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GENERALIZED HERMITE-HADAMARD INEQUALITIES
FOR (a,7n,7,0) —p CONVEX FUNCTIONS

MUHAMMAD BILAL, SILVESTRU SEVER DRAGOMIR AND ASIF RAzA KHAN

ABSTRACT. In this article, we would like to introduce another gener-
alized class of convex functions which we call as («, 17,7, §) — p convex func-
tions. This new class contains another two new classes namely, (a,n) — p
convex functions of the 15t and 294 kinds. Further, we also generalize some
results related to famous Hermite-Hadamard type inequality stated in [2]
for the aforementioned class of functions with distinct techniques. Hence
various existed and new results would be captured as special case of our
obtained results. Moreover, application to midpoint formula has also been
established.

“All analysts spend half their time hunting through the litera-
ture for inequalities which they want to use and cannot prove.”

— Hardy

1. INTRODUCTION

Mathematical inequality is one of the finest field for researchers from the
past few decades due to its various applications in different fields of daily life
like management sciences, architecture, arts, industrial and pharmaceutical
research and many more. The theory of Convex functions (some times called
water holding functions) has valuable importance in the stated field due to
its involvement in different fields like probability theory, Operations research,
Graph theory and many more. From these inequalities Hermite-Hadamard
type are the one’s which are being given more attention by researchers these
days. For further study, one can go through the following articles: [3]—[7],
[17,18,22,23] and [25].

Here, we highlighted that throughout this article we would use the con-
vention 0° = 1 and the following notations:

1. T is a real interval [w, wa),
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Key words and phrases. Hermite-Hadamard type inequities, p-convex functions, (a,n)-

convex function of the 15 kind, (a,7)-convex function of the 2°¢ kind, (a,n,~,)-convex
function.
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2. I° is interior of interval I,

P _ . P
3. Mp:uand
p

s
4. By (wr,wa) = fuwl_l(l —u)®2"ldu, @, @y > 0 is an incomplete
0

Beta function.

We organized our article as: First section is devoted to background of
our study and some preliminary results. In the next section, we are going
to introduce another generalized class of convex function which we termed as
(a,7n,7,9) — p convex functions. Here we estimate the left bound (absolute
difference of the first and middle terms of Hermite-Hadamard dual inequality)
of Hermite-Hadamard inequality for the class of differentiable (a,n,7,d) — p
convex functions using distinct techniques. These results would secure various
results stated in the articles [2,15,16] and [21] as special cases. Third sec-
tion is devoted to application to midpoint formula and the last section holds
conclusion with some general remarks and future ideas for interested readers.

Now, we are going to recall some useful definitions and results related to
our topic.

In literature, the famous Hermite-Hadamard dual inequality obtained by
the contribution of Hermite and Hadamard as:

THEOREM 1.1 ([10]). If&: I — R is a convex function, then
@1+ L7 §(@1) + E(@)
(T < L [ou < SR

w1

REMARK 1.2. It is to be observed that Hadamard’s inequality may be
regarded as the refinement of Jensen’s inequality.

The well-known inequality has been given an illustrious attention in recent
years (see [1]—[5], [11]—[15] and [27]).
Here, we recall the definition of p-convex functions, extracted from [12]:

DEeFINITION 1.3. Ifp € R—{0} and £ : I C (0,00) — R is a p-convez,
then

¢ (Jua” + (1= w)")?) < uf(@) + (1 - wS(Q),
Vz,y€el andu € [0,1].

REMARK 1.4. If we take p = 1 and p = —1 in Definition 1.3, we at-
tain the ordinary convex function [6] and harmonically convex function [11],
respectively.

Recently, in [2], we have introduced the definition of s—p convex functions
in the mixed kind (or (r, s)—p convex functions) by generalizing the definitions
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of s — p convex functions of the 1°¢ and 2" kinds in such a way that we can
easily obtained both the definitions by imposing certain restrictions on r and s.

DEFINITION 1.5. If (r,s) € [0,1]%, p € R—{0} and £ : I C (0,00) — [0, 00)
is a (r,s) — p convex function, then

(1.2)

€ ([ + (1= )77 ) < ugle) + (L= u)E(0)

Vz,y€el andu € [0,1].

REMARK 1.6. Following well known results will be obtained by taking
different combinations for the values of r, s and p.

1.

10.

11.

12.
13.

14.

15.

16.

17.

If we take r = 0 with s # 0 in (1.2), we attain the refinement of
quasi—p convex functions [2].

If we take s = 0 in (1.2), we attain P — p convex functions [3].

If we take 7 = 1 in (1.2), we attain s — p convex functions of the 15°
kind [2].

If we take s = 1 in (1.2), we attain s — p convex functions of the 214
kind [2].

If we take p = 1 in (1.2), we attain (r, s) convex functions [14].

If we take p = —1 in (1.2), we attain harmonically (r, s) convex func-
tions [4].

If we take r = s = 1 in (1.2), we attain Definition 1.3.

If we take 7 = 0 and p = 1 with s # 0 in (1.2), we attain refinement of
quasi convex functions [4].

If we take r = 0 and p = —1 with s # 0 in (1.2), we attain refinement
of harmonically quasi convex functions [4].

If we take p = r = 1 in (1.2), we attain s-convex functions of the 28¢
kind [14].

If we take r = 1 and p = —1 in (1.2), we attain harmonically s-convex
functions of the 279 kind [4].

If we take p =1 and s = 0 in (1.2), we attain P-convex functions [8].

If we take p = —1 and s = 0 in (1.2), we attain harmonically P-convex
functions [8].

If we take p = s = 1 in (1.2), we attain s-convex functions of the 15
kind [14].

If we take s = 1 and p = —1 in (1.2), we attain harmonically s-convex
functions of the 15* kind [4].

If we take p =r = s =1 in (1.2), we attain ordinary convex functions
[6].

If we take r = s = 1 and p = —1 in (1.2), we attain harmonically
convex functions [11].

Well-known Classical Holder’s integral inequality in its general integral
form is stated as follows [19]:
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THEOREM 1.7. If 1 < p,q < 0, %—&— % =1landg € Ly, then g € Ly and
(1.3) [1est01dc < lelulsl

where € € Ly if €], = ([ 16(Q)PdC) * < o.

REMARK 1.8. Note that if we put p = ¢ = 2, the above inequality becomes
Cauchy-Schwarz inequality. Also, if we put ¢ = 1 and let p — oo, then we
attain,

[ 160(@)1dc < el gl
where ||€||oo stands for the essential supremum of |£], i.e.,

|1€]|oe = esssup [£(C)]-
Yy

PROPOSITION 1.9. If € and g are real valued functions defined on I with
|€] and |€]|g|? are integrable on I, then for ¢ > 1 we have:

1 q

(1.4) / €O lg(OldC < / £(C)lde / £ lg(Q)ldc

The above inequality is known in literature as Power mean integral inequality

(see [24])-

In [2], we proposed some results related to left bound estimation of
Hermite-Hadamard type inequalities for the class of differentiable (r,s) — p
convex functions which we recall here:

THEOREM 1.10. Let & : I C (0,400) — R be a first differentiable function
on I° s.t. & € L[w, ws|, where wy,ws € I° and wy < wa. If |€'] is (r,s) —p
convez function on I for fized r,s € [0,1] on I for p € R—{0}, then following
inequality holds:

/ fl(i)gdé—Mp&([Wr) < MZAD)E )] + BOE ()],

1

where
1/2 1

rs+1 rs rs+1
A(p) = / u lldu—i—/ v ——du
) [uw1? + (1 — u)owoP] 7 172 [uw1? + (1 — u)oweP] 7
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and
1/2

u(l — urye P = — )
B = 1du 1du
=1/ i [

uw? 4 (1 — u)wy?] ) uw? + (1 — u)wzp]k?

THEOREM 1.11. Let £ : I C (0,400) — R be a first differentiable function
on I° s.t. £ € L[w, ws], where wy,ws € I° and @y < wy. If |€'|? withq > 1
is a (r,s) —p convex function on I for fited r,s € [0,1] and p € R — {0}, then
following inequality holds:

w3

[ G e ([WI”;W} é)

1

< M2 {(CE)'F (DE)IE @) + EE)IE ()]
HEE)' T UGE)IE @)+ Hp)E (w2)|7] |,

Q=

where
1/2 1/2
rs+1
Clp) = / - —rdu, D(p) = / N —du,
) [uz1? + (1 — u)wweP]' "7 ) [uwo1? + (1 — u)wwaP] 7
1/2 1
B0 = [ = r) = | Aw) g,
J [uw? + (1 — u)waP] P Ja [uww? + (1 — u)waP] P

1 1

Glp) = / WY g Hp) = / [ Sl A

7 [uwlp —+ (1 — ’LL)WQP]17; ) uwP + (1 — ’LL)WQP]175

THEOREM 1.12. Let & : T C (0,400) — R be a first differentiable function
on I° s.t. ¢ € Liwy,ws], where wy, w2 € I° and wy < wa. If [€'|% with

1 1

g2 >1and —+— =1is a (r,s)—p convex function on I for fized r,s € [0,1]
q1 g2

and p € R — {0}, then following inequality holds for r # 0:

w2

[ S5 ac- e ([w = ;>

1
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+K(p) ((2%5;;2851?)@ 4 Py (s + i 1 |gf(w2>|q2>£2 |
where
12 s
J(p) = 0/ <[uwlp 4 (1 ﬁ u)wzp}l—;> du
and
K(p) = j( 1—u )qldu rry
7y Ny 4 (1= w)wop]

Now we state the following identity which will be used later to derive our
main results of this article.

LEMMA 1.13 ([21]). If&: I C (0,00) — R is a first differentiable function
on I° with £’ € Lw, wa|, w1, w2 € I° with wy < wy and p € R — {0}, then
following identity holds:

/§f<zd¢_Mpg([m”;“2T)

/ O I ¢ ([lep +(1- u)wzp]%) du,

[utoP 4 (1 — u)wQ?’]l

w1

where

u—1, ue[%,l].

2. LEFT BOUND ESTIMATIONS OF HERMITE-HADAMARD INEQUALITY FOR
(a,1,7,90) — p CONVEX FUNCTIONS

As we mentioned earlier the main objective of this article is to introduce
another new class of convex functions and then use this class to estimate the
left bound of Hermite-Hadamard inequality using three distinct techniques
including Power mean and Holder’s integral inequalities.
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Firstly, we are going to introduce another new class of p-convex functions,
which we call as («,n,7,0) — p convex functions. This new class also contain
five new and various well reputed classes of convex functions.

DEFINITION 2.1. If (a,n,7,0) € [0,1]*, p€ R—{0} and £ : I C (0,00) —
[0,00) is a (a,m,7,0) —p convex function, then

€ (fua? + (1 )7 ) < ue(@) + (1 - w)PE(C),

Vz,y €l andu € [0,1].

REMARK 2.2. Following new and well-known interesting results would be
obtained by substituting different of values of «, 7, v,  and p:

1.

2.

If we take p = 1 in Definition 2.1, we attain (a,n,~, d)—convex func-
tions [9].

If we take p = —1 in Definition 2.1, we attain harmonically (a, 7,7, d)—
convex functions, i.e.,

% u*7E(x —u")°
(o) < e+ (1= (o)

If we take v = § = 1 in Definition 2.1, we attain («,n) — p convex
functions of the 1%t kind, i.e.,

¢ (fua? + (1 = w)¢)) < wé(a) + (1 - wE(Q).

. If we take v = § = 1 and p = 1 in Definition 2.1, we attain

(e, m)—convex functions of the 15 kind [9)].
If we take v = d = 1 and p = —1 in Definition 2.1, we attain harmoni-
cally (a,n)—convex functions of the 15% kind, i.e.,

¢
S N 1— umE).
(o) < 0@ + (- e
If we take & = n = 1 in Definition 2.1, we attain (a,n) — p convex
functions of the 24 kind, i.e.,

¢ ([ua® + (1 = )¢ ) < wigle) + (1= w)¢(0).

If we take @« = 7 = 1 and p = 1 in Definition 2.1, we attain
(o, m)—convex functions of the 2°¢ kind [9].

If we take « =7 =1 and p = —1 in Definition 2.1, we attain harmon-
ically («,n)—convex functions of the 2" kind, i.e.,

795(: ué(x — )
(o) S V) + (- 0

If we take @« = = r and v = § = s in Definition (2.1), we attain
(r,s) — p convex functions [2].
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11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.
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. If we take « = np =71, v =0 = s and p = 1 in Definition (2.1), we
attain (r, s)—convex functions [4].

If we take « = =71, v =0 = s and p = —1 in Definition (2.1), we
attain harmonically (r, s)—convex functions [4].

If we take & = = s and v = § = 1 in Definition 2.1, we attain s — p
convex functions of the 15* kind [2].

If we take « =1 =sand y=§ =1 and p = 1 in Definition 2.1, we
attain s-convex functions of the 1% kind [21].

If we take a =7 = s and v =0 = 1 and p = —1 in Definition 2.1, we
attain harmonically s-convex functions of the 15* kind [21].

If we take @ =1 =1 and v = d = s in Definition 2.1, we attain s — p
convex functions of the 2" kind [2].

If we take a = =1and v =9 = s and p = 1 in Definition 2.1, we
attain s-convex functions of the 2°¢ kind [2].

If we take a =n=1and vy =§ = s and p = —1 in Definition 2.1, we
attain harmonically s-convex functions of the 274 kind [21].

If we take « = n =0 and § # 0 in Definition 2.1, we attain refinement
of quasi—p convex functions [3].

If we take « =1 =0, § # 0 and p = 1 in Definition 2.1, we attain
refinement of quasi convex functions [4].

If we take @ =1 =0, § # 0 and p = —1 in Definition 2.1, we attain
refinement of harmonically quasi convex functions [4].

If we take v = § = 0 in Definition 2.1, we attain P —p convex functions
[3].

If we take v = d = 0 and p = 1 in Definition 2.1, we attain P-convex
functions [3].

If we take v = 6 = 0 and p = —1 in Definition 2.1, we attain harmoni-
cally P-convex functions [3].

If we take « = =+ = § = 1 in Definition 2.1, we attain p-convex
functions [3].

If we take « = =~ =9 =1 and p = 1 in Definition 2.1, we attain
ordinary convex functions [6].

If we take a =n =~ =60 =1 and p = —1 in Definition 2.1, we attain
harmonically convex functions [4].

Now, we are going to reveal three results in the form of theorem related
to the sum, product and composition of («,7,7,d) — p convex function.

Let & and ¢ are said to be similarly ordered functions on I. Then the
following inequality holds

(2.1)

for al

(€(C) = &(2))(9(¢) — g(x)) = 0

1¢,z € I ([26)).
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THEOREM 2.3. Let & and g be a similarly ordered functions on I. If &
and g are (a,n,v,8) — p convex functions and u®? + (1 —u")® < ¢ for all
(a,m,7,0) € (0,1), where u = max{uy,us} and c is a fived positive number,
then the product £g is a (a,1n,7,d) — cp convex function.

Proor. From (2.1), we have

£§(Q)g(Q) +&(x)g(x) = £(Q)g(x) + &(2)g(C)-

Since ¢ and g are («,n,7,0) — p convex functions we obtain
&g ([ua” + (1 = u)”]7)
¢ ([ulxp + (1= w)¢*)7 ) g (fusa” + (1 - u2)¢¥)7 )

< (ufE(x) + (1 —u)’E(Q) (ug7g(x) + (1 —ud)’g(C))

< (W )f(x)g(w)+u‘”( —u"E()g(C) + u (1 — u")°€(¢)g(x)
+ (1 =u)) Qg

< (@) e(@)g(x) + W(l —u")g(x)g(x) +u (1 — u")’£(Q)g(C)
+ ((1—un®)’ Qg

= (u+ (1 —u") )( Mﬁg(z)ﬂlfu")‘ssg(c»

< cuég(a) + el —u")’¢g(C).

|

REMARK 2.4. It is to be noted that if ¢ = 1, then the product of simply
ordered (a,n,7v,d) — p convex functions is a (a,n,7,d) — p convex function.

THEOREM 2.5. If £ and g are (a,n,7,0) — p convex functions for all
(a,n,7,0) € (0,1)* and v = max{ui,us}, then the addition & + g is
(a,n,7,9) — p convex function.

PROOF. Since £ and g are («,n,7,d) — p convex functions, so we have
¢ (fma” + (1= w)¢)7) < (uf (@) + (1 - u)¢()
and
g (w2 + (1= w)¢)7 ) < (u57g(@) + (1 - u2)’9(0))

By adding the above two results and applying the definition of maximum
value we get

I3 ([ulxp +(1-— ul)C”]%) +g ([uzxp +(1- u2)§p]%)
< (w7 (€(x) + g(x) + (1 —u")’ (€(Q) + 9(¢))) -



154 M. BILAL, S. S. DRAGOMIR AND A. R. KHAN

THEOREM 2.6. Let g be a (a,m,7y,)—p convez function for all (a,n,v,0) €
(0,1)%. If & is linear, then £ o g is (a,n,7v,0) — p convex function.

PROOF. As g is (a,n,7,d) — p convex function, we have

gog (ua? + (1 - u)¢"]7 ) <€ (u™g(@) + (1= u")g(Q)) .
The result will be accomplished by taking & to be linear.
& (u™g(x) + (1= u")’9(Q))
= u€ (g(x)) + (1 - u")’¢ (9(¢))
= u€og(x) + (1 —u")’¢ 0 g(¢)
a0

Now we are going to state and prove three distinct generalized results re-
lated to Hermite-Hadamard type inequality for («, 7,7, d) —p convex functions
using Definition 2.1, Theorem 1.7, Proposition 1.9 and Lemma 1.13.

THEOREM 2.7. Assume that £’ € Lo, ws] with wy,ws € I° and wy >
wy. If&€: 1 C (0,00) = R is a differentiable function on I° s. t. |¢| is
(a,n,7,8) —p convex on I for fized (a,n,v,d) € [0,1]* on I and p € R — {0},
then below stated result holds:

[ 8- e ([M] ) < M2(Z (D)€ (1) + Zo(0))€ ()]

- 2
where
12 a7+1 ! T — TMH
/ rit+ [ L di
[t + (=N 7 ) fent + (L= D]
and

1/
/ - ) dH/l (1- -7y
[for? + (1= Dot "7 S [y + (1= o] 7

PRrROOF. By using Lemma 1.13 and the definition of absolute value, we

have,
Te© wiP + @
/cl—pdC‘Mprz } )

- ¢ (= + (L= ] )| a
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(2.2) +/1 =l ;

[foo1? + (1 — f)me?]' " »

¢ (It + (1 = ] ) |

1/2

As we have [¢'] is a («, 1,7, ) — p-convex function, so we can take,

¢ (ltmn? + (1= Dwa’]7 ) | < 171 (1) + (1= 17)°1€ ()]

Utilizing the above two results, (2.2) becomes

T e© @1” + 2P ] b 2
/EF#K‘M*<[13] )<A@

1/2 1 N 1 4
ay+1 ay _ ray+1

/ 1 Hdw/ L R ]

[P + (1 — T)ww2P] P [fw1P + (1 = )P P
0 1/2
1/2 1

’ fen? + (1 P)war]' 5

i1 - 17y -y -
+ !ﬁmmwvﬂme“+/[ cdt p (=)l

1/2

which completes the proof. ]

REMARK 2.8. By varying different values of a,7,v,6 and p in Theorem
2.7, one can capture the following well-known inequalities:

1. If we replace « = n =r and v = § = s, then we acquire the result of
Hermite-Hadamard type inequality for (r,s) — p convex functions (see
Theorem 4 of [2]).

2. If wereplace p =1, =n =rand vy = § = s, then we acquire the result
of Hermite-Hadamard type inequality for (r, s)—convex functions (see
third result of Corollary 1 of [2]).

3. If we replace « = n =1 and v = § = 1, then we acquire the result of
Hermite-Hadamard type inequality for s — p convex functions of the
15 kind (see first result of Corollary 1 of [2]).

4. If we replace « = =71 and v = § = p = 1, then we acquire the result
of Hermite-Hadamard type inequality for s-convex functions of the 15¢
kind (see fourth result of Corollary 1 of [2]).

5. If we replace « = n =1 and v = § = s, then we acquire the result of
Hermite-Hadamard type inequality for s — p convex functions of the
2°d kind (see second result of Corollary 1 of [2]).

6. If we replace « =n=p=1and v = = s, then we acquire the result
of Hermite-Hadamard type inequality for s-convex functions of the 224
kind (see fifth result of Corollary 1 of [2]).
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7. If we replace « = =y = 6 = 1, then we acquire the result of Hermite-
Hadamard type inequality for p-convex functions (see Theorem 3.3 of
21)).

8. If we replace p = a =n = = § = 1, then we acquire the result of
Hermite-Hadamard type inequality for ordinary convex functions (see
Theorem 2.2 of [16]).

9. If we replace p = —1 and a = = v = 6 = 1, then we acquire the
result of Hermite-Hadamard type inequality for harmonically convex
functions (see third result of Corollary 1 of [15]).

COROLLARY 2.9. Under the assumptions of Theorem 2.7, one can achieve
the following results:

1. If we replace p = 1, then we acquire the following Hermite-Hadamard
type inequality for (a,m, 7y, d)—convex functions:

207+
/5 ¢)d¢ — M€ <w1+w2) < M? {WH((QH 1)(oz)v ol

(s (B t) g (51,2 - (s1.2)) 2
n n n 7

2. If we replace p = —1, then we acquire the following Hermite-Hadamard
type inequality for harmonically (a,n,~y, §)— convex functions:

T a (222 < ot

w1 + w2

2 1
oc'y-i—l / u®Y — uoz'\/-&-l

[utog + (1 — u)w)?

du o |¢' (1)

[utog + (1 — u)w)?

O\<

/2

u(l —u")° / (1 —u)(1 —um)? du

[utog + (1 — u)w]? [utog + (1 — u)w]?

1€ (c2)|

_|_

1/2

3. If we replace v = § = 1, then we acquire the following Hermite-
Hadamard type inequality for (a,m) — p convex functions of the 15

kind:
mf(() 1P + w2
5= ps<[2 ] ) < M} x
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1/2 1
uott u® — ot
/ 17ldu—|—/ 1,;‘1“ 1€ (w1
J [uww? + (1 —u)waP] P o [uo1? + (1 — u)wwe?] 7
1/2 1
w—u"t 1 —w—u? 4yt
+ / 17ldu—|—/ —du 1€ (z2)|
[uwi? + (1 — u)weP] P ) [uw1? 4+ (1 — u)we?] P

4. If we replace v = 6 = p = 1, then we acquire the following Hermite-
Hadamard type inequality for (a,n)—conver functions of the 15° kind:

/s Q)dc - M&(W) < M2x

ety ey Y
Ferrar @+ (i merouTs) Ee)

5. If we replace v = § = 1 and p = —1, then we acquire the follow-
ing Hermite-Hadamard type inequality for harmonically (o, n)— convex
functions of the 15¢ kind:

/ O ge —mr 5( me) < (@@ M_1)*x

w1 + w2
e ut! / +1 ,
d
/ [uzog + (1 — u)w1]? / [uzoe + (1 — u)w1]2 u o € (1)
0 /2
1/2 L

u—utt 1= — oyl 4yt
d au e
" / [uwws + (1 — u)w]? v / [utog + (1 — u)w1]? u o € (w2)]

1/2
6. If we replace a« = n = 1, then we acquire the following Hermite-
Hadamard type inequality for (a,n) — p convex functions of the 2°4
kind:
mf(C) Y Ak
w1’ +wa? P
/cwdg‘W([g} ) < My
1
1/2 1
v+1 Y gt
/ u B L)
. [uwiP + (1 — u)wa?] P 7 [uw1? + (1 — u)aeP] 7

1/2 1

u(l _ u)é . (1 _ u)5+1 . o
+/[ 11d+/[ Cdu b I ()]

uw? 4+ (1 — u)we?]' "7
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7. If we replace « = n = p = 1, then we acquire the following Hermite-
Hadamard type inequality for (o, n)— convex functions of the 2°¢ kind:

/5 OV — My (W>

2+ -1)

) (201 1)
=M [W(w D0 +2)

€' (w1)] + 5+ D61 2) €' (w2)|

8. If we replace « = n = 1 and p = —1, then we acquire the follow-
ing Hermite-Hadamard type inequality for harmonically (o, n)—convex
functions of the 2" kind:

1/2 1

wrtt J uw) — L ; /
/ uws + (1 — W@ i / [uws + (1 — W)@ 2 1€ (1)
0 1/2
1/2

(1 — u)° P (- ,
+ 0/[ du+1//[ du b ¢ ()|

uwg + (1 — u)wy)? uws + (1 — u)w;)?

9. If we replace p = =1, a = n =1r and v = § = s, then we ac-
quire the following Hermite- Hadamard type inequality for harmonically
(r, s)—convex functions:

Tec 2
/ ég)dc—Mls (ﬂ) < (wiwsM_1)*x

1/2

rs+1
/ uwz —|— 1 —u w1

0

u’s — rs+1

’U,WQ _|_ 1 _u)wl]gdu |£,(w1)‘

1/2

o/
n / u(l —u") / (1-—w)(l—u")® du b 1/ ()|

[utog + (1 — u)w]? [utog + (1 — u)w]?

0

10. If we replace p = =1, a =n =71 and v = 6 = 1, then we acquire the
following Hermite-Hadamard type inequality for harmonically s-convex
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functions of the 15¢ kind:

i@dc —M_y¢ (ﬂ) < (w1 M_1)?x
1/2 1

[UZUQ + (1 — U)W1]2 [UZUQ =+ (1 — U)W1]2

r+1 r __ ,,r+1
/ u du+/ u du b 1€/ ()]
0 1/

1/2 1

_ ,,r+1 1— T r+1
+ /[ u—u du+/[ b | ()]
0 1/

uwog + (1 — u)wy)? uwog + (1 — u)wy)?

11. If we replace p = =1, a =n =1 and v = § = s, then we acquire the
following Hermite-Hadamard type inequality for harmonically s-convex
functions of the 2*% kind:

s (227 )| < ot
n +1 1 +1
us ’LLS _ us .
0/ [uwws + (1 — u)w1}2du + // [uwg + (1 — U)w1]2du 1§ (z1))|
1/2

1/2

u(l —u)® / (1 —u)stt ,
" / dnt. // du €' ()

[utog + (1 — u)w]? [utog + (1 — u)w]?

12. If we replace o« = n = 0 with § # 0, then we acquire the following
refinement of Hermite-Hadamard type inequality for quasi—p convex

functions:
T e wi” + @ |?
/ Ciop d¢ — Mpy¢ )
! P p\ 51
< |£p(f11) w Pt —2 <w1 —;—wz ) + wng] )

18. If we replace p = 1, a = n = 0 with § # 0, then we acquire the
following refinement of Hermite-Hadamard type inequality for quasi
conver functions:

/ﬁ(C)dC—Mlé (W> < M12|§/(4w1)|

2
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14. If we replace v = § = 0, then we acquire the following Hermite-
Hadamard type inequality for P — p convez functions:

[ me([=5=2)

. [wlpﬂ (=) . WH} (=l ),

2

p+1

15. If we replace v = 6 = 0 and p = 1, then we acquire the following
Hermite-Hadamard type inequality for P-convex functions:

1

SMﬂ

Lﬁ(cmc - e (T

1€ (w1)| + |€’(wQ)I}
. :

THEOREM 2.10. Assume that &' € L{wy,ws] with wy,ws € I° and wy >
wy. If€: 1 C (0,00) = R is a differentiable function on I° s. t. |£'|T for
q>1isa(a,n,7,8) —p-convex on I for (a,n,7,0) € [0,1]* and p € R — {0},

then below stated result holds:

1

Effyzdc“k%£<{aﬁp;zaf};>

< M2 [(Zs(p))' =5 {(Zs()IE (@0)]7 + Z5 (D)€ (@)}

+(Zs ) H(Z @I (@] + ZsP)IE ()} 7]

where
1/2
_ I
Z3(p) - / 1,ld1‘7
S [ty + (1= Hwar] 5
1/2

F(1—17)°
Z5 = 1 d )
v / o + (1 3

1

%@:/ a-1 g

Iyl (1= pmar]'

1/2
.i.a’y+1
2= [ —
) [tw? + (1= fewa?] 7
1 —_
%@:/ R —Y
[fo1P + (1 — f)ww2P] P

1/2
1

p= [ LDy
[teo1? + (1 — t)w2?]' 7

1/2
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PROOF. By using Lemma 1.13 and the definition of absolute value, we

have,
szfgldc we([222=2))
1/2 '
o L/ o + (- DT 5 1 (Its? + (1 = =a]? )
!
(2.3) +1//2 [te? + ( 1_1%1,]1 I ¢ (leer(l—]L)pr]%) dT].

Applying (1.4) to

y

0// [+ (1 : e (Her” + (L = 1)) )|
and

1 1

// oo oyt [€ (1= 0= es)
implies

s

[ Gorri e € (4wt o

1/2 T 1
< 1 ;

1/2 %
(o/ [Tw1p+(1iT)w2p]1; ¢ (frmr? + (- D=7 dT)
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and

¢ ([ + (1 = wa)? ) |t

Jy [t + (1= Dwor] '
1t

< 1

B / [fo1? + (1 — 1)w2?]' "%

1/2

1

¢ (It + (1 = Hewa]?) | at

|-
[fw1? + (1 — )aoe?]' %

1/2

As we have [¢’|7 is a (o, 7,7, ) — p-convex function, so we can take,
RN a
¢ (lt=r? + (1= D=e’1? )| < 171 @)1 + (1= 7)1 ()]

Utilizing the above two results, (2.3) becomes

£(Q) @1P + woP |7
/ClPdC—MpE({2 ] )

1/2 17%
< M} / ! rdf x

J [t + (1= Hmer] P

1/2 1/2 %

ay+1 _ )
|£’(w1)|q/ = -1 dT+|£’(W2)Iq/ =t —df

) [twn? + (1= fwar] ) [fen? + (1= twe?] 7

1 1_%

i / — 1 Tdf
[t + (1 - H)weP] 7

/2

Y

1 1

ay _ ray+1 _ _ 5
|s’(w1)|‘Z/ L 1dT+\£’(w2)|q/ S 14 St P

Iy [F@n? + (1= Dewa?] 7 o [fw1? + (1= Paor]' 77

which completes the proof. ]

REMARK 2.11. By varying different values of «,7,,d and p in Theorem
2.10, one can captured the following well-known inequalities:
1. If we replace « = n =r and v = § = s, then we acquire the result of
Hermite-Hadamard type inequality for (r,s) — p convex functions (see
Theorem 5 of [2]).
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2. If wereplacep =1, « =n =randy = § = s, then we acquire the result
of Hermite-Hadamard type inequality for (r, s)—convex functions (see
third result of Corollary 2 of [2]).

3. If we replace a« = n = r and v = § = 1, then we acquire the result of
Hermite-Hadamard type inequality for s — p convex functions of the
15 kind (see first result of Corollary 2 of [2]).

4. If we replace « =n =71 and v = § = p = 1, then we acquire the result
of Hermite-Hadamard type inequality for s-convex functions of the 15
kind (see fourth result of Corollary 2 of [2]).

5. If we replace « = n =1 and v = § = s, then we acquire the result of
Hermite-Hadamard type inequality for s — p convex functions of the
2°d kind (see second result of Corollary 2 of [2]).

6. If we replace a =n=p=1and v = 9§ = s, then we acquire the result
of Hermite-Hadamard type inequality for s-convex functions of the 224
kind (see fifth result of Corollary 2 of [2]).

7. If we replace « = n = v = d = 1, then we acquire the result of Hermite-
Hadamard type inequality for p-convex functions (see second result of
Corollary 2 of [15]).

8. If we replace p = a = n =y = § = 1, then we acquire the result of
Hermite-Hadamard type inequality for ordinary convex functions (see
first result of Corollary 2 of [15]).

9. If we replace p = —1 and @ = n = v = § = 1, then we acquire the
result of Hermite-Hadamard type inequality for harmonically convex
functions (see fifth result of Corollary 2 of [15]).

COROLLARY 2.12. Under the assumptions of Theorem 2.10, one can
achieve the following results:

1. If we replace p = 1, then we acquire the following Hermite-Hadamard
type inequality for (a,m,~y,0)—convex functions:

7 @1+ AN CHI
Jeem-ane(25) <m0 (5) | (ot

€ (2] 2 L@ —ay = 3)|¢ (@) ]
+Tﬁl/2" (777 o+ 1) } { 2072 (ary + 1) (o + 2)

+
+M <ﬂ1—1/2" <5+ b 1) Py <5+ b 2>> }q] '
n 7 !
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2. If we replace p = —1, then we acquire the following Hermite-Hadamard
type inequality for harmonically (a,n,,d)—convex functions:

[u-ne(2222)

Q=

1/2 1=
< (mrwaM_1)? Y du X
= (e [uwwa + (1 — u)w]?

0

Q=

1/2 . 1/2 S
/ q utrtt / q u(l —u")
€@ | et @)

0

[uwws + (1 — u)w]?

du

0
1
1 1-3

+ L—u du X
[uzws + (1 — u)w]?
/2

1
1

’ q u®r — gl (1 - un)6
(&)l / s T (1 —wm €'(e=2) / [uw - wme ™
172 1/2

3. If we replace v = § = 1, then we acquire the following Hermite-
Hadamard type inequality for (c,n) — p convex functions of the 15

kind:
/41 e e ([205 =] )

1
1/2 -3

< M2 / “ —du
) [uwiP + (1 — u)weP] P

1/2 1/2
potl n _ N+l

x \s%wl)\q/ 1_7dU+|£'(W2)|q/ . —du
) [uwi? + (1 — u)waP] ) [uwwi? + (1 — u)wwoP] P

1
1 1-3

1—-u
+ B T du X
o [uwwi? + (1 — u)woP] P
1
1 1 q
, u® — yotl , 1—u—u+urt! ’
€/ (=) —du+ [€ ()Y B—
) [uwiP + (1 — u)weP] P ) [uwiP + (1 —u)waP] P

Q=
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4. If we replace v = 6 = p = 1, then we acquire the following Hermite-
Hadamard type inequality for (o, n)—convex functions of the 15¢ kind:

w3 1—1
/é(C)dC—M1§ (wl";@) < M? (é) «

[(m% gy e

s AL B ”””"7‘3))}|§’<w2>|q);].

202+ 1)(a +2) 8 2m2(n+1)(n+2

5. If we replace v = § = 1 and p = —1, then we acquire the follow-
ing Hermite-Hadamard type inequality for harmonically (o, n)—convex
functions of the 15¢ kind:

w1 + W2

[ (222)

|
Q-

1/2

< )2 v
< (mw@: M) [uwa + (1 — u)wlPdu
0

Q=

1/2 1/2

, . ua+1 , . u— u”?+1

d d
X | € (1) / [wws + (L= w2 " +E (@) / [uws + (1 — w)ywi 2 "

0 0
1 -3
1—-u
d
+ / uwz + (1 — wwi ] -
/2

1—u—u"+u"t
[utgs + (1 — u)wi]?

a o+l
|£,(w1)‘q / [uw2u+ (1“_ u)w1]2 du + ‘é‘l(w2)|q

1/2 1/2

6. If we replace a« = n = 1, then we acquire the following Hermite-
Hadamard type inequality for (a,n) — p convex functions of the 2°4
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kind:
£(9) w@1? +waPp
F e ua(or22
1
1/2 1*%
< M? / “ —du
) [uwiP + (1 — u)wzp}l_E
1/2 1/2 S
Y41 1—
x \5’(m>\q/ - 1_ldu+|s'(m)|4/ Ll —
) [uwi? + (1 — w)waP] P [uwi? + (1 — w)woP] P
1 -3
q
+ / 1o du X
/s [uwiP + (1 — u)wgp]l_%

1 1

1€ (1) / L P77 S / (1wt du
[uw1P + (1 — w)war]' "> [

I
uwiP + (1 — u)wzp]l_l’
1/2 2

Q=

7. If we replace « = n = p = 1, then we acquire the following Hermite-
Hadamard type inequality for (a,n)—convex functions of the 2" kind:

[ e - e (242

N3 [/ € () . 2FPogo3 \d
<t (5) l(W(wz) e @ s )

@742 —y = 3)(@)]7 | | ()7 \*
o . ) ] |

27F2(y + 1) (7 + 2) 20+2(§ 4 2

8. If we replace « = n = 1 and p = —1, then we acquire the follow-

ing Hermite-Hadamard type inequality for harmonically (o, n)—convex
functions of the 2™ kind:

w2

w1 + w2

Q=
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1
1/2 -3

< )2 v
< (wiw2M_1) / s £ (1= u)wlPdu X

0

E

1/2 1/2
u Tt w(l —u)’

@ [ it @ [ o

0 0

1
1 1-3

+ 1 —u du X
[utoz + (1 — u)w]?
/2

L 1
/ q u? —ur / q (1 —w™
<@l / [uws + (1 — u)ew]? I / [ueoz + (1 - “)WIPdu
172 1/2

Q=

9. If we replace p = =1, a = n =1r and v = § = s, then we ac-
quire the following Hermite- Hadamard type inequality for harmonically
(r, 8)—convex functions:

w2
£ (2= )
d¢ — M_ e
¢? ¢ 1§ w1 + w2
1
1/2 -3
Uu
< (@@ M)’ / [uwwa + (1 — u)w]? du x
0
12 1/2 i
rs4+1 ™8
, q u / q u(l —u )
€ (=)l / foms + (1 —wm T @ | e
) 0
1 -3
1—u
| | mmracamrt)
/2
1

1 1 q

, . s _trs+1 " , - p (17U)(17UT)S
ol [ ; dut g @l [

uws + (1 — u)w [uwwe + (1 — u)w]?
1/2 1/2

10. If we replace p = —1, a =n =171 and v =6 = 1, then we acquire the
following Hermite-Hadamard type inequality for harmonically s-convex
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functions of the 15¢ kind:

/ Qe -arse (2=

1/2 q
< (mwaM_1)? “ du
> ( 12 1) / [UWQ + (1 _ u)wlP
0
1
1/2 1/2 a
r+1 r+1
/ q u d / q uv—u d
X | 1€ ()] / [wws + (1 — w)oi]? ut[€(@2)| [uwz + (1 — u)w]? "
o 0
1 -3
1—u
+ du X
/ [uws + (1 — u)w1]?
/2
/ a u — d ! a 1-u—w +u d
1€ (1) / [wws + (1 — w)o]? U+ € (w2)] [uwz + (1 — u)w]? "
12 1/2

11. If we replace p = =1, a =n =1 and v = § = s, then we acquire the
following Hermite-Hadamard type inequality for harmonically s-convex
functions of the 2*% kind:

Te 210
S e (S5 )
1/2 =g
5 u
< (wi1waM-1) [uws + (1 — u)wl}zdu
0
P " :
) ut , u(l —u)®
x| 1€ (w1)|q/ [uws + (1 — u)wl]zdu HE (w2) [ / [uwoz + (1 — U)W1]2du
3 0
1 -3
+ l-u du X
[utoz + (1 — u)w]?

/2

Q=

s+1 _ u)s+1

/ q w—u ! a | <
‘f (w1)| / [ZLWQ T (1 — u)w1]2du +|§ (w2)‘ / [UWQ i (1 — u)wl]g du

1/2 1/2
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12. If we replace o = n = 0 with 6 # 0, then we acquire the following
refinement of Hermite-Hadamard type inequality for quasi—p convex

functions:
[ Sdc - e ([wl;m] ) < M2[E! ()| x
1/2 1 1

U 1—-u
T du + T du
J [uww P + (1 — u)weP] P o [u1? + (1 — u)weP] "

18. If we replace p = 1, a = n = 0 with § # 0, then we acquire the
following refinement of Hermite-Hadamard type inequality for quasi
convez functions:

/f ¢ — M1£<W1+wz) < M2 |§(4w1)|

14. If we replace p=—1,a=n=0withd # 0, then we acquire the follow-

ing refinement of Hermite-Hadamard type inequality for harmonically
quasi convex functions:

/ig)dc— M (2@@) < (@@ M_1)*[€'(@1)| X

w1 + wo
1/2 1
U 1—u
d d
/[uwz+(1—u)w1]2 ”+/ [uws + (L — W)@ "
0 1/2

15. If we replace v = § = 0, then we acquire the following Hermite-
Hadamard type inequality for P — p convex functions:

/ Seac - quwgww < M3 (' (@)]" + 1€/ (o))

1/2 1
U

Q=

1—u

X / - du—l— / — du
) [umn? + (1 - w)ws?| o [uw1? + (1 — u)wweP] 7

16. If we replace v = § = 0 and p = 1, then we acquire the following
Hermite-Hadamard type inequality for P-convex functions:

/f e - e (222 < (2) e+ @

Q=
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17. If we replace v = § = 0 and p = —1, then we acquire the following
Hermite-Hadamard type inequality for harmonically P-convex func-

tions:
G- pae (27T < (mamad 1P (€ )l + I @l
1 1/2 1
u 1—u
1/2

THEOREM 2.13. Assume that {’ € L[wy, ws), with w1, ws € I° and wy >
wy. If £: 1 C (0,00) — R is a differentiable function on I° s. 1. [£'|% is a
(a,m,7y,8) —p-convex on I for (a,n,v,0) € [0,1]* and p € R—{0} withn # 0,

1

then below stated result holds for — + — = 1:
q 42

8 (==

GG Buyzn (%,54-1) ' (zo2)|
2 i {ay +1) | 0

< M7 S (Zo(p))

(2071 — 1)|¢' () [ez Pr-1/2n (5 +1, %) 1§ (w2) %
2a’y+1(ary + 1) n

+(Z10(p))

where

1/2 a1

B _‘_ q1
Zo(p) = 0/ (leu = T)W]l_;) ai

and

B I—T q1
Z10(p) = / <lep Ta- T)W2p]li> dt

1/2
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PROOF. By using Lemma 1.13 and the definition of absolute value, we

attain,
i p 2k
L/ fl(ff,dc — Mg ({wl = } )

¢ ([t + (1= a7

1/2
< My

i
T d
0/ [t + (1~ f)ower] 5 T

1/2 L= Hwar]

Applying (1.3) to

1/2
T , .
S wiP + (1 — 1)w?]? )| d
O/[Tw1p+(1—T)w2p]lp (H 17+ (1= 1)ws’] ) T
and
1 -
— N ([fo? + (1 - Dw p]% dt
lé [to1P + (1 — f)we?]' % ( ! 2 )
implies
1/2
/ T 1—1 5, (lep‘i’(lf'l‘)pr]%) dT
S ftwr + (1= Hwar] 7

1

1/2 a1 i /1/2 i
) (0/ ([Twlp +(1 j Howar] 7 ) dT) (0/ ‘5/ (lep +(1 - T)wzp]%) dT)

and
/ e (e + (- D)) |
a [foiP + (1 — f)ower] 7
1 a ﬁ 1 é
< /( — ) at| | [l (= s a-net)"ar)
Jy \f@? + (1= fwar] /e

As we have [£'|? is a («, 7,7, d) — p-convex function, so we can take,

¢ (it + (1= Do) ) | <4270 @)l + (1= 17)71€ ().
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1/2 o\
.I.
M? d
=Y 0/ ([Tw1p+(1—T)w2p]1’1’> T) :

Utilizing the above three results, (2.4) becomes

/ gfgldg — My¢ <{W1P;wzp}

o1

i~

1/2 a2
[ 1g @i + (- )i @)l) dT)

1
1

1 _T Q1 q1
+ ; d
/ <[TW1P +(1- T)@p]lP) o

1/2

1

[ (1 @i + 1= 1) (@)l dt

1/2

After using the following facts, the result of Theorem 2.13 is accomplished:
1/2

1
T
0/ e 207+l (qy + 1)

1// 2<1 - ey = 2T (2177’ AR :
0

1
207+1 _ |
[t = s
207+ (ay + 1)
1/2

and
1

/(1 —t1Yodt = Bi—1/2n (5+ 17%>.

n
1/2

|

REMARK 2.14. By varying different values of «,7,,d and p in Theorem
2.13, one can captured the following well-known inequalities:
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1. If we replace « = n =r and v = § = s, then we acquire the result of
Hermite-Hadamard type inequality for (r, s) — p convex functions (see
Theorem 6 of [2]).

2. If wereplace p =1, a =n =rand v = § = s, then we acquire the result
of Hermite-Hadamard type inequality for (r, s)—convex functions (see
third result of Corollary 3 of [2]).

3. If we replace « = =171 and v = d = 1, then we acquire the result of
Hermite-Hadamard type inequality for s — p convex functions of the
15 kind (see first result of Corollary 3 of [2]).

4. If we replace a« = n =r and v = § = p = 1, then we acquire the result
of Hermite-Hadamard type inequality for s-convex functions of the 15
kind (see fourth result of Corollary 3 of [2]).

5. If we replace « = n =1 and v = § = s, then we acquire the result of
Hermite-Hadamard type inequality for s — p convex functions of the
2°d kind (see second result of Corollary 3 of [2]).

6. If we replace a =n=p=1and v = § = s, then we acquire the result
of Hermite-Hadamard type inequality for s-convex functions of the 274
kind (see fifth result of Corollary 3 of [2]).

7. If we replace « = n =y = § = 1, then we acquire Hermite-Hadamard
type inequality for p-convex functions (see first result of Corollary 3 of
15)).

8. If we replace p = a = n = v = 6 = 1, then we acquire Hermite-
Hadamard type inequality for ordinary convex functions (see Theorem
2.3 of [16]).

9. If we replace p = —1 and @« = n = v = § = 1, then we acquire
Hermite-Hadamard type inequality for harmonically convex functions
(see fourth result of Corollary 3 of [15]).

COROLLARY 2.15. Under the assumptions of Theorem 2.13, one can
achieve the following results:

1. If we replace p = 1, then we acquire the following Hermite-Hadamard
type inequality for (a,n,~y,d)—convex functions:

T w1 + w2 1 a
/ €(Q)d¢ — M€ (2 ) < M? <2ql+1(q1 +1>> x
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L R A LG A
207+ (ay + 1) U]

(2o e i (6+13) (@)l
207+l (qy + 1) U]

_|_

2. If we replace p = —1, then we acquire the following Hermite-Hadamard
type inequality for harmonically (a,n,y,0)— convex functions:

/gég)dC—M—ﬁ( 2w w2 )

w1 + w9
1/2 a1
u

< (w1waM_1)? / ([uw2 - u)w1]2)‘“ du X
0

|€’ (zo1)]22 N B1/2n (%,5+ 1) €' (wg) |22 a2

21 (o + 1) 7
1
1 @ q1
1—u
d
- /([uw2+<1u>w112) v
1/2

(207+1 — 1)|¢ ()| 22 Bi-1/2n (5 +1, %) €/ (2)|22 | ™
207 (ay 1) "

3. If we replace v = § = 1, then we acquire the following Hermite-
Hadamard type inequality for (c,n) — p convex functions of the 15
kind:

w2

[ G- e ({WD

1

1/2 a1

q1
u
<M / — | du X
[uw1P + (1 — ’U,)’ZDQP} P

0
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HEN S 1 AN
(sats (o ggyem) Ke)
1 é

/( 1—u T 1) du X
[uw? + (1 — u)weP] "

1/2

@ - (@)e (1 @ -1\, \®
(et (a2 n) €=17) ]

4. If we replace v = § = p = 1, then we acquire the following Hermite-
Hadamard type inequality for (o, n)—convex functions of the 15% kind:

T w1 + w2 1 a
/ﬁ(C)dC*Mlﬁ <2) < M7 (2‘“+1(Q1+1)> X

[(2a§+l(1?<zoi)+|qzl> (3 g )

@ D (@)e 1 @ -1\, \®
(et (3~ 2y €=7) ]

5. If we replace v = § = 1 and p = —1, then we acquire the follow-
ing Hermite-Hadamard type inequality for harmonically (o, n)—convex
functions of the 15¢ kind:

/@dc— M_q& 721D1WQ
Y

w1 + wo
1/2 Q1 "
, u
< (mwaM_1) / ([uwg + (1 — u)w1]2> d“ "
0
¢ (@l (1 - ()
(2+1<01+1) + (2 - 2”“(77+1)> el ) "
1 a
1—u ¢hd
/ ([uw2+(1—u)w1}2) N

1/2

@ oD@l (1 @ -1 L L\
(Somaan s+ (3 z ) ) ]
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6. If we replace a« = n = 1, then we acquire the following Hermite-
Hadamard type inequality for (a,n) — p convex functions of the 2°4
kind:

mf(C) P + wyP ] ?

1

1/2 a1

q1
< M2 / . du| %
P 1—1
, [uw1? + (1 — u)woP] ~»

E T 1>|§'<w2>|q2);2 +

27+ (y 4+ 1) 20H1(5 + 1)
1 q1 E%
/ ( L-u 11) du X
o [uw1? + (1 — u)waP] ~#
((W ] G20 N G )]
2+ (y + 1) 25+ (5 + 1) '

7. If we replace « = n = p = 1, then we acquire the following Hermite-
Hadamard type inequality for (o, n)—convex functions of the 2" kind:

T w1 + w2 1 ar
/ﬁ(C)dC*Mﬁ <2) < M7 (2‘““((114‘1)> X

€ @)lt | (@ = 1)|¢ (@)|7\
Kmﬂ@lﬂ)* TG ) i

@+ =D (@) | [ ()] \7
< 2y 4 1) *W(Ml)”'

8. If we replace « = n =1 and p = —1, then we acquire the follow-
ing Hermite-Hadamard type inequality for harmonically (o, n)—convex
functions of the 2*% kind:

e

2
W) < (rwaM_)?x
w1 + wWa
1
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1/2 a1

O/ ([uwz = u)wm)ql )

€/ ()e (25— )¢ ()] \
<2~+lw+1>+ 210+ 1) )*

/<[uwQ+l(1_—uu)w1]z>Q1du x

1/2

@+ - D[ (@) ¢ (@) \ =
( T 1) +26+1(52+1)) ]

9. If we replace p = =1, a = n = r and v = § = s, then we ac-
quire the following Hermite-Hadamard type inequality for harmonically
(r, 8)—convex functions:

1mf(C) 2w w3
/ 7% — Mol (wl + W2)

EN
1/2 a1
u

<@t ? || f ([uww(lu)wﬂ?)qld“ g

1

( @l By (s +1) |§'<wQ>|q2>”

2rstl(rs+1) r
1 . a1
1—u !
d
i /<[uw2+<1—u>w112) .
1/2

1

(27 — )] ()| + Broryer (s 41, 7) |€ (w2)]2 ) ™
2rstl(rs+ 1) "

10. If we replace p = =1, a =n =71 and v = 6 = 1, then we acquire the
following Hermite-Hadamard type inequality for harmonically s-convex
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functions of the 15¢ kind:

wzﬁ(C) 2wy
/ng — M- (wl + wz)

1
1

12 - a1
< (m@ M)’ /(uwz+ (1 —uw)m]? ) "
0
€ (@) (1 ! ()
(i + (3 7o) K=m) "
1_u Lhd
/([uwer(lu)wlP) ’ ’
1/2

@ =D (@) (1 @ =D L )
(S (6~ o) Keo) 1

11. If we replace p = =1, a =n =1 and v = § = s, then we acquire the
following Hermite-Hadamard type inequality for harmonically s-convex
functions of the 2™ kind:

w1—|—w2

T8 s (222 < ot

1/2

O/ ([U'WZ + (1u_ u)w1]2>q1 du| %

Q
oy

S

¢ (@)™ + (27 —1)|€'(wa)|\ =
25t1(s 4+ 1)

(I
1
1—u
uwz—i— (1 —u)w]?
1/2

(251 — D)[¢/ (@) + |€ ()| q*
25t1(s 4+ 1)
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12. If we replace v = § = 0, then we acquire the following Hermite-

Hadamard type inequality for P — p convez functions:

wlp + UJQP P

[ e ([==))

< (K" s'<w2>|42>“12 .

q1
u
; du +
([Wﬂlp + (1 —u)we?]' )

1

1/2

o

1—-u " d
1 u
[uzo1? + (1 — u)wP]' %

—

1/2

18. If we replace v = § = 0 and p = 1, then we acquire the following
Hermite-Hadamard type inequality for P-convex functions:

[ e - e (52

1 )) <|§’<w1>|q2 + |s'<w2>q2) E

<oM? | —
- 1<2‘h+1(ql+1 2

14. If we replace v = § = 0 and p = —1, then we acquire the following
Hermite-Hadamard type inequality for harmonically P-convex func-

tions:
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W1+WQ

/fé?dc Mt ( 200,09 )

< @madty? (2 |§’<m>|%);2 )

2
1/2 'y
U q1
d
/ ([uwz +(1- u)w1}2> Y
0
1
1 17u @ q1
d
" /([uw2+(1—u)w112) "
1/2

3. APPLICATION TO NUMERICAL INTEGRATION: MIDPOINT FORMULA

Let d be the division of the interval I such that d:w; = (o < {1 < - <
Ck—1 < (p = w2, £ is integrable on [wy, w2 and consider the Quadrature
formula:

= / E(Q)dC = M(€,d) + R(E, d),

where

n—1

Ck + Cht1
M. = Y e (S (G - )

k=0
is the midpoint formula and R(&,d) denotes the associated approximation
error of the interval 1.

Now, we are going to drive some estimations for midpoint formula:

THEOREM 3.1. Assume that &' € L[w,ws] with wy,ws € I° and wy >
wy. If&: 1 C (0,00) = R is a differentiable function on I° s. t. |¢'| is
(a,m,7y,8)—convex on I for fized (c,n,7,d) € [0,1]* on I, then below stated
result holds with n # 0:

n—1

[R(& ) <> (Ghrr — G)? [QOW-H

k=0

(20741 — 1)
(ay +1)(ay +2)

1€ (Cr) 1+

(3.1)

(ﬁuzn (2,64- 1) + Bi_1/m <5+ 1, 1) — Bi_1/am (5+ 1 2)) |§’(Ck+1)] .
n n n 7
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PROOF. For p = 1, we can write the inequality of Theorem 2.7 for
[CkyCht1] (K =0,1,...,k — 1) of the division d,

Cht1
/ £(Q)d¢ — (Cryr — C)€ (W)
Ck
v+l _
< (Cer1 — Cr)? [2‘”*1((2774_ 1)(27 3 (1

(ﬁuzn <2,6+ 1) + Bi_1/m <5+ 1, 1) — Bi_1/am (5+ 1 2)) |§’(Ck+1)] .
n 7 n 7

L/ﬁ(C)dC — M(¢,d)

Hence,

n_1 [ Cria -
=X | [ e = (G - o (=)

k=0 | Sk

n—1 _Ck+1 -
R A

k=0 | Sk

ay+1l ]
<3 (G = 6 | G

2 1 2 !
<ﬁ1/2n (,5 + 1)+ Bro1/2n (5 +1, > — Br—1/2n (5 +1, )) MM] .
n n n n
0
THEOREM 3.2. Assume that &' € L[wy,ws] with wy,ws € I° and wwy >
wy. If€: 1 C (0,00) = R is a differentiable function on I° s. t. |£'| for

q>1isa (a,n,7v,0)—convexr on I for (a,n,7,6) € [0,1]*, then below stated
result holds with n # 0:

LI PR 1€ (¢
RG] < iy 3Gt =) {

ay+2
it 2072 (ary 4 2)

€ (Crn)|? 2 T2 —ay = 3)|¢(G)I?
+ " Bian (777 0+ 1) } + { 20742 (o + 1) (ay + 2)

(32) —‘r‘w (ﬁl_l/Qn <5+1,1> _51—1/277 <5+1,2>>}q‘| .
n n n
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PROOF. The proof follows the same technique of the previous theorem,
applying to the inequality of Theorem 2.10 on [(, Cr+1]- O

THEOREM 3.3. Assume that £’ € L{wy,ws|, with w,ws € I° and wy >
wy. If£: 1 C (0,00) = R is a differentiable function on I° s. t. |'|% is a
(a,m,7y,8)—convex on I for (a,n,~,d) € [0,1]* with n # 0, then below stated

result holds for — + — = 1:
qa g2

|R(§, d)| < (quﬂqﬂ> 2_;) Crt1 —

e P (0t ) (Gl )
207+ (ary 4+ 1) +

(2~ Diggle | P (0+1.3) 1€/Geen)l™

(33 + | oy 1 g

PROOF. The proof will be followed with the same technique of Theorem
3.1, applying to the inequality of Theorem 2.13 on [k, Cx+1]- ]

4. CONCLUSION AND REMARKS

4.1. Conclusion. Hermite-Hadamard dual inequality is one of the most cel-
ebrated inequalities. We can find its various generalizations and variants in
literature. We have given its generalization by introducing new generalized
notion of (a,n,7,d) — p convex functions. This new class of functions con-
tains many important classes including class of («,n)—convex of the 15* and
274 kinds, s-convex of the 15%, 2" and mixed kinds (and hence contains class
of ordinary convex functions). It also contains class of P —p convex functions,
P-convex functions, quasi—p convex functions and class of quasi convex func-
tions. In Section 2, we have also stated three distinct results related to esti-
mation of bound of difference of left and middle term of Hermite-Hadamard
dual inequality in the absolute sense. Here, we used various techniques in-
cluding Power mean and Hoélder’s integral inequalities. These results capture
various results stated in the articles [2,15,16] and [21]. In the third section,
we established a relationship of our obtained results with midpoint formula.

4.2. Results Summary of Section 2. Now, we are going to summarize the
already existed results of Section 2 in tabular form (see next page).

In the above table HHTI, CF, Har. and — stand for Hermite-Hadamard
type inequality, Convex function, harmonically and For any value, respec-
tively.
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TABLE 1. Result Summary of Section 2

No. | a | 7 ¥ 6| p Results Found in

1 - = | =11 HHTTI for («,n,7,0)—CF This article

2 - = = | = -1 HHTI for Har. (a,n,7,d)—CF This article

3 - -1 1 1 | — | HHTI for (a,n) — p—CF of the 1" kind | This article

4 | -] -1 111 HHTI for (v, n)—CF of the I*" kind This article

5 | —|—| 1 1 | -1 | HHTI for Har. (c, 7)—CF of the 1°" kind | This article

6 1| 1] = | =] =1 HHTI for (a,n) — p—CF of the 2"? kind | This article

7 171 — |[—]1 HHTTI for (a, n)—CF of the 27 kind This article

8 1| 1] = | =1]-1]HHTI for Har. (a,n)—CF of the 2" kind | This article

9 r|lrl| s | s|— HHTI for (r,s) — p—CF 2]

10 |r|r| s |s|1 HHTI for (r,s)—CF 2]

11 | r|r| s |s|-1 HHTI for Har. (r,s)—CF This article
12 | r | r 1 1] - HHTI for s — p—CF of the 15 kind 2]

B rlr| 1 [1]1 HHTI for s—CF of the 1°" kind 2]

14 | r | r 1 1 (-1 HHTI for Har. s—CF of the 15" kind This article
5 |11 s | s | — HHTI for s — p—CF of the 2°9 kind 2]

6 |[1][1] s [s]1 HHTI for s—CF of the 2°7 kind 2]

17 111 s s | -1 HHTI for Har. s—CF of the 2" kind This article
18 |00 |#0|—|— HHTI for quasi—p—CF This article
19 |00 |#0]—11 HHTTI for quasi CF This article
20 | — | — 0 0| — HHTI for P — p—CF This article
21 | —| =1 O 011 HHTI for P—CF This article
22 |11 1 [1]- HHTT for p—CF 21]

23 |1 |1 1 1]1 HHTT for ordinary CF [16]

24 |11 1 11]-1 HHTT for Har. CF [15]

Now we are going to give some remarks and future ideas for researchers.

4.3. Remarks and Future Ideas.

1.

Gl L

N

All the inequalities given in this article can be stated in reverse direc-
tion for concave function using simple relation £ is concave if and only
if —¢ is convex.

One can extend this work to time scale domain or Quantum Calculus.
One can try to attain this work for Fuzzy theory.

One can try to work for finding refined bounds of all results.

One may also work on Fejér inequality by introducing weights in
Hermite-Hadamard dual inequality.

One can extend this work to Fractional Calculus.

One can try to state all results in discrete case.

One can also extend all results in multi-dimensions.
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Generalizirane nejednakosti Hermite-Hadamardovog tipa za
(a,m,7,0) — p konveksne funkcije

Muhamed Bilal, Stlvestru S. Dragomir i Asif R. Khan

SAZETAK. U ovom ¢lanku Zelimo prikazati jos jednu gener-
aliziranu klasu konveksnih funkcija koje nazivamo («a,n,v,d) — p
konveksne funkcije. Ova nova klasa sadrzi jos dvije nove klase,
naime, (o, n) — p konveksne funkcije prve i druge vrste. Nadalje,
takoder generaliziramo neke rezultate koji se odnose na ¢uvenu ne-
jednakost Hermite-Hadamardovog tipa za gore spomenutu klasu
funkcija s razli¢itim tehnikama. Stoga e razlic¢iti postojedi i
novi rezultati biti obuhvaceni kao poseban slucaj nasih dobivenih
rezultata. StoviSe, prikazana je i primjena na formulu srednje
tocke.
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