point that

(1'1; L2,X3y. .- 7xi1) = (7T1(X1),7T2(X1),7T3(X1), ceey Ty (Xl))
and for each positive integer k,

(xikaxik—&-l, zik+37 e 7=Tik+1)
= (M1 (Xht1)s T2 (Xht1), T3(Xk1), -+ -5 Ty (Xkt1)-

It is clear that xo € T () and x¢ has a dense forward orbit set in X, which
concludes the proof. 0

THEOREM 4.8. Let (X, G) be a CR-dynamical system. Then the following
holds.

1. (X, Q) is 1-minimal if and only if (X,G) is 1%¥-minimal.

2. If (X, Q) is 1%-minimal, then (X, G) is 2% -minimal.

3. If (X, G) is 2%-minimal, then (X,G) is co-minimal.

PRrROOF. Let (X, G) be a 1-minimal CR-dynamical system. To prove that
(X,G) is 1®-minimal, let + € X. To prove that T/ (z) # 0, we show first
that p2(G) C p1(G). Suppose that p2(G) € p1(G) and let zg € p2(G) \ p1(G).
Then A = {x0} is trivially 1-invariant in (X, G)—a contradiction since A # X.
Therefore, p2(G) C p1(G). Next, we prove that po(G) = X. Let A = po(G)
and let z € A be any point. Since A C p;(G), it follows that @ € p1(G). Then
there is y € p2(G) such that (x,y) € G. This proves that A is l-invariant
in (X,G). Since A is closed in X and A # 0, it follows that A = X since
(X, Q) is 1-minimal. Therefore, p2(G) = X. Also, p1(G) = X follows since
p2(G) C p1(G). Since p1(G) = X, there is a point x € *2,G such that
m1(x) = 2 and T/ () # 0. This completes the proof that T, (z) # 0.

Next, let x € x22;G. We show that CI(OF(x)) = X. Let A = Cl(O&(x)).
Then A is a non-empty closed subset of X. Let z € A such that « € p1(G).
We consider the following possible cases.

(i) = € OZ(x). Let m be a positive integer such that m,,(x) = z and let
Yy = Tm+1(x). Then y € A and (z,y) € G.



488 I. BANIC, G. ERCEG, R. GRIL ROGINA AND J. KENNEDY

(ii) * & OZ(x). Let (2,) be a sequence of points in OF(x) such that

lim z, = x. For each positive integer n, let i,, be a positive integer
n—oo

such that m; (x) = z,. For each positive integer n, let y, = m;, +1(x),
and let (y;, ) be a convergent subsequence of the sequence (y,) and let
lim y;, = y. Note that for each positive integer n, (z;,,y;,) € G .
n—oo

Since G is closed in X x X and since lim (z;,,y;,) = (z,y), it follows
n—oo

that (z,y) € G. Since A is closed in X and since y;, € OF(x) for each
positive integer n, it follows from (’)g (x) C A that y € A.

We proved that there is y € A such that (z,y) € G. Tt follows that A is 1-
invariant in (X, G) and, therefore, A = X. This proves that Cl(OZ(x)) = X
and it follows that (X,G) is 19-minimal. This proves the first implication
of 1. To prove the other implication, suppose that (X,G) is 1®-minimal and
let A be a non-empty closed subset of X which is 1-invariant in (X, G). Let
a1 € A be any point. Since T, (a1) # 0, there is x; € T (a;). Choose
such an element x; € T (a1) and set @ = m2(x1). Then (a1,2) € G and
a1 € p1(G) follows. Since A is 1-invariant in (X, G), there is a point ag € A
such that (aj,as) € G = % _;G. Fix such a point as. Let n > 1 be a
positive integer and suppose that we have already constructed the points
ai,as,as,...,a, € A such that (ay,as,as,...,a,) € *;L:_llG. Since ng(an) *
@, there is x,, € T 5‘ (an). Choose such an element x, € Tg (an) and set
x = m2(xy,). Then (an,z) € G and a,, € p1(G) follows. Since A is l-invariant
in (X,QG), there is a point a,4+; € A such that (an,an+1) € G. Fix such a
point a,11. Let x = (a1, as,as,...). Then x € x2,G and Cl(OF(x)) = X
and, since C1(OZ(x)) C A, it follows that A = X. This proves that (X, G) is
1-minimal and we have just proved 1.

To prove 2. suppose that (X, G) is 1®-minimal. Let x € X be any point.
Since (X, G) is 1%-minimal, there is a point x € *32; G such that m (x) = x.
Since (X, G) is 1®-minimal, it follows that C1(OF(x)) = X. Therefore, (X, G)
is 2®-minimal.

Finally, to prove 3., suppose first, that (X, G) is 2®-minimal. Let A be a
non-empty closed subset of X such that A is co-invariant in (X, G). Let z € A.
Since (X, G) is 2%-minimal, it follows from Theorem 4.7 that ClUS (z)) = X.
We show that A = X by showing that CI(UZ (z)) C A. First, we show that
UE(x) C A Let y € US(z) and let xo € T () such that y € OZ(xo).
Since z € A and since A is oo-invariant in (X, G), it follows that y € A by
Observation 3.8. Therefore, L{g (z) € A and, since A is closed in X, it follows
that CLUE (z)) C A. 0

Among other things, the following theorem says that 1-, 19-, 2%- and
oo-minimality of CR-dynamical systems is a generalization of the notion of
the minimality of dynamical systems.
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THEOREM 4.9. Let (X, f) be a dynamical system. The following state-
ments are equivalent.

1. (X, f) is minimal.

2. (X,T(f)) is 1-minimal.

3. (X,T(f)) is 1% -minimal.
4. (X,T(f)) is 2% -minimal.
5. (X, T(f)) is co-minimal.

PROOF. Suppose that (X, f) is minimal. To prove that (X,T'(f)) is
minimal, let A be a closed subset of X such that A is l-invariant in (X, T'(f)
By Observation 3.9, A is f-invariant in (X,I(f)). Therefore, A € {0, X}
since (X, f) is minimal. This proves the implication from 1. to 2.

The implications from 2. to 3., from 3. to 4. and from 4. to 5. follow from
Theorem 4.8.

Suppose that (X,T'(f)) is co-minimal. To prove that (X, f) is minimal,
let A be a closed subset of X such that A is f-invariant. By Observation
3.9, A is co-invariant in (X, T'(f)). Therefore, A € {0, X} since (X,T(f)) is
oo-minimal. This proves the implication from 5. to 1. ]

1-
).

THEOREM 4.10. Let (X, G) be a CR-dynamical system and let k be any
element from {1,1%,2% oo}. If (X, G) is k-minimal, then

p1(G) = p2(G) = X.

PROOF. Suppose that (X, G) is co-minimal. First, we show that po(G) C
p1(G). Suppose that p2(G) € pi1(G) and let 2o € pa(G) \ p1(G). Then
A = {xo} is trivially co-invariant in (X, G)—a contradiction. Therefore,
p2(G) € p1(G).

Next, we prove that po(G) = X. Let A = p3(G) and let (z,y) € G be any
point such that x € A. Since A C p1(G), it follows that y € ps(G), meaning
that y € A. This proves that A is oo-invariant in (X, G). Since A is closed in
X and A # 0, it follows that A = X since (X, @) is co-minimal. Therefore,
p2(G) = X. Also, p1(G) = X follows since p2(G) C p1(G).

Next, let k € {1,1%,2%} and suppose that (X, G) is k-minimal. It follows
from Theorem 4.8 that (X, G) is also co-minimal. Therefore, p1(G) = p2(G) =
X. ]

In the following example, we show that there is a 2®-minimal CR-
dynamical system which is not 1¥-minimal.

EXAMPLE 4.11. Let X =[0,1] and let G = ([0,1] x {$}) U ({3} x [0,1]),
see Figure 1. To show that (X, G) is not 1¥-minimal, let x = (%7 %7 %, ...) €
*2,G. Then Cl(OZ(x)) # X. Therefore, (X, G) is not 1®-minimal.

To show that (X, G) is 2®-minimal, let x € X be any point. We show that

there is x € T (z) such that Cl (Og(x)> =X. Let [0,1]NnQ = {¢1,42,q3, - - -}
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be the set of rationals in [0,1], let 1 = z, for each positive integer n, let
Top = % and Tap41 = ¢n, and let x = (21, 22,23,...). Then x € Tg(x) such

that CI (og(x)) = X.

In the following example, we show that there is a oco-minimal CR-
dynamical system which is not 2®-minimal.

EXAMPLE 4.12. Let X = [0,1] and let G be the union of the following
line segments:

1. the line segment with endpoints (0, 1) and (1,1)
2. the line segment with endpoints (1,0) and (1,1)

)
)

see Figure 2.

=

FIGURE 2. The relation G from Example 4.12

To show that (X, @) is not 2¥-minimal, let zo = 0. Then

o 13715 (13715
Cls () = ({07 274’8’ 16"“}) N { 7274787167
Therefore, (X, G) is not 2®-minimal by Theorem 4.7.

To show that (X, G) is co-minimal, let A be a non-empty closed subset
of X such that A is oo-invariant in (X,G). First, we show that 1 € A.
Since A # (), it follows that there is x € A. Choose any element x in A. If
x =1, we are done. Suppose that © < 1 and let f : [0,1] — [0,1] be defined
by f(t) = 3t + 3 for each t € [0,1]. Note that the graph of f is the line
segment from (0,3) to (1,1). Since A is oco-invariant in (X,G), it follows
from Observation 3.8 that

OF (z) = {z, f(2), (), f*(z),...} C A.

}U{l};éX.
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Since A is closed in X, it follows that
CUOP (@) = {a, F(2), f2(a), F*(x),.. }U {1} C A,
Therefore, 1 € A. Next, let y € X be any point. Then (1,y) € G and since

1 € A, it follows from the fact that A is co-invariant in (X, G), that y € A.
Therefore, A = X.

5. MINIMALITY AND OMEGA LIMIT SETS

Theorem 5.5, where results about relations of omega limits sets in CR-
dynamical systems (X, G) and minimality are presented, is the main result of
this section. First, we revisit omega limit sets in dynamical systems (X, f).

DEFINITION 5.1. Let (X, f) be a dynamical system and let xqg € X and
let x € Tlf(f)(xo) be the trajectory of xg. The set

wr(xo) = {x € X | there is a subsequence of the sequence x with limit «}
is called the omega limit set of xq.
The following is a well-known result.

THEOREM 5.2. Let (X, f) be a dynamical system. The following state-
ments are equivalent.

1. (X, f) is minimal.

2. For each z € X, wy(z) = X.

Next, we generalize the notion of omega limit sets from dynamical systems
to CR-dynamical systems.

DEFINITION 5.3. Let (X, G) be a CR-dynamical system and let x € x5, G.
The set

wg(x) = {x € X | there is a subsequence of the sequence x with limit x}

is called the omega limit set of x. For each x € X, we use g (x) to denote

the set
volr) = |J welx).
x€TH (2)

OBSERVATION 5.4. Note that for each x € 2, G, wg(x) € Cl(OF(x)).

THEOREM 5.5. Let (X, G) be a CR-dynamical system. Then the following
hold.

1. (X,Q) is 1%9-minimal if and only if for each x € X, TS (x) # 0, and

for each x € ¥2,G,
wa(x) = X.
2. (X, G) is 2% -minimal if and only if for each x € X there is x € Tér (z)

such that
wa (X) = X.
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3. (X, Q) is 2%-minimal if and only if for each x € X,
Ya(r) = X.

PROOF. To prove 1., first suppose that (X, G) is 1¥-minimal. Clearly,
for each x € X, T (x) # 0. Let x € x{2,G. Obviously, wg(x) C X. To prove
that X C wg(x), let x € X. To show that & € wg(x), we treat the following
possible cases.

(i) = € OZ(x). Since OF(x) is dense in X, it follows that for any open
set U in X,
U#0=UnNOZg(x) #0.

Therefore, for any open set U in X,
reU=UNOZ(x)#0
and since z ¢ OF (x), it follows that for any open set U in X,
zeU= (U\{z})NO&(x) #0.
Therefore, x is a limit point of the sequence x and = € wg(x) follows.
(ii) = € OF(x). Suppose that = & wg(x). Then there is an open set U in
X such that U N O&(x) = {z} and 7 (x) = z only for finitely many
positive integers k. Let
ng = max{n | n is a positive integer such that m,(x) = =}
and let
y= (ﬂ—noJrl(X)? 7Tn0+2(x)7 71'n0+3(X), .. )
Then UNOZ(y) = 0—a contradiction since (X, G) is 1®-minimal and,
therefore, CI(Og (y)) = X. It follows that z € wg(x).
Next, suppose that for each x € X, T/ (z) # 0, and for each x € ¥, G,
wa(x) = X.
Therefore, for each z € X, TCJ; () # 0, and by Observation 5.4, for each
X € *;?ilG7
X =wg(x) C Cl((’)g(x)) cX
and Cl(OZ(x)) = X follows. This completes the proof of 1.
Next, we prove 2. Suppose that for each x € X there is x € Tg (z) such
that
wa (X) = X.
To show that (X, Q) is 2%-minimal, let £y € X be any point and let xq €
T/ (z0) be such that we(xo) = X. By Observation 5.4,
X = we(x0) € CLOE (x0)) C X.

Therefore, CI(OF(x0)) = X. This completes the proof of one implication of
2.



MINIMAL DYNAMICAL SYSTEMS WITH CLOSED RELATIONS 493

Next, suppose that (X, Q) is 2®-minimal and let z € X be any point. We
will construct x € T (z) such that wg(x) = X. Let

x; = (21,23, 23,...) € T4 (2)

such that Cl(Og(x1)) = X. For each positive integer n, let £, be a positive
integer and let y',y5, y3,...,y; € X, such that

uﬂ:{B<y1aE>5B<y27ﬁ)7B(y2aﬁ)a"'aB(y&ﬂg)}

is a finite open cover for X. We follow the following steps.
STEP 1. Let mj; be a positive integer such that for each i €
{1,2,3,..., 41},
{xf,xd, 2%, ... ,:z:}m} NB(yl, 1) #0.
STEP 2. Let
xy = (21,23, 23,...) € Td (z,))

and let mg be a positive integer such that for each i € {1,2,3,..., ¢},

1
{x%,m%,x%,...,milz}ﬂB(yf,g) £ .

STEP 3. Let
x3 = (23,23 23, ..) € Tg(x?nz)
and let mg be a positive integer such that for each i € {1,2,3,...,¢3},

0 q 1
{z‘{’,:z:g,xg,...,x%3}ﬂ3(y?,g> # (.
We continue inductively. For each positive integer j, the step j is as
follows.
STEP j. Let o
x; = (a1, 23, 23,...) € Tg (2, 1)

and let m; be a positive integer such that for each ¢ € {1,2,3,...,¢4;},
S ‘ 1
o bt Y0 B (ol ) # 0.

Finally, let

(111 1 _,2 .2 2 2 _ .3 .3 3 3
X = (T], 0,3,y Tyyy, = T, 05, T35+ oy Tpyy = T, T, T3y e vy Thyps v -)-

Then x € T/ (x) such that we(x) = X.

Finally, we prove 3. Suppose that for each z € X, ¢g(z) = X. To
prove that (X,G) is 2®-minimal, let £y € X be any point and we show
that ClUS (z9)) = X. Obviously, ClUZ (x9)) € X. To show that X C
ClUZ (x0)), let € X. Then z € Pg(zo). Let xo € T (zp) such that x €
wa(xp). Since wg(xp) C Cl(OE(x0)), it follows that x € Cl(OZ(xo)). Since
O (x0) CUZ (o), it follows that CL(OZ (x0)) C ClUS (x0)) and, therefore,

z € ClUE (x0)).
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Now suppose (X, @) is 2®-minimal and let x € X be any point. By 2. it
follows that there is x € T (z) such that we(x) = X. Now it follows that
ﬂ)G (1‘) = X. 0
OBSERVATION 5.6. Let (X, f) be a dynamical system, let v € X and let
X € le'(f) () be the trajectory of x. Then
wy(z) = wr(p)(x) = ¥r(p ()
so (X, f) is minimal if and only if wp(r)(x) = Yrp)(r) = X.

6. BACKWARD MINIMAL DYNAMICAL SYSTEMS WITH CLOSED RELATIONS

In this section, we define backward dynamical systems with closed rela-
tions.

DEFINITION 6.1. Let (X,G) be a CR-dynamical system and let A C X.
We say that the set A is

1. 1-backward invariant in (X, G), if for each y € A,

y € p2(G) = there is x € A such that (z,y) € G.
2. oo-backward invariant in (X, G), if for each (z,y) € G,
ye A=z e A

OBSERVATION 6.2. Let (X, Q) be a CR-dynamical system and let A C X.
Note that

1. A is 1-backward invariant in (X, G) if and only if A is 1-invariant in

(X,G71).
2. A is oco-backward invariant in (X, G) if and only if A is co-invariant

in (X,G71).

PROPOSITION 6.3. Let (X, G) be a CR-dynamical system and let A C X.
If A is co-backward invariant in (X,G), then A is 1-backward invariant in
(X, Q).

PROOF. The proposition follows from Proposition 3.10 and Observation
6.2. O

EXAMPLE 6.4. Let X = [0,1] and let G = ([0,1] x {2} U ({3} x [0,1]),
see Figure 1. The set A = {3} is 1-backward invariant in (X, G) but it is not
oo-backward invariant in (X, G).

DEFINITION 6.5. Let (X, G) be a CR-dynamical system. We say that

1. (X,@G) is 1-backward minimal if for each closed subset A of X,
A is 1-backward invariant in (X,G) = A € {0, X}.

2. (X,G) is oo-backward minimal if for each closed subset A of X,
A is oo-backward invariant in (X,G) = A € {0, X }.
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OBSERVATION 6.6. Let (X,G) be a CR-dynamical system and let k €
{1,00}. Then the following holds.

(X, @) is k-backward minimal <= (X,G™"') is k-minimal.

THEOREM 6.7. Let (X,G) be a CR-dynamical system. If (X,G) is 1-
backward minimal, then (X, G) is co-backward minimal.

PRrOOF. Let (X,G) be 1-backward minimal and let A be a non-empty
closed subset of X such that A is co-backward invariant in (X,G). Then A
is 1-backward invariant in (X, G) by Proposition 6.3. Therefore, A = X and
it follows that (X, G) is co-backward minimal. |

Note that Example 3.14 is an example of a oco-backward minimal CR-
dynamical system which is not 1-backward minimal. In Theorem 7.11, we
show (using backward orbits that are defined in Section 7) that for a CR-
dynamical system (X, G), the following holds:

(X, Q) is 1-backward minimal <= (X, G) is 1-minimal.

The following example gives a CR-dynamical system which is co-minimal but
is not oco-backward minimal.

EXAMPLE 6.8. Let X = [0, 1] and let G be the union of the following line
segments:

1. the line segment with endpoints (0, %) and (1,1),

2. the line segment with endpoints (1,0) and (1, 1),
see Figure 2. We proved that (X, G) is co-minimal in Example 4.12.

To show that (X, G) is not co-backward minimal, let

137
A= P 1}.
o555 v
Then A is a non-empty closed subset of X. Let (z,y) € G such that y € A.
If y =0, then x = 1 and, therefore x € A. If y = %, then = = 0 and, therefore

x € A. If y =1, then z = 1 and, therefore z € A. If y = % for some
positive integer n, then z = 2;:1 or x = 1, therefore, x € A. This proves
that A is co-backward invariant. Since A # X, it follows that (X,G) is not

oo-backward minimal.

The following example gives a CR-dynamical system which is co-backward
minimal but is not co-minimal.

EXAMPLE 6.9. Let X = [0, 1] and let H be the union of the following line
segments:

1. the line segment with endpoints (0, ) and (1,1),

2. the line segment with endpoints (1,0) and (1, 1),

and let G = H~'. Then, using a similar approach as in Example 6.8, one can
easily prove that (X, G) is co-backward minimal but is not co-minimal.
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7. MINIMALITY AND BACKWARD ORBITS

First, we visit the dynamical systems and revisit a well-known result
saying that a dynamical system (X, f) is minimal if and only if f is surjective
and every backward orbit in (X, f) is dense in X.

DEFINITION 7.1. Let (X, f) be a dynamical system and let xg € X. We
use Ty (zo) to denote the set
Ty (z0) = {x € ¥, T(f)~" | mi(x) = zo}.

DEFINITION 7.2. Let (X, f) be a dynamical system, let xo € X be any
point and let
x = (z1,22,23,...) € 52, T(f) 7.

The sequence x is called a backward trajectory of xq, if m1(x) = xo. We use
(’)?(x) to denote the set

O?(X) = {z1,22,23,...}.
If x is a backward trajectory of xq, then O?(x) is called a backward orbit of
Zo-

The following is a well-known result, see [KST, Ma] for more details.

THEOREM 7.3. Let (X, f) be a dynamical system. The following state-
ments are equivalent.

1. (X, f) is minimal.
2. For each x € X, T; (z) # 0 and for each x € *x2, T(f)7L,
Cl(@?(x)) =X.

Next, we generalize the notion of backward orbits in (X, f) to the notion
of backward orbits in (X, G).

DEFINITION 7.4. Let (X,G) be a CR-dynamical system and let xg € X.
We use T (zo) to denote the set

T (v0) = {x € %2,G™" | mi(x) = 20}

DEFINITION 7.5. Let (X, G) be a CR-dynamical system, let x € ¥, G71,
and let zg € X.
1. We say that x is a backward trajectory of zg in (X, G), if m1(x) = .
2. We use Og(x) to denote the set
O&(x) = {mk(x) | k is a positive integer}.

If x is a backward trajectory of xo in (X,G), then Og(x) is called a
backward orbit of z¢ in (X,G).
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5. We use U (o) to denote the set
Ug(zo)= |J 0gx).

xET& (x0)
DEFINITION 7.6. Let (X, G) be a CR-dynamical system. We say that
1. (X,G) is 1®-minimal if for each x € X, T; (z) # 0, and for each
x € x2,G7L,
Cl (og (x)) - X.
2. (X,G) is 2®-minimal if for each x € X there is x € T (z) such that
cl (og (x)) = X.

OBSERVATION 7.7. Let (X,G) be a CR-dynamical system and let k €
{1,2}. Then the following holds.

(X,@G) is k®-minimal <= (X,G™!) is k®-minimal.

THEOREM 7.8. Let (X,G) be a CR-dynamical system. Then (X,G) is
29-minimal if and only if for each x € X,

Cl (ug(x)) = X.

PrOOF. The proof is analogous to the proof of Theorem 4.7. We leave
the details to the reader. O

THEOREM 7.9. Let (X, G) be a CR-dynamical system. Then the following
hold.

1. (X, Q) is 1-backward minimal if and only if (X, Q) is 1°-minimal.

2. If (X, G) is 1°-minimal, then (X,G) is 2°-minimal.

3. If (X, Q) is 2°-minimal, then (X, G) is co-backward minimal.

PrOOF. The proof is analogous to the proof of Theorem 4.8. We leave
the details to the reader. 0

Using Observations 7.7 and 6.6, one can easily conclude that Example 4.11
is also an example of a 2°-minimal CR-dynamical system, which is not 1°-
minimal and that Example 4.12 is also an example of a co-backward minimal
CR-dynamical system, which is not 2°-minimal.

THEOREM 7.10. Let (X,G) be a CR-dynamical system. If (X,G) is
1-backward minimal, oo-backward minimal or k©-minimal for some k €
{1,2,3}, then

p1(G) :pg(G) = X.

PrOOF. The theorem follows from Theorem 4.10 and Observations 6.6

and 7.7. O
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THEOREM T7.11. Let (X,G) be a CR-dynamical system. The following
statements are equivalent.

1. (X, Q) is 19-minimal if and only if (X, G) is 1®-minimal.

2. (X, Q) is 1-backward minimal if and only if (X,G) is 1-minimal.

PROOF. First, we prove 1. Suppose that (X,G) is 1¥-minimal. Then
p2(G) = X and, therefore, for each z € X, Ty (z) # 0. Let x € *3°,G 1.
Then we show that

ClO5(x)) = X.
Let A be the set of all limit points of the sequence x. Then A # ), A is closed
in X, and

A C ClOg(x)).
We show that A is 1-invariant in (X, G). Let z € ANp;(G) = A and let (z;,)
be a subsequence of the sequence x such that h_}m x;, = x. Let (s,t) be any

limit point of the sequence (z;,,z;, —1). Then s = x and, let y = ¢. Since G is
closed in X x X, (z,y) € G and, since A is closed, it follows that y € A. We
have just proved that A is l-invariant in (X, G). Since (X, @) is 1¥-minimal,
it is also 1-minimal by Theorem 4.8, and it follows that A = X. Therefore,
ClO5(x)) = X.

Next, suppose that (X,G) is 19-minimal. To show that (X,G) is 1°-
minimal, let z € X and let x € x22;G. We show that T, (z) # 0 and that

Cl({0%(x)) = X. By Theorem 7.10, p;(G) = X and T} (x) # 0 follows. To
G G

show that Cl (Og (x)) = X, let A be the set of all limit points of the sequence
x. Then A # (), A is closed in X, and
A C ClOE(x)).

We show that A is 1-backward invariant in (X,G). Let y € ANps(G) = A
and let (z;,) be a subsequence of the sequence x such that hm Ti, = Y.

Let (s,t) be any limit point of the sequence (x;, —1,;, ). Then y = t and, let
x = s. Since G is closed in X x X, (z,y) € G and, since z is a limit point of x,
it follows that z € A. We have just proved that A is 1-backward invariant in
(X, @). Since (X, G) is 19-minimal, it is also 1-backward minimal by Theorem
7.9, and it follows that A = X. Therefore, C1(O&(x)) = X. This completes
the proof of 1. Note that this also proves 2. since (X, G) is 1-minimal if and
only if (X, @) is 1®-minimal by Theorem 4.8, and since (X, G) is 1-backward
minimal if and only if (X, @) is 1®-minimal by Theorem 7.9. O

OBSERVATION 7.12. Note that in Theorem 4.8, we have proved that (X, G)
is 1%9-minimal if and only if (X,G) is 1-minimal. It follows from Theorem
7.11 that the following statements are equivalent.

1. (X, Q) is 1%-minimal.

2. (X, Q) is 1°-minimal.
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3. (X, Q) is 1-minimal.

4. (X, G) is 1-backward minimal.

Note that so far, we have not presented an example of a closed relation
G on [0,1] such that ([0,1],G) is 1-minimal. Also, note that all the closed
relations G on [0, 1] that are presented in our examples, contain a vertical
or a horizontal line. Example 7.14 is an example of a closed relation G on
[0, 1] such that (][0, 1], G) is 1-minimal and G does not contain a vertical or a
horizontal line. We use Theorem 7.13 in its construction.

THEOREM 7.13. Let (X,G) be a CR-relation such that p1(G) = p2(G) =
X and let oG : %32 G71 — %22, G be the shift map
Ug($1,$2,$3, . ) = ($2,1’3, . )
for each (w1,22,23,...). If (x2,G71 0g) is minimal, then (X,Q) is 1-

minimal.

PROOF. We show that (X,G) is 1-backward minimal. Let A be a non-
empty closed subset of X such that A is 1-backward invariant. Also, let

p=(I14)n (=6,

Since A is 1-backward invariant, B is non-empty. Note, that B is also a closed
subset of ¥22, G~ such that og(B) C B. Since (x2,G71,0¢) is minimal, it
follows that B = %, G~1. Therefore,

2, G e[ A
i=1
Since p1(G) = p2(G) = X, it follows that
X=mx2,G ) =m(B)cm([[4) =A
i=1

Therefore, (X,G) is 1-backward minimal. By Theorem 7.11, (X, Q) is 1-

minimal. 0

EXAMPLE 7.14. Let A be an irrational number in (0,1) and let G be the
union of the following line segments in [0, 1] x [0, 1]:

1. the line segment from (0, A) to (1 — A, 1) and

2. the line segment from (1 — A, 0) to (1, ),
see Figure 3.

Then (x2,G~1, 0¢) is minimal; this follows from the proof of [KK, The-
orem 3.4, page 103]. By Theorem 7.13, ([0, 1], G) is 1-minimal.

In the following example, we demonstrate that there is a 2®-minimal
CR-dynamical system (X, &) which is not 2°-minimal.
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N

FIGURE 3. The relation G from Example 7.14

EXAMPLE 7.15. Let X =[0,1] and and let G = AU BUC, where A is a
line segment from (0,2) to (1,1), B is the line segment from (0,0) to (1,1),
and C is defined as follows.

Let dl = %, let dl(] = 2% and d11 = 2%, and let dl(]() = 2%7 dl()l = 2%7

di10 = 2% and dy11 = 2% Let n be a positive integer and suppose that for any
s € {s15283...8, | 81 =1,509,83,84,...,5n € {0,1}},

we have already defined dg to be ds = 2% for some k € {1,3,5,7,...,2" — 1}.
Then we define dgo and dg; as follows. If k = 1 then dyg = 271% and dg; =

s, if k= 3 then dgg = 327 and ds1 = 557, ..., and if k = 2" — 1 then
2ntl_3 2ntl g
dso = TonFT and dg; = EOTESIE

For each positive integer n, let
Sn = {515283...5, | 51 =1,52,83,84,...,8, € {0,1}}

and let S = (J;_; Sn. Then we define the set C as

= ({ds) x {duor dur})

seS
see Figure 4, where the construction of the set C' is presented — in particular,
together with the sets A and B, the set U ({ds} x {dso, dsl}) is also

SESIUS2US3
pictured in the figure.
Then (X,G) is 2®-minimal (since for any z € [0,1], (z,3) € G and
therefore, there is x € T, (z) such that Cl(O&(x)) = X) but it is not 2°-
minimal (note that 75 (1) = {(1,1,1,1,...)} and, therefore, for any x €

Tg (1), CUOgG (%)) # X).
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N~

FIGURE 4. The construction of the set C

Note that if (X, G) is the CR-dynamical system from Example 7.15, then
(X,G71) is an example of a 2°-minimal CR-dynamical system which is not
2%_minimal.

8. MINIMALITY AND ALPHA LIMIT SETS

In this section we define an alpha limit set and (using such a set) introduce
new types of minimality of CR-dynamical systems, all of them generalizing
minimal dynamical systems.

DEFINITION 8.1. Let (X, f) be a dynamical system and letx € %32, T'(f)~L.
The set

af(x) ={z € X | there is a subsequence of the sequence x with limit x}
1s called the alpha limit set of x.
The following is a well-known result.

THEOREM 8.2. Let (X, f) be a dynamical system. The following state-
ments are equivalent.

1. (X, f) is minimal.
2. For each v € X, Ty (z) # 0, and for each x € *2,0(f)7L,

af(x) = X.

DEFINITION 8.3. Let (X,G) be a CR-dynamical system, let xog € X and
let x € T (z0). The set

ag(x) = {x € X | there is a subsequence of the sequence x with limit x}
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is called the alpha limit set of x and we use Pg(xo) to denote the set

Ba(xo) = |J acx)

x€Tg (xo0)

THEOREM 8.4. Let (X, G) be a CR-dynamical system. Then the following
hold.
1. (X, Q) is 19-minimal if and only if for each v € X, T5 (z) # 0, and
for each x € ¥22,G71,

ag(x) = X.

2. (X, Q) is 29-minimal if and only if for each x € X there is x € T ()
such that
ag(x) = X.
3. (X, Q) is 2°-minimal if and only if for each x € X,

5(;(33) = X.

PROOF. Suppose that for each z € X, T () # 0, and for each x €
*2,G71, ag(x) = X. That holds if and only if for each z € X, T, (x) # 0,
and for each x € *°,G™!, wg-1(x) = X. And that holds, by Theorem 5.5
if and only if (X,G~1) is 1®-minimal. By Observation 7.7, (X,G~1) is 1®-
minimal if and only if (X, @) is 1®-minimal.

Suppose that for each z € X there is x € T (x) such that ag(x) =
X. That is equivalent to: for each z € X there is x € T/_,(x) such that
wg-1(x) = X. Therefore again applying Theorem 5.5 and Observation 7.7 we
prove 2.

Suppose that for each z € X, Bg(z) = X. That holds if and only if for
each x € X, ¥g-1(x) = X. We now apply Theorem 5.5 and Observation 7.7
and prove 3. O

9. PRESERVING DIFFERENT TYPES OF MINIMALITY BY TOPOLOGICAL
CONJUGATION

The main results of this section are obtained in Theorem 9.4 saying that
any kind of minimality of a dynamical system is preserved by a topological
conjugation.

DEFINITION 9.1. Let X and Y be metric spaces, and let f: X — X and
g:Y =Y be functions. If there is a homeomorphism ¢ : X =Y such that

pof=goy,
then we say that f and g are topological conjugates.

The following is a well-known result.
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THEOREM 9.2. Let (X, f) and (Y,g) be dynamical systems. If f and g
are topological conjugates, then

(X, f) is minimal <= (Y, g) is minimal.

The following definition generalizes the notion of topological conjugacy
of continuous functions to the topological conjugacy of closed relations. See
[BEK] for details.

DEFINITION 9.3. Let (X,G) and (Y, H) be CR-dynamical systems. We
say that G and H are topological conjugates if there is a homeomorphism
v : X =Y such that for each (z,y) € X x X, the following holds

(z,y) € G <= (p(x),p(y)) € H.

Theorem 9.4 is the main result of this section. Since the proof is straight
forward, we leave it to the reader. Therefore, this is a good place to finish the
paper.

THEOREM 9.4. Let (X, Q) and (Y, H) be CR-dynamical systems and sup-
pose that G and H are topological conjugates. Then the following hold.

1. Let k € {1,00,1% 2% 19 2°}. Then
(X, Q) is k-minimal <= (Y, H) is k-minimal.
2. Let k € {1,00}. Then
(X, Q) is k-backward minimal <= (Y, H) is k-backward minimal.
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IzToK BANIC, GORAN ERCEG, RENE GRIL ROGINA 1 JUDY KENNEDY

SAZETAK. Uvodimo dinamicke sustave (X, G) sa zatvorenim relacijama G
na kompaktnim metrickim prostorima X te razmatramo razlicite tipove
minimalnosti tih dinamickih sustava, od kojih svi poopéuju minimalne
dinamicke sustave (X, f) s neprekidnim funkcijama f na kompaktnim
metrickim prostorima X.



