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CONICS IN CUBIC STRUCTURE

VLADIMIR VOLENEC, RUZICA KOLAR-SUPER AND ZDENKA
KoLAR-BEGOVIC

ABSTRACT. By using ternary relation, in this paper we introduce the
concept of a conic in a general cubic structure, and study the properties
of the conics in cubic structures of ranks 1, 2, and 3. By means of points
of a conic, we construct different configurations of points and conics, lines
and conics, as well as some well-known configurations of points and lines.

1. INTRODUCTION

There is extensive literature on the properties of cubic curves in the real
and complex Euclidean and projective planes, as well as in finite projective
planes. Much of this literature relates to the geometry of a cubic curve itself.
The study of these properties is carried out in a variety of ways, one commonly
used method being the parametrization of the curve itself. In the case of a
rational cubic curve, i.e., cubic with a singular point, this can be done using
some elementary functions, and in the case of elliptic cubic curves, i.e., cubics
without singular points, this is done using, for example, Weierstrass’ doubly
periodic elliptic function. In this paper, we will show that this can also be
done using a very simple structure —a cubic structure for which the geometry
on cubic curves is only one model, and there is a number of other models.
From the literature on cubic geometry, we can recommend the classic books
[1,2,4-6,10,11].

2. PRELIMINARIES

The cubic structure is defined in [8]. Let @ be a nonempty set, whose
elements are called points, and let [ ] C Q3 be a ternary relation on Q. Such
a relation and the ordered pair (Q,[]) are called a cubic relation and a cubic
structure, respectively, if the following properties are satisfied:

C1. For any two points a,b € @ there is a unique point ¢ € @ such that
[a,b,c], i.e., (a,b,c) €[]

2020 Mathematics Subject Classification. 20N05.
Key words and phrases. Cubic structure, inflection point, tangential, conic.

129



130 V. VOLENEC, R. KOLAR-SUPER AND Z. KOLAR-BEGOVIC

C2. The relation [ ] is totally symmetric, i.e., [a, b, ¢|] implies [a, ¢, b], [b, a, ],
[b, ¢, al, [c,a,b], and [c, b, a].

C3. [a,b,d], [d,e, f], [9,h,1], [a,d,g], and [b, e, h] imply [c, f, 4], which can
be clearly written in the form of the following table:

a blec
d e|f]|.
g h|1

In [8], many examples of cubic structures are listed, the best known of
which is the one in which @ is the set of all non-singular points of a cubic
curve in the plane. The statement [a, b, ¢] means that the points a, b, c € Q are
collinear. Therefore, in a general cubic structure (@, [ ]) we will also say that
the points a, b, ¢ form a line if the statement [a, b, ¢] is valid, and otherwise
we will say that we have a triangle (a,b,c).

In [9], the tangential of a point a is defined as the point a’ with the prop-
erty that the statement [a, a, a’] holds. The tangential a”’ of the tangential o’
of a point a is called its second tangential. For any point x, we will always
denote the tangential and the second tangential by z’ and z”. It can be
proved that [a, b, ¢] implies [a’,V’,¢/]. Different points having the same tan-
gential are called associated points, and there are always 2" of them for some
m € N U {0}, where the number m is called the rank of the observed cubic
structures. In the case of a cubic structure, when observing collinear triplets
of non-singular points on a cubic curve in the complex plane, the ranks 0, 1,
or 2 occur depending on whether the cubic has a cusp, an ordinary double
point, or has no singular points. That is why we are especially interested in
the case m = 2, for which several theorems have been proved in [9]. If the
statements [a, b, c|, [a,e, f], [d,b, f], and [d, e, ] are valid, we will say that
{a,d;b,e;c, f} is a quadrilateral with pairs of opposite vertices a,d; b,e; ¢, f.
The triangles (a,b, f), (a,e,c), (d,b,c), and (d,e, f) are then referred to as
triads. According to [7], an inflection point is defined as a point that is its
own tangential, i.e., for which [¢, ¢, 7). The following statements, which we will
express in the form of several lemmas, are proved in the two papers mentioned
above.

LEMMA 2.1. If the points a and b are inflection points and [a, b, c] holds
true, then the point c is also an inflection point.

LEMMA 2.2. The opposite vertices of a quadrilateral have common tan-
gentials and the obtained three tangentials belong to one line.

LEMMA 2.3. The triangle (a,b,c) is a triad if and only if [a', V', ].

LEMMA 2.4. If the points a1, as, az, and aq in a cubic structure of
rank 2 are associated points having the common tangential a’, then there
are points p, q, and r such that [a1,a2,p], [as,a4,p], lai,as,q], [az,a4,q],
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[a1,aq,7], and [az,as,r], the points o', p, q, and r are associated points, and
their common tangential is a”.

3. CONICS IN A CUBIC STRUCTURE

Given six points a, b, ¢, d, e, f in a cubic structure, we say that they
form a conic, and we denote it [a,b, ¢, d, e, f], provided there are points g, h,
and ¢ such that [a,b, g], [c,d, h], [e, f,i], and [g, h,i]. Due to the property C1,
the points g, h, and 4 such that [a,b,g], [c,d,h], and [e, f,i], are uniquely
determined. As a result, the following theorem holds true.

THEOREM 3.1. If [a,b,g], [c,d,h], and [e, f,i], then the statements
[a,b,c,d,e, f] and [g, h,i] are equivalent.

COROLLARY 3.2. If[a,b,1], [c,d,i], and [e, f,i], then the conic [a,b,c,d,e,f]
exists if and only if i is an inflection point.

COROLLARY 3.3. Ifi is an inflection point and if [a,b,i], [c,d, 1], [e, f,1],
and [a, c,e], then [b,d, f] also holds true.

Theorem 3.1 can be strengthened, i.e.:

THEOREM 3.4. FEach of the five statements [a,b,g], [c,d,h], e, f,i],
[g,h,1], and [a,b,c,d, e, f] follows from the remaining four.

ProoF. For example, let us prove the theorem for [c,d,h]. Let j be
a point such that [c,d,j] holds true. From [a,b,g], [c,d,j], [e, f,i], and
[a,b,c,d, e, f], by Theorem 3.1, we get [g, J,4], which, together with [g, h, 1],
implies j = h, so the statement [c,d, j| becomes [c,d, h]. Similarly, one can
show that each of [a,b,g], [e, f,i], and [g, h,i] follows from the other four
statements. 0

THEOREM 3.5. Every two points of a conic are mutually equivalent, i.e.,
[a,b,c,d, e, f] implies [u,v,w,x,y, 2], where (u,v,w,x,y,z) is any permuta-
tion of (a,b,c,d,e, f).

PROOF. From the property C2 and the definition of the conic [a,b,c,d,e, f],
it is obvious that the two points in each pair {a,b}, {c,d}, and {e, f} are
equivalent, and that these pairs are equivalent by themselves. Therefore,
to prove the equivalence of all six points in the symbol [a, b, ¢, d, e, f], it is
enough to prove that [a,b,c, e, d, f] follows from [a, b, ¢, d, e, f]. The assump-
tion [a, b, ¢, d, e, f] means that there are points g, h, and 4 such that the state-
ments [a,b,g], [c,d,h], [e, f,i] and [g, h,i] hold. Now, let j and k be points
such that [c, e, j] and [d, f, k]. The symmetry C2 and the table
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imply [g, J, k]. Consequently, [a,b, ¢, e, d, f] holds because there exist points g, 7,
and k such that [a, b, g], [c, e, 7], [d, f, k] and [g, j, k]. 0

THEOREM 3.6. A conic is uniquely determined by any five of its points.

PrOOF. According to Theorem 3.1, it is enough to prove that for every
five points a, b, ¢, d, and e there is a unique point f such that [a,b, ¢, d, €, f].
Due to the property C1, there exist unique points g and h such that [a, b, g]
and [c,d, h], and there exists a unique point ¢ such that [g, h, 4], and, finally,
there exists a unique point f such that [e, i, f]. d

THEOREM 3.7. If [a,b, ] holds then [a,b,c,d, e, f] and [d, e, f] are equiv-
alent statements.

PROOF. Let [d,e, f] hold true and let h be the point such that [c,d, h]
holds. Then we have statements [a, b, c], [c,d, h], [e, f,d], and [e, h,d], so by
the definition of a conic, we have [a, b, ¢, d, e, f]. Conversely, let [a,b, ¢, d, e, f]
be a conic. Then there are points g, h, and ¢ such that [a,b, g], [¢,d, k], [e, f,1]
and [g, h,i]. However, from [a, b, g] and [a,b, ], by C1, we get g = ¢, so we
have [c, h,i], which, together with [c, h,d], gives the equality ¢ = d. Hence,
[e, f,i] becomes the required statement e, f,d]. 0

The assertion of Theorem 3.7 can be interpreted as saying that two lines
form a conic. This, of course, has different meanings in various examples of
cubic structures. We shall say that a conic is genuine if it does not consist of
two lines.

THEOREM 3.8. If [a,b,p] and [c, d, p] hold, then for any two points e and f
such that [a,b,c,d, e, f], it follows that [e, f,p'].

PRrOOF. By the definition of the conic [a, b, ¢, d, e, f], from [a, b, p], ¢, d, p],
and e, f, g| follows [p,p, ¢|, i.e., g =p'. 0

THEOREM 3.9. From [al,ag,ag,a4,a5,a6], [b17b27b37b47b57b6] and [ai,bi,ci],
i=1,2,3,4,5,6, follows [c1,ca, 3, Ca, C5, Cp).

PROOF. Let [a1,a2,d1], [a3,a4,dz], [as,a6,d3], [b1,b2,e1], [b3,ba,e2],
[b5, b, €3], [c1,c2, f1], [cs,ca, f2], and [cs5,ce, f3]. Then, by the definition of

a conic, the statements [dy,ds,ds] and [eq, ez, e3] are valid. Let us prove
[f1, f2, f3]. From the table

ar ag |dp
by by |er
ca e |h

we get [d1, e1, f1], and similarly for the statements [do, €2, fo] and [ds, e3, f3].
Finally, from the table -
dy e |f1
dy ex |fo
d3 ez |f3
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follows [f1, fa, f3]. ’

THEOREM 3.10. [al,ag,a3,a4,a5,a6], [bl,bg,&g,&4,a5,a6}, [a17a27b3,b4,
a57a6]; and [a17a27a37a47b57b6] Zmply [b17b27b37b4ab57b6]'

ProoF. For (i,5) € {(1,2),(3,4),(5,6)}, let a;; and b;; be points such
that [a;,a;,a;;] and [b;,b;,b;;]. The assumptions of the theorem mean
then that there are lines [a12,as4,as6], [b12,a34,a56], [a12,b34,a56], and
[a12, as4, bss]. From the table

azs  ase |bio
ase a1z |baa
a2 a34 |bse

we get [blg, 173,47 b56], which proves the statement [b17 bg, bg, b4, b5, bﬁ] . O

THEOREM 3.11. [a,b,c,d, e, f] and [e, f,p] imply [a,b,c,d,p,p'].

PRrooOF. If g and h are points such that [a,b, g] and [c, d, k] hold, then,
due to [e, f,p], by the definition of the conic [a,b,c,d, e, f], we get [g, h,p)].
Statements [a, b, g], [¢,d, h], [p,p’, p] and [g, h, p] prove [a, b, ¢, d, p,p']. 0

[a, b, c] implies [a/,b’, '], and then, according to Theorem 3.7, we have
[a,a’, b,V c,c']. However, the reverse of this statement is also valid, i.e., we
have the following theorem:

THEOREM 3.12. If o/, V', and ¢’ are the tangentials of the points a, b,
and ¢, then [a,a’, bV, c, '] implies [a, b, c].

PROOF. [a,d’,b,V ¢, (], [a,d’,a], [b,¥,b], and [c,c,¢] imply, by Theo-
rem 3.1, the statement [a, b, c]. |

THEOREM 3.13. [a,b, ¢, d, e, f] implies [a', V', ¢, d', ¢, f'].

PROOF. Because of [a, b, ¢, d, e, f], there are points u, v, and w such that
[a,b,u], [c,d,v], [e, f,w], and [u, v, w]. From these statements we get [a’, b, /],
[, d' V'], [¢, f',w'], and [, v, w'], thus [a', V', d’, €, f'] holds. d

THEOREM 3.14. If [p,a,ao], [p,b,bo], [p,c,co], [p,d,do], [p,e,eo], and
[a,b,c, d7€7p]; then [4071)0,00,(10’607]7”}-

PRrROOF. From [a,b,c,d,e,p] and [e, p, €], it follows that there are points u
and v, such that [a,b,u], [¢,d,v], and [u,v,eg]. Let ug, vy, and wy be points
such that [ag, by, uo], [co, do, Vo], and [eg, p”, wg]. To prove [ag, by, co, do, €0, P"],
it is necessary to prove [ug, vg, wp]. However, from the tables

a b |u c d|wv
an bo (N and Co do Vo |,
p p|p p p|pP



134 V. VOLENEC, R. KOLAR-SUPER AND Z. KOLAR-BEGOVIC

[w, ug, p'] and [v, vy, p’] follow, and then from the table

we obtain [ug, vg, wo]. 1]

THEOREM 3.15. Ifa, b, c, d, e, and f are distinct points, the first five of
which are inflection points, and if [a,b,c,d, e, f], then f is also an inflection
point.

PROOF. If any three of these six points are on a line, then, due to Theo-
rem 3.7, the remaining three points are also on a line, so by Lemma 2.1, the
assertion of the theorem follows. If no three of the observed six points are
on the same line, then for points g, h, and 4 such that [a,b, g|, [c,d, h], and
le, f, ], because of [a,b,c,d,e, f], it also follows that [g, h,?]. From [a,b, g]
and [c,d, h] it follows that g and h are inflection points, then from [g, h, 7] it
follows that the point ¢ is an inflection point, and, finally, from [e, f, ] we get
that f is an inflection point (all this using Lemma 2.1). |

THEOREM 3.16. [a,b,c,d,e, f], [a,b,c,g,h,i], and [d,e, f, ], k1] imply
[gah7i7j7k?”'

PRrROOF. From [a,b,c,d, e, f] it follows that there are points m, n, and o
such that [a,b,m], [c,d,n], [e, f,0], and [m,n,o]. Then, from [a,b,c,g,h,i],
together with [a,b,m], it follows that there are points p and ¢ such that
[C’ g7p}, [h’ 7:7 q]7 and [m’p7 q} hOId' Therefore’ from [67 f7 d?j’ k? l] and [67 f? 0}7
it follows that there are points r and s such that [d, j,r], [k, [, s], and [o, T, s].
Let ¢t and u be points such that [g, j,¢] and [p,r, u]. From the first of the two
tables

m
and o)
n

S =3I

q
S 3
t

"R o
=N S
S <+ 3

it follows that [n,¢,u], and then from the second table follows [g, s,t]. This,
together with [h,4,q], [k,1, s], and [g, j, t], proves [h,i,k,l, g, ] |

THEOREM 3.17. Ifa, b, ¢, and d are given points, then [a,b,c,d,u,v] and
[, v, w] imply that such a point w is unique.

PROOF. [a,b,c,d, u,v] implies the existence of points m, n, and o such
that [a, b, m], [¢,d, n], [u,v,0], and [m,n,o]. From the first of these two facts,
such points m and n are unique, and then from [m,n, o] it follows that the
point o is also unique. But [u,v,0] and [u,v,w] imply w = o. Hence, the
point w is unique. 0
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COROLLARY 3.18. Let [a,b,c,d,e, f] and [e, f,i]. Then the statements
[a,b,c,d, g,h] and [g,h,i] are equivalent.

THEOREM 3.19. Let a, b, ¢, and m be the given points. If [m,u,v] and
[a,b, c,u,v,d], then such a point d is unique.

PROOF. Because of [a,b,c,d,u,v] there are points p and ¢ such that
[a,b,p], [e,d,q], [u,v,m], and [p,q,m]. Such a point p is unique, and then,
because of [p, g, m], the point ¢ is also unique, and therefore [c,d, ¢] implies
that the point d is also unique. 0

THEOREM 3.20. If the conics [a,b,c,d, e, f], [¢,d,e, f,p,q], [a,b,g,h,i, 7],
and [g, h, 1, j, 7, 8] exist, then there exists a point t such that [p, q,t] and [r, s,t].

PROOF. By the definition of the four conics, there are points u, v, w, t, z,
y, and z such that [a, b, u], [c,d,v], [e, f,w], [u,v,w]; [p,q,t], [v,w,t]; [g, h, 2],
[, 4,9, [u, z,9]; [r, 8, 2], [x,y,2]. From the fourth and the sixth of these lines
we conclude that « = ¢, and the ninth and the eleventh (the last) of these
lines show that u = z, hence [r, s, z] becomes [r, s, ]. d

THEOREM 3.21. If [a,b,c,d,e,ul], [f,g,v], [u,v,t], [a,b,c,d, f,x], and
le, g,y] hold, then [z,y,t] also holds.

PRrOOF. Let I, m, and n be points such that [a,b,], [c,d, m], and [e, u, n]
hold. From [a,b,c,d, e, u], according to the definition of a conic, follows
[I,m,n], and from [a, b, ¢, d, f, ], [a,b,1], [e,d,m], and [I,m,n] we get [f, x,n].
Finally, the table

n flx
e g1y
u vt
implies [z, y, t]. O

Splitting a given set of seven points into a quintuplet and a pair can be
done in twenty-one ways. To each quintuplet add a point to form a conic, and
to the corresponding pair add a point to form a line. These two new points
define a line, and it follows from the previous theorem that the twenty-one
lines obtained in this way have a common point.

THEOREM 3.22. Let a, b, ¢, d, e, and f be siz points of a cubic struc-
ture which are not on the same conic. If the points eq and fy are such that
[a,b,c,d, e, fo] and [a,b,c,d, f,eq], then there is a point p satisfying le, fo, D]
and [fa GO,P]-

PROOF. Let p, ¢, and r be such points that [e, fo, p], [a, ), g], and [c, d, r].
Then the definition of the conic [e, fo, a,b, ¢, d] implies [p, ¢, 7], and then, by
the definition of the conic [a, b, ¢, d, f, €], from [a, b, q], [¢,d, ], and [g,r, p] we
get [f760ap]' o
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THEOREM 3.23. If {a1, a2;b1,ba;¢1,c2} is a quadrilateral, then the pairs
of points ai,as; by,by; c1,co have common tangentials a, b, and c such
that [a, b, c], and there exist conics [a,a1,as2,b,b1,bs], [a,a1,a2,c,c1,ca], and
[b,bl,b276,01,62].

PROOF. The first part of the theorem is dealt with in Lemma 2.2. The
statements [a, b, c], [a1, b1, c1], [az, ba, ¢1], and [c, ¢1, ¢1] prove [a, b, a1, by, as, ba],
i.e., [a,a1,a2,b,b1,bo], and the other two statements are proved similarly. 0O

THEOREM 3.24. If (a,b,c) is a triad, then there exists the conic [a,a,b,b,c,c].
ProoF. This follows from [a,a,a’], [b,b,V], [c,¢, ], and [a', V', ]. d

THEOREM 3.25. If (a,b,c) is a triad and if there is a conic [a,b,c,d, e, f],
then (d,e, f) is also a triad.

PRrROOF. From [a,b,c,d, e, f] we get [a', V', ', d', €, f'], according to The-
orem 3.13. Then, due to [a’,V’, /], Theorem 3.7 implies [d’, €', f']. Because
of the noncollinearity of points a, b, ¢, from [a, b, ¢, d, e, f], we obtain, by the
same theorem, that the points d, e, f are also noncollinear. Therefore, by
Lemma 2.3, (d, e, f) is a triad. d

THEOREM 3.26. If {a,d;b,e;c, f} is a quadrilateral and two points p
and q are given, then there is a point r such that [a,b, f,p,q,7], [a,c,e,p,q,T],

[b7cﬂdﬂp7q7’r]7 a’nd [d7e7fﬂp7q7{r]'

PRrROOF. By Lemma 2.2, the points a and d have the same tangential m,
and from the given quadrilateral we get [a,b,c], [a, e, f], [b,d, f], and [c, d, €].
Let 7, s, t, and u be such points that [a,b, f,p,q,7], [p,q,s], [a,7,t], and
[d,r,u]. From [p,q,b, f,a,r], [p,q, s], [b, f,d], and [a,r,t], we get [s,d,t]. The
table

gives [s,a,u]. From [p,q,s], [c,e,d], [a,r t], and [s,d,t] we now get
[p,q,c, e, a,r],and from [p, q, s, [b, ¢, a], [d,r, u] and [s,a,u] we get [p, ¢, b, ¢, d, r].
Finally’ [p’ Q7 S]’ [67 f7 a], [d’ r’ u]’ and [S’ a7 u] imply [p’ q7 67 f’ d7 T]' D

Under the conditions of Theorem 3.26, (a, b, f) is a triad, so, according to
Theorem 3.25, (p, q,r) is also a triad. This leads to the following conclusion.

COROLLARY 3.27. For every two distinct points p and q there is a point r
such that (p,q,r) is a triad.

THEOREM 3.28. [f[a’abac7 d7€7f]; [b,c,g], [Cvaah]; [a7b7 Z]7 [€7fa.j]7 [fa d7 k])
and [d,e,l], then [g, h,1, ], k,1].
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PRrOOF. From [a,b,c,d, e, f], [a,b,i], and [e, f,j] it follows that there
is a point m such that [¢,d,m] and [i,m,j], and hence [¢',d',m']. Let n
and o be such points that [g, h,n] and [k,1,0]. Then, to prove the statement

lg,h,1,7,k,1], in addition to [i, j, m], one must prove [n,m,o|. Let us look at
the tables

a b I d d[d n

c ¢ |c e f 17 m' [m].

h g |n Il ko j 0
First, from the first two tables we get [i,c¢/,n], [d,j,0] and then the third
table proves [n, m, o). d

THEOREM 3.29. If [a1, as, as, b1, ba, bs] is a genuine conic and if ¢, ca,
cs, di, do, and ds are such points that [as2,as,c1], [as,a1,c2], [a1,a2,c3],
[bg,b3,d1], [bg,bl,dg], and [bl,bg,d3], then the conic [61,62,63,d1,d2,d3] also

exists.

PROOF. Let eq, ez, and e3 be such points that [a;, b;, e;], i = 1,2, 3. From
[(127 as, bg, bg, ap, bl], [ag, as, Cl], [bg, bg, dl], and [al, bl, 61] it fOHOWS, by the
definition of a conic, that [¢1,d1, e1]. Similarly, from [as, a1, b3, b1, az, ba] and
[a1,a2,b1,bo, as, b3] one obtains [ca, da, e2] and [c3,ds, e3]. Finally, [e1, ez, 3]
follows from the table

a1 b1 €1
az by |e2
c3 d3 |es

which, together with [¢1,dq, e1], [ca, da, 2], and [c3, d3, e3], yields [¢1,dy, co, da,
C3, dg] 0

The six points of a given genuine conic can be divided into a pair of triplets
in ten ways, producing ten new conics as in the previous theorem. Each of
these conics contains six points out of a total of fifteen points, which are
obtained as the third point on lines through two points of the given genuine
conic. Therefore, each of these fifteen points belongs to four of these new
conics, i.e., these points and these conics form a configuration (154, 10g).

Let us examine this situation in more detail. = We have a conic
[a1, a2, a3, a4,a5,a6]. If we form two triangles [a1,as,as] and [a4, a5, ag] and
denote this division by (123,456), we have ten such symbols in total. For
i # j let b;; be a point such that [a;, a;,b;;] holds. Then, by Theorem 3.29,
there exists a conic [bag, b13, b12, bs6, bag, ba5]. From the definition of the conic
[a1, a4, a2, a5, as, ag] follows the existence of the line [by4, bos, bgg], to which we
assign the symbol (14,25,36), and we have fifteen such symbols in total. In
this way, the symbol (123,456) is associated with six symbols: (14,25, 36),
(14,26, 35), (15,24,36), (15,26,34), (16,24,35), and (16,25,34), while the
symbol (14,25,36) is associated with four symbols: (123,456), (126,453),
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(153,426), and (156, 423). The same is true for other analogous symbols. We
obtain a configuration (154,10g) of lines and conics, where the association
relation of these two types of symbols takes the place of incidence. We have
fifteen lines like the line [b14, bos, b3g], and we also have fifteen points of the
form b;;. At the same time, we have three points on each line, and each
point lies on three such lines. For example, the point b5 lies on the lines
with symbols (12,34, 56), (12, 35,46), and (12,36,45). Thus, we obtained a
configuration 153 of points and lines. On the web, this configuration is called
the Cremona-Richmond configuration, and is also mentioned in [12].

THEOREM 3.30. Let [a,b,c,d, e, f] be a conic in a cubic structure of
rank 1, and let a1, as; by,ba; c1,co; di,ds; e1,ea; fi, fo be two by two points
whose common tangentials are the points a, b, ¢, d, e, and f, respectively.
Then there exists a total of 32 conics of the form [a;,bj, ck,dm, en, fp], where
i, 5, k,m,n,p € {1,2}. Each of the 12 points belongs to 16 such conics, i.e.,
these points and conics form a configuration (1216, 32).

Proor. For each choice of five points a;, bj, cx, dm, and e, there is
a unique point w such that [a;,b;, ¢k, dm, en,u]. By Theorem 3.13, we get
[a,b,c,d,e,u'], where v’ is the tangential of the point u. Since we have
[a,b,c,d, e, f], it follows that v’ = f, and then u = f; or u = f5. Now, if
[a;,bj, Ciy dm, €1, f1], then we get [a;, b;, i, dim, €2, f2], and if [a;,b;,cr,d1,e1, f1],
then we also have [a;,bj,ck,d1,e2, fa],  [ai,bj,ck,do,e1, fo], and
[ai, b, ck,da, €2, f1]. Thus, we can choose the indices from the set {1,2} such
that the following statements hold true:

[a1,b1,61,d1,€1,f1]
a1,bi,c2,dy, €1, fal,
a1, bz, c1,d1, er, fa),
a1,b2,62,d1,€1,f1]

a27b17027d1761,f1]

[01,51,61,d1,62,f2],
a1,bi,ca,dy, ez, fi],
a1, bz, c1,di, ez, fi],
a17b27327d17627f2]7
]

a27617027d17627f2]7

a17b17617d27€17f27
a1, b1, c2,d2, e1, fi],
a1,be,c1,dz, e1, fi],

az,b1,c1,da,e1, f1
az,b1,c2,d2, e1, fa],

)

a17b17cl7d25627f1 )
a1, b1, c2,dz, e2, fa],
a1,bz, c1,dz, ez, fa],

az,b1,c1,da, ez, fo
az,bi1, c2,dz2, ez, fi],

I

a2 b27cl7d25627 fl )
az, bz, c2,d2, ez, fo

d

a27b27017d27617f2 )
az, bz, c2, dz, e1, fil,

a2 b27617d17617f1]

a2’b23623d1a617f2] a27627027d13627f1 )

[ I [ ]
[ [ [ [ ]
[ [ [ I ]
[ [ [al,b2,02,d2,€1,f2], [a1,b2,CQ,d2,€2,f1],
[a2, b1, c1,d1,eq, f2], [az,b1,c1,d1,e2, fi], | I, [ ]
[ [ [ I ]
[ [ [ I [ ]
[ [ [ It -

a2,b2761,d1,627f2],
]

Notice that in each of the above 32 conics there is always an even number
of indices 1 and of indices 2.

Analogous consideration in a cubic structure of rank 2 gives 24 points and
45 = 1024 conics forming a configuration (24956, 1024¢), and in a structure
of rank 3 it gives 48 points and 8° = 32768 conics forming a configuration
(484096, 327686), etc.

THEOREM 3.31. If in a cubic structure of rank 2 the points a1, as, as,
and a4 are associated and have the common tangential o' and the second
tangential a”, then [a1, a2, as,a4,b,c] and [b,c,a’”’] are equivalent statements.
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PrROOF. By Lemma 2.4 there is a point p such that [aj,as2,p] and
[as, a4, p], and the point p has the tangential a”. Since [a1, az,p], [as, a4, p],
and [p,p,a’] are valid, the statements [ai,as,as,a4,b,c] and [b,c,a”] are
equivalent. 0

COROLLARY 3.32. If the point a’ is the common tangential of differ-
ent points a1, as, az, and aq in a cubic structure of rank 2, then the conic
[a1,a2,a3,a4,0a’, 0] exists.

THEOREM 3.33. If in a cubic structure of rank 2 the points ay, as, as,
and a4 have the common tangential o’ and if the conic [a’, a1, a2, a3, b, c] exists,
then also exists the line [b,c, ay).

PROOF. According to Lemma 2.4, there is a point r such that [aj, aq,7]
and [ag, as,r]. From [a', a1, a2, as3,b,c], [@',a1,a1], [az,as,7], and [a1, 7, a4, by
Theorem 3.4, we get [b, ¢, aq). d

THEOREM 3.34. If in a cubic structure of rank 2 three distinct points ay, as,
and az have the common tangential a' and the second tangential a”, and if
[a1,a2,a3,a5,b,c] and [b,c,a”], then ay, as, az, and as are associated points.

PROOF. Let aq, as, as, and a4 be associated points. Then, due to [b, ¢, a”],
according to the previous theorem, we get [a1, as, as, ay, b, ¢], which, together
with [a1, as, as, as, b, c], gives the equality as = aq. 0

In a cubic structure of rank 2 we have the Hesse configuration (124, 163) of
antecedent points a;, b;, ¢;, 1 = 1,2, 3,4, of three points a’, b’, ¢’ on a line. For
example, consider two lines [a1, b1, ¢1] and [ag, ba, ¢1]. Let  and y be points
such that [a/, ¥, a1, b1, ag, 2] and [as, z, y]. Since we have [a’,a1,a4], [V, b1, b1],
and [ag, z,y)], it follows from [a’, a1,b’, by, as, x] that [a, by, x], which, together
with [a1, b1, 1], gives = ¢, and then, from [as, ¢1,y] and [ag, ¢1,b2], we get
y = b1. So, we have the conic [a’,V’, a1, b1, a2, bs]. The same is true for other
combinations of indices and letters a, b, ¢, i.e., we have the following theorem:

THEOREM 3.35. Let a;, b;, and ¢;, i = 1,2,3,4, be antecedent points of
three points a’, b', and ¢’ on a line. Then, the conic containing the points a’, b’
and two antecedent points of the point a’' and an antecedent point of the
point b, contains another antecedent point of the point b', which is such that
there is an antecedent point of the point ¢ lying on both lines through an
antecedent point of the point a’ and an antecedent point of the point V.

In a cubic structure of rank 1, the previous theorem is analogous to the
following one:

THEOREM 3.36 (see [3]). If in a cubic structure of rank 1 the pairs of
points ai, ag and by, ba have tangentials a and b, then the conic [a1,b1,a2,b2,a,b]
exists.
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PROOF. Let ¢, d, and e be such points that [a1,b1,c], [as,be,d], and
[a1,b2,e]. Obviously, e # ¢,d. The transition to the tangentials gives [a, b, ¢],
[a,b,d'], and [a, b, €], so the points ¢/, d’, and €’ coincide, i.e., the points ¢, d,
and e have the same tangential, hence all three cannot be different. Therefore
¢ = d. We now have [a1,b1,c], [a2,b2,¢], [a,b,c], and [c, ¢, /], and thus
[a17b1,a2,b2,a,b}. 0

COROLLARY 3.37. If, in addition to the assumptions of Theorem 3.36,
[a1,a2,b] holds true, then [by,ba,al.

If point a is the tangential of the point b, then the point b is one of the
points aq, as. Let it be a;. Then we have the line [a1, b, a], and then [as, by, bg]
follows.

Regardless of rank, the following theorem corresponds to Theorem 3.36.

THEOREM 3.38. Let the points a; and ay have the common tangential a,
and the points by and by have the common tangential b. If there is a point c
such that [a1,b1,c] and [az, ba, ], then [a1,asz,b1,b2,a,b].

PRrROOF. From [aj,b1,c] it follows that [a,b,c], and from [ay,by,d],
[a27 b27 C]? [aa bv C,] and [C7 C, C/} we get [ala az, bla b27 a, b] o

THEOREM 3.39. [al,ag,ag,a4,a5,a6], [bl,bg,bg,b4,b5766], [01,62,03,04,
05706]7 [d17d27d37d47d57d6]; [61762363764765766]; [f17f27f37f47f57f6]7 and
[am7bm;cm;dmaem7fm]7 m = 1727374757 Zmply [aﬁabﬁacﬁadﬁaeﬁafG]'

PROOF. Form = 1,2,3,4,5,6 let the points g,,,, A, and i,, be such that
[@ms by Gy [Cmy dims Bum], and [€4, fin, im]. Furthermore, let the points @y,
binys Cmny Amny €mns fmn, Gmns Pmn, and im,, be such that for all (m,n) €
{(1,2),(3,4),(5,6)}, [@m, @n, @mnl, [Bm,bnsbmnls [Cms Cns Cmnls [dms dns dmnl,
[ema €n, emn]7 [fm; f’ru fmn]a [gmy 9n, gmn]7 [hma hna hmn]a and [Zmz iny Zmn}
From the assumptions of the theorem we get [a12,a34,a56], [b12,0b34, bs6],

[c12, C34, 56, [d12,d34,d56], [e12, €34, €56], [f12, 34, f56)s [Gms Py im], m =
1,2,3,4,5, and it remains to prove [gg, hg, ig]. From the tables

ap az |ai2 a3 a4 |34 as Qae 456
by b2 [bi2|, b3 by |b3a|, bs be |bse| ,
g1 g2 (912 g3 g4 (934 gs gde |9s6

we get [a12,b12,912], [a34,b34,9134], and [ase,bse, gs6], and similarly, re-
placing a,b,g by c¢,d,h, respectively by e, f,i, one proves [ci2,d12,h12],

(34, d3a, h3a), and [cse, dse, hse), respectively [e1a, fia,i12], [esa, f34,434], and
[es6, f56,%56). From the tables

a2 big 912 ci2 diz |hi2 €12 f12 112
azs  bzs |g34| , c3q  das |haaf, e3s  fas |iza],
ase¢  bse |gs6 cs6  dse  |hse €56 f56 156
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we get [g12, 34, 9s56), [P12, haa, hsel, and [i12, i34, i56], and then from the tables

g1 g2 |912 g3 94 |934
hl h2 h12 and h3 h4 h34
11 2 |12 13 lg4 134

we have [g12, h12,712] and [gs4, R34, i34]. Finally, let us look at the tables

gi2 934 |9s6 gs6 95 | 96
hia  hss |hse and  hsg hs | he
112 134 %56 112 i5 | i

From the first one we get [gs6, hse, i56], and then from the second one we get
(96, N6, 6] o

The statement of Theorem 3.39 can be concisely presented by the table

ay az a3 a4 as [Gg
by by b3 by b5 |bg
Ci C2 €3 C4 C5 |Cg
di dy ds dy ds |ds
€1 €2 €3 €4 €5 |€g

fi fo f3 fa f5|fe

If ag =bs = c6 =ds = es = f1 = fa = f3 = fa = f5s =1, respectively
a5:b5205=d5:61262263264=i,anda6=b6266:d6=f1:
fo = fs = fy = 7, and if in the first case we suppose that ¢* is the point such

[i,4,4,%,u,v] and [4, j, , j, v, w], then the tables

a]; Qa2 Aas a4 7 as ay; a2 as 1 _] ayq
by by by by i |bs b1 by b3 i j |bg
cp Cc c3 ¢4 1t |cs cp c2 c3 1t |eq
A dy ds dy i |do| MY d dy ds i g |d
e1 e ez eq4 1 |es ) ) o u v |1
1 I A S A i 3 J v wl|j

prove the following two corollaries.

COROLLARY 3.40. [al,ag,ag,a4,a5,i], [blab27b37b47b57i]: [Cl,CQ,Cg,C4,C57i],
[dlaand37d4;d5ai]; [61762763,64,65,i] and [am,bm,cm,dm7em,z], m:172a3,47
Zmply [G/5,b5,C5,d5,€5,Z].

COROLLARY 3.41. [al,ag,ag,a4,i,j], [bl, bg, b?,7 b4,i,i,j}, [Cl, C9,C3,Cy, i,j],
[d1;d27d37d4;iaj] and [awubmy‘:m;dm,aivj]) m:172537 Zmply [114,b4,C4,d4,’i7j]-
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Konike u kubnoj strukturi

Vladimir Volenec, RuZica Kolar-Super i Zdenka Kolar-Begovié

SAZETAK. Koristeéi ternarnu relaciju u radu uvodimo koncept
konike u kubnoj strukturi i proucavamo svojstva konika u kubnim
strukturama ranga 1, 2 i 3. Pomoc¢u tocaka konike, konstruiramo
razlicite konfiguracije tocaka i konika, pravaca i konika, kao i neke
poznate konfiguracije tocaka i pravaca.
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