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THE POD FUNCTION AND ITS CONNECTION WITH
OTHER PARTITION FUNCTIONS

HeEMJYOTI NATH

ABSTRACT. The number of partitions of n wherein odd parts are
distinct and even parts are unrestricted, is often denoted by pod(n). In this
paper, we provide linear recurrence relations for pod(n) and the connections
of pod(n) with other partition functions.

1. INTRODUCTION

A partition of a positive integer n is a non-increasing sequence of positive
integers, called parts, whose sum equals n. For example, n = 4 has five
partitions, namely,

4, 341, 242, 24141, 1+1+1+1

If p(n) denotes the number of partitions of n, then p(4) = 5. The generating
function for p(n) is given by

> p(n)g" = L
n=0

(4 9) o

where, here and throughout the paper

oo

(a5 q)o0 = H(l —aq"), |q] <1.

n=0

In 2010, Hirschhorn and Sellers [9] defined the partition function pod(n),
which counts the number of partitions of n into distinct odd parts where even
parts maybe repeated. For example, pod(4) = 3 with the relevant partitions
being

4, 3+1, 242
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The generating function for pod(n) is given by

oo

> pod(n)q" = R S U PN CRT W

—~ (@) (D (G0o(dhas
Hirschhorn and Sellers proved the Ramanujan-type congruences

23 x 32042 4
8

using some g¢-series identities. Radu and Sellers [11] later found congruences
for pod(n) modulo 5 and 7 using the theory of modular forms.

For nonnegative integers n and k, let r¢(n) (resp. tx(n)) denote the num-
ber of representations of n as sum of k squares (resp. triangular numbers). In
2011, based on the generating function of pod(3n + 2) found in [5], Lovejoy
and Osburn discovered the following arithmetic relation

pod(3n+2) = (—=1)"r5(8n +5) (mod 3).

pod (320‘+3n + ) =0 (mod3), forall «>0, n>0

Recently, Ballantine and Merca [3], obtained new properties for pod(n) using
the connections with 4-regular partitions and, for fixed k € {0, 2}, partitions
into distinct parts not congruent to k£ modulo 4.

In a very recent work, Ballantine and Welch [2] proved a recurrence rela-
tion for pod(n) combinatorially.

Motivated from their work, we establish new recurrence relations for
pod(n) that involve triangular numbers and generalized pentagonal numbers
ie.,

k(k+1
Tk:%, k € Ny
and
1[k][3k+1
ak_QM [2 } k€ No

respectively, and its connections with other partition functions.

2. PRELIMINARIES

We require the following definitions, lemmas and theorems to prove the
main results in the next two sections. The Jacobi triple product identity [5],
is given by

>0 2
(21) (@%10%)o0o(~0750%)oc(—/7¢%) 00 = > a"¢", gl <1, z#0.

n=—oo

For |gz| < 1, Ramanujan’s general theta function f(q,x) is defined as

o
(2.2) flg,z) = Z gD /2n(n=1)/2

n=—oo
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Using (2.1), (2.2) takes the shape

(2.3) (g, 7) = (—¢,47) 00 (— T, q7) 0 (¢, 47) 0

The special cases of f(q,x) are

oo 2. .,2\5
(2.4) ©(q) == flg,q) = n_z_:ooq = (~4:4)%(0% ¢*) o m’
ninty2 _ (@100 _ (645075
@5 9= Zq (q s (@D’
(2.6) o(—q) = f(-q¢,—q) = n:z;oo(—l)nq"2 = (t(lgzzgio’
(2.7)
) e g a3 — = _1\r(n+1)/2_n(n+1)/2 _ (q2;q2)oo _ (q2;q2)§o
U(=q) = f(=¢,=¢") 7;)( 1) q ¢ D)o (-

THEOREM 2.1 (Euler’s Pentagonal Number Theorem [5]). We have

oo

(2.8) D> (=1)grETIR = ()
THEOREM 2.2 (Jacobi’s Identity [5]). We have

o0

(2.9) > (=1)"@2n+ 1)g" "2 = (g:q)3,

n=0

LEMMA 2.3 (Hirschhorn [7]). We have the following identities due to Ra-
manujan,

(‘%‘Z)go _ = n(3n+1)/2
(2.10) Ty > (6n+1)q ,
2 4. ,4)\2 e
39)0\97549 ) E: n?+2n

LEMMA 2.4 (Baruah [4]). We have

> 3. 3
E n(3n —454)00\q"5 9" )0

n=—oo
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3. RECURRENCE RELATIONS

In this section, we prove some recurrence relations for the partition func-
tion pod(n) that involve Ty and Gy, for k € Ny.

THEOREM 3.1. Forn > 0, we have

i(—l)ﬁ/ﬂpod(n -T;) = {

Jj=0

1, ifn=0,
0, otherwise.

PROOF. Replacing q by ¢% and z by —q in (2.1), we have the relation

o0

(3.1) (06900 (0% Moo (@6 )00 = Y (—1)"g*" 7,

n—=—oo

Multiplying the above equation by (¢2%;¢%)oo/(¢; @)oo (q*; ¢*) oo, We get

oo

(@3 9)o (0% 4" ) oo =

This can be written as

(ipod(n)q”> <i(—1)(”mq"(”“)/2> ~ 1.
n=0

n=0
The proof follows easily applying the well known Cauchy multiplication of
two power series on the left hand side of the above equation. 0

COROLLARY 3.2. For n > 0, we have

= 1 (mod?2), if n=0,
pod(nT-){

0 (mod 2), otherwise.

The proof is immediate from the above theorem.

THEOREM 3.3. For n > 0, we have

o0 Z(_l)[k/2l+(j/2W+Gk—2Gj7 if n= Gy,
> (=1)(2j+1)pod(n—2T;) = { =
J=0 0, otherwise.

PROOF. We can write the generating function of pod(n) as

( _q)oo
ZpOd (%)%

Multiplying both sides by (¢%;¢%)2, in the above equation, we arrive at

oo

)% Y pod(n)g" = (4% 6%) o (—6; —q)oo-
n=0
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Using (2.8) and (2.9), we get

<§:(—1)"(2n+1)q“> <§:p0d(n)q"> =

n=0 n=0

(i(_l) [k/2] q2Gk) (i(_l) fk/21+quGk> )

k=0 k=0

Finally, equating the coefficient of ¢" on each side gives the result.

THEOREM 3.4. Forn >0,

o) —1)IR2VHTR1-4G G = Gy,
S (3) + Lpod(n — 35> — 2j) = ;f ) *
J=—oo 0, otherwise.
Proor. From (2.11), we have
L2 (AL 4)2 o0
(Q7 (1()(1020(32)7q )oo — Z (3n+ 1)q3n2+2n.

Multiplying the above equation by (¢%;¢%)00/(¢; @)oo (q*; ¢*) o, to get

m ( > (3n+1)q3”2+2”> = (¢; D)oo (d"¢") o

n=—oo

On simplification, we get

(3.3) (Zpod(n)q”) ( Z (3n—|—1)q3”2+2"> =
n=0

(i(_l)[k/ﬂ qu> (i(_l)[k/2]q4Gk> )
k=0 k=0

Finally, equating the coefficient of ¢" on each side gives the result.

COROLLARY 3.5. Forn >0, we have

oo

o0 . ‘ . (=1)[R/21413/21=2G5 i f o = T,
> (3 + Dpod(n — 35 — 2j) = Jz:(:)
J==o0 0, otherwise.

PROOF. From (3.2), we have

oo

(@ D)oo (0% 0% = (675670 D_ (1) /21g /2,

n=0
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And, from (3.3) we find that

(Zpod(n)qn> ( Z (3n+1)q3n2+2n> _ OOZ Wz] k(k+1)/2 ’
n=0 k=0

n=—oo

which is equivalent to

(Zpod(n)q”) ( Z (3n+1)q3”2+2"> =
n=0

(i(_l)ﬁc/ﬂ q2Gk> <i(_1)[k/2] qu> )
k=0 k=0

Finally, equating the coefficient of ¢" on each side gives the result. 0

4. CONNECTIONS OF pod(n) WITH OTHER PARTITION FUNCTIONS

In this section, we will see how pod(n) is related to various other partition
functions.

4.1. Connection with the partition function ped(n). The partition function
ped(n) enumerates the number of partitions of n where the even parts are
distinct and odd parts may be repeated. For example, ped(6) = 9 and the
partitions are
6, 5+1, 4+2, 4+1+1, 3+3, 3+2+1, 3+1+141,
24+1+14+1+1, 1+141+14+141.

The generating function for ped(n) is given by

(4.1) Zped —0% %) _ (%9

(q,q )oo (45 @)oo

In this section, we shall prove that the partition function pod(n) can be
expressed in terms of the partition function ped(n).

THEOREM 4.1. For any nonnegative integer n, we have
o0
pod(n) = 3 (~1)'pod () pedtr ~ )
j=0
with pod(x) = 0 if x is not an integer.

PROOF. It is known that

%) - 1
;pod(n)q = 9
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We can write the generating function of pod(n) as

oo

n (%67
D pod(n)q" = (€ Qoo (g% 0 oo

n=0

which after some manipulations takes the shape

S M SR < U
;pod(n)q = 3@ nz;;p d(n)q",

which is equivalent to

> pod(n)q" = (Z(l)”pod(n)q2”> <Z ped(ﬂ)q”) :
n=0 n=0

n=0
Finally, equating the coefficient of ¢" on each side gives the result. ]
4.2. Connection with the partitions into distinct odd parts. The number of
partitions of n into distinct parts is usually denoted by g(n). The number of

partitions of n into distinct odd parts is denoted by goqq(n). The generating
functions for ¢(n) and g,qq4(n) are given by

oo

> an)q” = (—¢;9)oos
n=0
and

o0
D Gaa(M)q" = (467 oo
n=0

THEOREM 4.2. For any nonnegative integer n, the partition functions
p(n), qoada(n) and pod(n) are related by

pwm)zﬁz%mum(g—g),

with p(z) = 0 if x is not an integer.

Proor. Counsidering the generating function of pod(n), we can write

- w6
;pOd(n)q (%)

which is equivalent to

> pod(n)g" = (Z p(n)q2"> (Z qoddq"> :
n=0 n=0 n=0

Finally, equating the coefficient of ¢" on each side gives the result. 0
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THEOREM 4.3. For any nonnegative integer n, the partition functions
dodd(n) and pod(n) are related by

o0

Goaa(n) = Y (=1)’pod (Z - J(3‘72+1)> :

j=—o0

with pod(x) = 0 if x is not an integer.

PRrROOF. We can write

o Y pod(n)q" = (=4; 0" )0,
n=0

which is equivalent to

o0 o0
2 (Fg ey (Zpo‘l ) = doaa(n)q"
j=—00 n=0
Finally, equating the coefficient of ¢ on each side gives the result. 0

We denote the difference of the number of partitions of n into an even
number of parts and partitions of n into an odd number of parts by p._,(n).
The generating function of p._,(n) is given by

1

nz:;)pefo<n)qn = (*Q;Q)oo

We have the following result.

COROLLARY 4.4. For any nonnegative integer n, the partition functions
Pe—o(n) and pod(n) are related by

o0

Jj=—00
with pod(x) = 0 if & is not an integer.
The proof is immediate as

Godd(n) = (=1)"pe—o(n).

4.3. Connection with the overpartition and the partition function A(n). An
overpartition of a nonnegative integer n is a non-increasing sequence of natural
numbers whose sum is n, where the first occurrence (or equivalently, the last
occurrence) of a number may be overlined. The eight overpartitions of 3 are

3, 3, 2+1, 241, 2+1, 2+1, 1+1+1, T+1+1.
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The number of overpartitions of n is denoted by p(n) and its generating func-
tion is given by
Zp _ (69w _ (¢%4)
(q, Doo (G0
Recently, Merca [10] deﬁned the following functions.

DEFINITION 4.5. For a positive integer n, let

1. ac(n) be the number of partitions of n into an even number of parts in
which the even parts can appear in two colours.
2. a,(n) be the number of partitions of n into an odd number of parts in

which the even parts can appear in two colours.
3. A(n) = ac(n) — ao(n).

He found that the generating function of A(n) is

2_Alma" = ( 1 PN L)y
n=0

—450) 0 (0% ¢?) o (¢* ¢

THEOREM 4.6. For any nonnegative integer n, we have
pod(n Z A(G)p(n — 4).
ProoF. We start with the generating function of p(n),
Z B(n)g" (% 6%) oo
(¢ 0)%
Multiplying the above equation by (¢; ¢)so/(q%; ¢*)so, to get
(4 @)oo iﬁ(n)q” (@)
(64" = (4 0)oc (0% ¢*) s’

which is equivalent to

(Z A(ﬂ)(l”) (Z p(ﬂ)é]”) = pod(n)q"
n=0 n=0

n=0
Finally, equating the coefficient of ¢" on each side gives the result. 0
4.4. Connection with the overpartitions into odd parts. We denote by p,(n)

the number of overpartitions of n into odd parts. The generating function for
D,(n) is given by
2.,2\3
§ : —q;9 q-;q
(42) Po(n)q" = L)oo _ .(2 4).004
n=0 <q’q )OO (Q7q)oo(q yq )OO

In this section, we shall prove that the partition function p,(n) can be
expressed in terms of the partition function pod(n).
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THEOREM 4.7. For any nonnegative integer n, we have

o0

pod(n) =Y (1) pod(j)B,(n — j).

Jj=0

Proor. We can write

- " q q
> pod(n)q" =
n=0

which is equivalent to

ipodm)q":(i( 1) pod(n )(Zpo )

n=0

>

2
oonO

Finally, equating the coefficient of ¢" on each side gives the result. 0

THEOREM 4.8. For any nonnegative integer n, we have

Zpod( J+1)>.

PRrROOF. Replacing z by 1 in (2.2) and (2.3), we have the relation

(=4 Qoo (—1; @)oo (45 @) o = Z qn(n+1)/27

n—=—oo

which after simplification takes the shape
2(— 402 (6 @) =2 Y "I,

which is equivalent to

(q;qz) n n+1)/2
q
(¢:4%) Z
Further simplification of the above equation gives the identity
2. 22 o0
(43) (q 4 )oo — an(n-&-l)/Z.

(@D =
Considering the identity (4.3) and the generating function of p,(n), we can

write
e _ 2 2)2
;po(n (Zpod ) T

which is equivalent to

Zﬁo(n)q” = <Zp0d(n)q”> <Z qn(n+1)/2> ]
n=0 n=0 "0
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Finally, equating the coefficient of ¢" on each side gives the result. ]

4.5. Connection with the ordinary partition function and the partition func-
tion ge—o(n). We denote the difference of the number of partitions of n into
distinct parts with an even number of odd parts and partitions of n into dis-
tinct parts with an odd number of odd parts by g.—,(n). The generating
function of g.—,(n) is given by

o0 . 1
> " de—o(n)q" = ——5—
= =) (—4:¢°)0

THEOREM 4.9. For any nonnegative integer n, the partition functions
p(n), qe—o(n) and pod(n) are related by

n = . .
p () = D pod(i)ac-o(n - j).
7=0
with p(x) = 0 if © is not an integer.

Proor. We can write

1 ad 1
5 Y _pod(n)q" = —5—5—,

(=4:¢%)o0 =, (0% 4%) oo

which is equivalent to

(Z qeo(n)q"> (Z pod(n)q”> => pn)g™"
n=0 n=0 n=0

Finally, equating the coefficient of ¢" on each side gives the result. 0

4.6. Connection with the partitions into parts congruent to 2 (mod 4). We
denote the number of partitions of n into parts congruent to 2 (mod 4) by
Pj(n). It is clear that the generating function of Py(n) is given by

1
sz (0% q*)

In this section, we will prove a relation connecting the partition functions
pod(n), Py(n) and p(n).
THEOREM 4.10. For any nonnegative integer n, the partition functions

p(n), Py(n) and pod(n) are related by

=" pod(j)Py(n - j).

Jj=0
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PRrROOF. We can write

1 (o)
5 > _pod(n)q" =
(6% 0%) o0 =,

which is equivalent to

(Z podm)q“) (Z P2’<n)q”> => " p(n)g™.
n=0 n=0 n=0

Finally, equating the coefficient of ¢" on each side gives the result. 0

1
(4 9) 0

4.7. Connections with the ordinary partition function. In this section, we will
prove relations between the partition functions p(n) and pod(n).

THEOREM 4.11. For any nonnegative integer n, the partition functions
p(n) and pod(n) are related by

3 - o N~ (7 iBitD)
S Cpmitn-apy = 3 p (% - 1D,
j=—00 j=—o0
with p(x) = 0 if x is not an integer.

PRrOOF. Multiplying (2.12) by (¢;9)oc (4’5 ¢%)o /(45 0)oe(¢%; ¢%) o, to 0b-
tain

(%0 (@® %% = anrn)2
(0)00 (4% ¢%) e 2.« '

n—=—oo

Multiplying the above equation by 1/(¢*; ¢*)s, to get

(@5%6%) 00 (@) 0(0%0Y) e (4% 0% oo

j=—o0

(q3§q3)c2>o (q2§q2)oo 1 i qn(3n+1)/2

which is equivalent to
( > (—1>"q3"2> (Zmd(n)q”) = (meﬂ) ( > q“<3“+1>/2>.
n=-—oo n=0 n=0 n=-—oo

Finally, equating the coefficient of ¢" on each side gives the result. ]

THEOREM 4.12. For any nonnegative integer n, the partition functions
p(n) and pod(n) are related by

gpodmp (5-1)- jip(j)p (3-1)

with p(x) = 0 if x is not an integer.
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PRrROOF. We can write

1 oo
T > pod(n)g" =
(¢*:6%)oc =,

which is equivalent to

(Zpod(n)q"> (Zp(n)q2"> = (Zp(n)q”> <Zp(n)q4”> :
n=0 n=0 n=0 n=0

Finally, equating the coefficient of ¢" on each side gives the result. ]

v
(¢ 000 (g% %) o

4.8. Connections with the cubic partition function. In 2010, Chan [6] intro-
duced the cubic partition function a(n) which counts the number of partitions
of n where the even parts can appear in two colors. For example, there are
four cubic partitions of 3, namely

3, 2141, 241, 1+1+1,

where the subscripts 1 and 2 denote the colors. The generating function of
a(n) satisfies the identity

> a(n)g" = !

= (43 D)oo (0% ¢%)oe
In this section, we shall prove that the partition function pod(n) can be ex-

pressed in terms of the partition function a(n).

THEOREM 4.13. For any nonnegative integer n, the partition functions
a(n) and pod(n) are related by

oo

(4.4) pod(n) = Y (~=1)a(n - 25?).

j=—00

PRrROOF. Replacing ¢ by —¢? and x by —¢? in (2.1), we have

(0% 6o (0% 0o (06D 0e = D (—1)"*".

n=—oo

Multiplying the above equation by (¢*; ¢*)so/(¢; @)oo, to get

(0% 4% _ (@54 i (C1yrgen?
(4 @)oo (@00 ’
which after simplification becomes

(@*d))  _ 1 e
(Do (oo (40)00(0? ¢ oe > e
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which is equivalent to

> pod(n)q" = (Z a(ﬂ)(i”) ( > (—1>”q2”2> :

n=0 n=0 n=-—o00

Finally, equating the coefficient of ¢™ on each side gives the result. ]
COROLLARY 4.14. For any nonnegative integer n, we have
pod(n) = a(n) (mod 2).

PROOF. Equation (4.4) can be rewritten as
o .
pod(n) = a(n) +2 3 (~1)%a(n - 27%)
j=1

which under modulo 2, gives the result. 0

THEOREM 4.15. For any nonnegative integer n, the partition functions
a(n) and pod(n) are related by triangular numbers as

N, (o dG+D)
pod(n) =3 (5 - ).
7=0
with a(x) = 0 if x is not an integer.
PROOF. The generation function of pod(n) can be written as

1
(4% 4%) o (0% ¢*) o

b

> pod(n)q" = (q)
n=0

which is equivalent to

> pod(n)g" = (Z qT") (Z a(ﬂ)ff")
n=0 n=0

n=0

Finally, equating the coefficient of ¢" on each side gives the result. 0

4.9. Connection with the partition function qg:id (n). The number of partitions
of n into distinct parts is usually denoted by ¢(n). The number of partitions of
n into distinct odd parts is denoted in this paper by ¢oqq(n). The generating
functions for ¢(n) and ¢,qq4(n) are given by

oo

> an)g" = (¢ 9o

n=0

and

o0
> Goaa(n)q" = (—;¢*)oo-
n=0
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We denote in this paper, qgclld(n) to be the number of partitions of n into

distinct odd parts in 3 colors. For example, we have qlolclld (4) =9, and the nine
partitions are

31+11, 32+1z, 33+13, 31+1z, 31+13, 32+11, 33+1y,
32+ 13, 33+ 1o,

where the subscripts 1, 2 and 3 denote the colors. It is clear that the generating
function of ¢, ,,(n) is given by

qu:id —¢;¢%)%.

In this section, we shall prove that the partition function q;/;d(n) can be
expressed in terms of the partition function pod(n).

THEOREM 4.16. For any nonnegative integer n, the partition functions
Qogqa(n) and pod(n) are related by

(4.5) Qoga(n Z pod(n — J
j__OO
PROOF. Replacing x by 1 in (2.1), we have
o 2
()% )= Y, "
n=-—oo

Multiplying the above equation by (fq; ®) 00/ (4% ¢%) o, to get

(—a:4°)% qq”Zq

n=—oo
which is equivalent to

iq;}d(n)q" = (ipod ) ( S )

n=0 n=0 n=-—oo

Finally, equating the coefficient of ¢ on each side gives the result. ]
COROLLARY 4.17. For any nonnegative integer n, we have
pod(n) = qoaq(n) (mod 2)
ProoOF. Equation (4.5) can be rewritten as

Goaa(n) = pod(n +22podn—1 ),
Jj=1

which under modulo 2, gives the result. O
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4.10. Relation between the partition functions pod(n), p(n), a(n) and goqqa(n).
In this section, we shall prove a relation between the partition functions

pOd(’l’L), p(n)v CL(’I’L) and QOdd(n)'
THEOREM 4.18. For any nonnegative integer n, the partition functions
pod(n), p(n), a(n) and qoqq(n) are related by

o0

> pod(j)p(n = j) = alj)goaa(n — j)-
Jj=0 j=0

PRrROOF. We can write

)

0 P . 2. 2

S pod(n)q" = ( 2q,q2)oo (Q7Q)oo(q2aq2)oo

o (0%4%) o0 (45 9)o0 (9% ¢%) o
which on simplification becomes

o0

o e = (asa) 3 el
? oo n=0

n=0

which is equivalent to

(ZP(”)Q”) (Zpod(n)q”> = (Z qodd(n)q”> (Z a(n)q"> :

n=0
Finally, equating the coefficient of ¢" on each side gives the result. O
4.11. Relation between the partition functions p(n),EO(n) and pod(n). An-
drews [1] introduced the partition function £O(n) counts the number of par-

titions of n where every even part is less than each odd part. For example,
EO(8) = 12 with the relevant partitions being

8, 6+2, T+1, 4+4, 44242, 543, 5+1+1+1, 2424242, 34342,

3+3+1+1, 3+1+14+1+1+1, 14+1+1+1+1+1+1+1.
The generating function for £O(n) is

S 0" = !
n=0

(1-9)(¢% %o

The partition function £O(n) is the number of partitions counted by £O(n)
in which only the largest even part appears an odd number of times. For
example, EO(8) = 5, with the relevant partitions being

8, 44242 34342 3434141, 1414+1+1+1+1+141.
The generating function of £0(n) is

& 4. 4 4. 4\3
n=0

(ML (B
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In this section, we will prove a relation between the partition functions
p(n), EO(n) and pod(n).

THEOREM 4.19. For any nonnegative integer n, the partition functions
pod(n), p(n), and EO(n) are related by

> p(n—2T;) = > pod(j)E0(n — j).
j=0 j=0

Proor. We can write

N (%) (g% q")?
EO(n)q™ = x|
2O (e, = ()

Multiplying the above equation by 1/(g; ¢)co, to get

ey () (d44h)%
;eo(n)q (0% 4Y00 (@ Doo (6% 6%) 0 (d5 @)oo

which is equivalent to

<Z S(’)(n)q”> (Zpod(n)q”) = (Zp(n)qn> (Z qzrn)) .
n=0 n=0 "0 =

Finally, equating the coefficient of ¢™ on each side gives the result. ]

4.12. Relation between the partition functions pod(n) and ps(n). In 2018,
Hirschhorn [8] studied the number of partitions of n in three colors, ps(n),
given by the generating function

> pa(n)g" = :
n=0

(¢:9)3,

In this section, we shall prove a relation between partition function pod(n)
and partitions in three colors p3(n).

THEOREM 4.20. For any nonnegative integer n, the partition functions
pod(n) and ps(n) are related by

o0 o0 -2
. . n J
(4.6) > pod(j)pod(n—j) = Y ps (2 - 2) :
j=0 j=—o00
with p3(x) = 0 if  is not an integer.
Proor. From (2.4), we have the relation

i N Uit S
(¢:9)% (g% ¢4)L’

n=—oo
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which can be written as

Z " = ((q2;q?°;4)oo>2(q2;q2)§o

S (¢ @)oo (a*;

Multiplying the above equation by 1/(¢?; ¢%)2,, to obtain

- 2
Z ¢ =Y pod(n)g”
OC n=—oo n=0

which is equivalent to

oo 2 oo oo
S podn)g" | = (Y pstmye® ) [ D o
n=0 n=0

n=—oo

Finally, equating the coefficient of ¢" on each side gives the result.

COROLLARY 4.21. For any nonnegative integer n, we have

o (2) = X podipod(n— ) (mod 2).

2
7=0
with ps(z) = 0 if © is not an integer.

ProoOF. Equation (4.6) can be rewritten as

Zpod Ypod(n — §) = ( )+2zp3 (>

which under modulo 2, gives the result.
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Funkcija pod i njezina veza s drugim particijskim funkcijama

Hemjyoti Nath

SAZETAK. Broj particija od n u kojima su neparni dijelovi
razli¢iti, a na parne dijelove nema ogranicenja, Cesto se oznacava
s pod(n). U ovom radu dajemo linearne rekurzivne relacije za
pod(n) i veze pod(n) s drugim particijskim funkcijama.
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