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THE HERMITE-HADAMARD INEQUALITY FOR
M,My-h-CONVEX FUNCTIONS AND RELATED
INTERPOLATIONS

SANJA VAROSANEC

ABSTRACT. In this paper we consider the Hermite-Hadamard in-
equality for My My-h-convex functions. An M M,-h-convexity covers
several particular types of generalized convexity such as a harmonic-h-
convexity, a log-h-convexity, (h,p)-convexity, M, A-h-convexity, M,M,-
convexity etc. The Hermite-Hadamard type inequalities with two and
with n nodes are given. Special attention is paid to a dyadic partition
of an interval and related interpolations.

1. INTRODUCTION

In recent decades we have witnessed the emergence of various types of
convexity. In addition to the classical convexity, we find the following vari-
ants of convexity in the literature: s-convexity, Godunova-Levin convexity,
P-convexity, h-convexity, strong convexity, m-convexity, M N-convexity, MT
convexity, etc. For each type of convexity, one of the first results to be studied
is the Hermite-Hadamard inequality. For the classical convexity, the Hermite-
Hadamard inequality has the following statement.

For an integrable convex function f : [a,b] — R, the following sequence of
inequalities holds:

a+b I 1
1.1 < de < = b)].
wr(%50) < s [ @ < Sl + s
The natural question which arises in connection with this inequality is a ques-
tion of its refinement. In recent literature, we find several articles on this topic.
Here we have to mention article [9] where we find the following refinement.
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Theorem A Assume that f : [a,b] = R is a convex function on [a,b].
Then for all X € [0, 1], we have

Sl + 7)),

(1.2) f(“;b> <m(\) < bia/abf(x)dng()\)g

where

m(\) = )\f(

/\b+(§—/\)a> +(1_)\)f<(1—|—)\)b—|2—(1—/\)a>

and
M()) = %(f()\b + (1= Na) +Af(a)+ (1 - )\)f(b)).

3a+b da+3b .
1 an 1 , L.e

1 1 3a+b 1 a-+ 3b
m(z>22f< i )*zf( 1 )

in which we recognize the refinement which occurs in [15, p.37] and in articles
about other type of convexity such as [2,17].

Results from [9] were generalized in [7] for a more general class of func-
tions. Namely, in [7], author obtained corresponding results for h-convex
functions. Let us recall the definition of an h-convex function, [23].

1
If A= 3 then points in the left refinement are

DEFINITION 1.1. Let h : J — R be a non-negative function, (0,1) C J. A
function f : I — R is called h-convex if for any x,y from the interval I and
any t € (0,1) the following holds

[tz + (1 =t)y) <h(t)f(z) +h(1—1)f(y).

This concept covers some classes such as a class of convex functions, a
class of s-convex functions in the second sense (h(t) = t*,s € (0,1]), a class of
Godunova-Levin functions (h(t) = 1), a class of P-convex functions (h(t) = 1).
The Hermite-Hadamard inequality for an h-convex function was first given in

[4] and [21] and has the following form:

Theorem B If h is an integrable function, h(%) % 0, then for an inte-
grable h-convex function f : [a,b] — R, the following sequence of inequalities
holds:

b 1
W) gt (7)<t | S <@+ s [ wya

If [ is h-concave, then the reversed signs of inequalities hold in (1.3).

The following Hermite-Hadamard-type result for an h-convex function can
be found in [7] as a consequence of Theorem 2 from [7] and the corresponding
Remark in the same paper.
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Theorem C If f is a non-negative, integrable, h-convex function on [a, ]
with h € L[0,1], h(}) # 0, then

b
0 < ﬁ/ﬂ f(z)dx

(1.4) < b2 < [[R(1= ) + X f(@) + [hON) + 1= N f0)] /01 o
where
¢ gty 00 a] [

1
2 = [ F((1 = Na+X0) + (1= N7 () + Af(a) /O h(t) dt.
Furthermore, if A € (0,1) such that h(\) # 0, then

(1.5) 2}:(;) min { h(ll—j;)’ h(A)\) } ; (a ;r b> <5,

A closer look into the proof of Theorem C gives that (1.4) is valid regard-
(I=A)a+(A+1)b
2

less of non-negativity of f. Non-negativity of f in points and

W is necessary only in (1.5).

If h(t) = t, i.e. if f is a convex function, then the result of Theorem C
collapses to the refinement of Hermite-Hadamard inequality (1.2). It is a
1—A A+1)b 2—-X Ab
Q=Nat Q1 g @ Nat o
In paper [8], a result including n nodes was given. Here we give a version of

that result for a real function of a real variable.

refinement which involves two nodes

Theorem D Let f be an h-convez with h € L[0,1], f € L[a,b], h(3) # 0.
Then for any partition

D= <M <...< 1<\, =1, withn > 1

we have
n—1
1 A+ A1 A+ A1
Mot — \s 1- 2 J+> 4+ 2 J b)
Qh(%) j:0( J+1 ])f(( 2 a 2

1 b

< b—al f(z)dzx

n—1

X
-
|

£ Aj)a+Ajb)+f((1—Aj+1)a+Aj+1b)]/O h(t) dt.
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In papers [7] and [8], a case of h-concavity was not considered, but from
the proofs it is clear that if f is h-concave, then inequalities in Theorems C
and D hold with the reversed signs.

The topic of this paper is a counterpart of the Hermite-Hadamard in-
equality for a wider class of functions which covers h-convex functions.

Let ¢ be a continuous, strictly monotone function defined on the interval
I. By M, we denote a quasi-arithmetic mean:

My (z,y:t) == o~ tp(a) + (1 = )p(y)), =,y el,tel01].
It is obvious that the power mean M, corresponds to ¢(z) = P if p # 0 and
to p(z) =logx it p=0.

DEFINITION 1.2. Let ¢ and i be two continuous, strictly monotone
functions defined on intervals I and K respectively. Let h : J — R
be a mon-negative function, (0,1) C J and let f : I — K such that
B(B(f (@) + B~ B(f(y)) € B(K) for all ,y € Lt € (0,1). We say
that a function f is My,My-h-convez if

(1L6)  F(Mplr,yit) < 97 (BB () + R~ D0(F()))

for all z,y € I and allt € (0,1). If the sign of inequality is reversed in (1.6),
then f is called M, My-h-concave.

Some particular cases of M,M,-h-convex functions have been recently
investigated in last ten years. If h(t) = t, then M,M,-h-convexity collapses
to M, M,y-convexity which was described in [15]. Paper [1] consists several
results about properties and the Jensen inequality for M, My-h-convex func-
tions where M, M, are an arithmetic mean (A), a geometric mean (G)
or a harmonic mean (H). Furthermore, an H A-h-convexity or harmonic-h-
convexity was described in [3] and [19]. An HG-h-convexity is investigated in
[19] and an AG-h-convexity or log-h-convexity in [20]. An AM,-h-convexity
or (h,p)-convexity was described in [11] while some properties of M,A-h-
convex functions were given in [6]. Properties of M, A-h-convex functions
were studied in [24].

In the second section, we prove the Hermite-Hadamard inequality for an
M, My-h-convex function. The third section is devoted to different interpola-
tion results related to the Hermite-Hadamard inequality. We end this paper
with results related to a dyadic partition of interval [a, b].

In this paper, if some inequality has a number (n) then its reverse version,
i.e. an inequality with another sign is denoted by (Rn).

2. THE HERMITE-HADAMARD INEQUALITY

The following result gives a connection between the theory of h-convexity
and the theory of M, M,;-h-convexity. As we will see below, it is the powerful
tool used in many proofs.
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PROPOSITION 2.1. Let ¢ and v be strictly monotone continuous functions
defined on intervals I and K respectively.

a) Let 4 be an increasing function. A function f : 1 — R is MyMy-h-
convex (M, My -h-concave) if and only if o fo@™' is h-convex (h-concave).

b) Let ¢ be an decreasing function. A function f is M,My-h-convex
(M., My, -h-concave) if and only if 1o f oo~ is h-concave (h-convez).

PROOF. Let us suppose that ¢ is increasing. For any u,v € Im(p) there
exist x,y € I such that p(z) = u, p(y) = v. If f is M,My-h-convex and 1) is
increasing, then for any ¢ € (0, 1)

D(f(e™ tp(z) + (1= )e(y)))) < hOY(f(2)) +h(1 — )(f(y))

i.e.
Wofop ™ )(tut (1—t)v) <h(t) (o fop ) (u) +h(l—t)(Wo fop™ ) (v).
So, 1o f o p~ ! is h-convex. Other cases are proved in a similar way. 0

THEOREM 2.2 (The Hermite-Hadamard inequality for an M, M-h-convex
function). Let h be a non-negative function defined on the interval J,{(0,1) C
J, h(%) % 0. Let ¢ and ¢ be strictly monotone continuous functions defined
on intervals I and K respectively such that ¢ is differentiable on [a,b] C 1.

a) If ¢ is increasing, then for an M,M,y-h-convex function f : [a,b] = R
the following holds

1 1 b /
(D) i L e

(21) < [ptst@y + o] [ noya

provided that all integrals exist.

If f is M,My-h-concave, then (R2.1) holds.

b) If 1 is decreasing, then for an M,M,-h-convex function f (R2.1) holds.
If f is M, My-h-concave, then (2.1) holds.

IN

(Yo f)(Mso(a»b; %))

A

PRroOF. Let us suppose that ¢ is increasing and f is M, My-h-convex.
Then, by Proposition 2.1, a function v o f o ¢! is h-convex on ¢([a,b]). If
© is increasing, then ¢([a,b]) = [p(a),p(b)], while if ¢ is decreasing, then

¢([a,b]) = [¢(b), p(a)].

If ¢ is increasing, then applying (1.3) for a function ¥ o f o ¢~

o(a) + (b) 1 °(b)
) S =@ /m)

< [worow™e@)+ o row )] [ nod
0

L we get

1

e (Wofoy )(w)do

(wOfw‘l)(
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After substitution ¢ ~!(x) = u, the integral in the middle term becomes

b
/ »(f(x)) ¢ (x) do and inequality (2.1) is proved.
a
If ¢ is decreasing, then the middle term is m f;(b(;) (Yo fop™t)(z)dx
and after the same substitution we get m f; Y(f(x)) ¢'(x) dr and in-
equality (2.1) holds in this case.
All other cases are proved similarly. ]

REMARK 2.3. Some particular cases of the above inequality are known.
If h(t) = t, then the Hermite-Hadamard-type inequality for HG-convex, GG-
convex, MpA-convex, AM,-convex, M,A-convex and M,My-convex func-
tions can be found in [16], [13], [10], [5], [22] and [14] respectively.

The Hermite-Hadamard inequality for HA-h-convex, AG-h-convex, AM,.-
h-convex functions are given in [19], [20], [11] respectively.

When h has the form h(t) = hy(t*) for the fixed s € (0, 1], then results
related to the Hermite-Hadamard inequality for h-convex functions are given
in [18].

Note that Theorem 2.2 covers all the cases already mentioned. In the
above-mentioned articles, the authors proved the Hermite-Hadamard type
inequalities directly, ab ovo. But Proposition 2.1 allows us to prove such
results much more elegantly using known results for h-convex functions.

3. HERMITE-HADAMARD TYPE RESULTS WITH SEVERAL NODES

In this section we direct our attention to Hermite-Hadamard-type results
including two or more nodes. The section is finished with several results
involving a dyadic partition of an interval. The following theorem is a gener-
alization of Theorem C given in M, M,-h-convexity settings. In fact, this is
a Hermite-Hadamard-type result which on the left-hand side includes values
of a function in two points:

o1 ((1 —Nep(a) + (1 + A)<p(b)) and o1 ((2 —Nep(a) + Atp(b)>

2 2

and which, in particular case, leads to the refinement of the Hermite-Hada-
mard inequality for an M, M,-convex function.

THEOREM 3.1. Let h be a non-negative function defined on the inter-
val J, (0,1) € J, h(3) # 0. Let ¢ and ¢ be strictly monotone continuous
functions defined on intervals I and K respectively such that ¢ is differen-
tiable on [a,b] CI. Let f : I — R.
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(1) If ¢ is increasing, then for an M,My-h-convex function f the follow-
ing holds

1 b ,
By € s [0 ) da

B < 80 < {01 =) + (@) + ) + 1= Xu(rE)} | hie)a

where
thé) {(1 (o f)(Mw (ot 12A)> AW f) <M¢ (a.b: “))}

Ay = {w(f(Mw(a, b;1 =)+ (1= N)9(f(b) + Ap(f / h(t

provided that all integrals exist.
Furthermore, if h(\),h(1 — X) # 0 and (¢ o f)( ( , b; %)) ,(W o
) (Mcp (a7b; %)) > 0 for some X € (0,1), then

(3.2) 2}:(%) min { h(ll_—)\)\) , h(>\/\)} (o f) (Mg, (a,b; %)) <A

If f is MyMy-h-concave, then (R3.1) and (R3.2) (with change min —
max) hold.

(it) If 1 is decreasing and f is My,My-h-convez, then (R3.1) and (R3.2)
(with change min — max) hold. If 1) is decreasing and f is My My -h-concave,
then (3.1) and (3.2) are valid.

Al =

PROOF. Let us prove the case when 1 is increasing. Other cases are done
in the similar manner. Denote G := % o f. Since f is M,My-h-convex on
I, then G o ¢! is h-convex on Im(p) and applying Theorem C on function
Goyp™!, we get

5= {(1 N (Gop ) ((1 —Nepla) + (1 + A)WJ))

2n(1) 2
Ao (201 0))

2 = [(G 0 (1~ Npla) + Xp(b) + (1 = NG(D) + AG(a)} | raya

The second term in (1.4) becomes @(a) f (2) dz and the fourth
term in (1.4) becomes

1
[ a1 = 0) + (1= N7 0) + M) [ hie)
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Since

(Gop ) ((1 = Ne(a) —2# (1+ A)gp(b)) o) (Mw (% b 1_2A>>

oyt (B0 o gy (a1, (a0 252))
(6 0% ) (1~ Npla) + Xp(b) = (60 )(My(a b1 - )

we get (3.1).
Let us prove inequality (3.2). Let us rewrite d; on this way:

1 11—\ “1y (A =Nep(a) + (1 +A)p(b)
2h (2> 51:mh(1_)‘)(G0@ )( 9 )
A —1y (2 =XN)p(a) + Ap(b)
G o7 (BT

1—-A A
h(l—A)’hm}x

COROLLARY 3.2. Let the assumptions of Theorem 3.1 hold.
(1) If ¢ is increasing, then for an M,My-h-convex function f : I — R
the following holds:

1
(Yo f)(Mw(a7b? 5)

N———

4h?(3)
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1 b ,
< m/{z Y(f(x)) ¢'(z) dw
1

{(w o )(My(at:3)) + Yif(a) + (/) } /1 h(t) dt
0

83 < [yen(d)] [puen roum)] [now

IN

provided that all integrals exist.

If f is M,My-h-concave, then (R3.3) holds.

(it) If 1 is decreasing and f is My,M,y-h-convez, then (R3.3) holds. If v
is decreasing and f is My My-h-concave, then (3.3) is valid.

Proor. Firstly we consider the case when v is increasing and f is M, M-
h-convex. The second and the third inequalities in (3.3) are simple conse-
quences of Theorem 3.1 for A = % Let us prove the first and the fourth
inequalities.

For an h-convex function F the following inequality holds:

1 A+ B
(3.4) F(A)+ F(B) > h(;)F( 5 )

Numbers A := M and B := M satisfy:

A+ B _ pla) + o)
2 2

1

and applying (3.4) on function F : =1 o fo ™! we get

1
h(

(o 1) (My(a,ti 7)) + Wo 1) (Mo(a,5:3)) 2 (w0 1) (Molabi3))

)

N[

and the first inequality in (3.3) holds.
Let us prove the fourth inequality. From (3.4) we get

(o N)(Mplab: ) < h(3) [ (@) + v )]
and hence
(wo ) (Mpfati )+ LTI < 12 ()] [wtrt@n+otro)

and the fourth inequality in (3.3) is valid. d
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COROLLARY 3.3. Let h satisfies the assumptions of Theorem 3.1. Let f
be a positive GG-h-convex function on [a,b] C [0,00). Then

(f(\/@)ﬁ(%) < [#(Va) £(Vab)] wD

b d
< exp (k)glb /a / log / (x) j)

(35) < (IWaVF@I®) " < (Vi)

where H = fol h(t) dt and provided that all integrals exist.

)

)H[%Jrh(%)]

PrOOF. It is a consequence of Corollary 3.2 for ¢ = ¢ = log. a

REMARK 3.4. Inequality (3.5) for h(t) = ¢ i.e. for GG-convex or multi-
plicatively convex function can be found in [15, p.62]. It is worth to mention
that every polynomial with non-negative coefficients is GG-convex, every real
analytic function f(z) = Y a,a™ with a, > 0 is GG-convex on [0, R) where
R is the radius of convergence. Also, the Gamma function is GG-convex.

COROLLARY 3.5. Let h satisfies the assumptions of Theorem 3.1. Let f
be a function on [a,b] C [0,00) and ¢(z) = 2P, p # 0.
If p> 0 and f is M,A-h-convez, then

4h21<;)f ((;bp>/>
b))

b
P / f(x)xP~tdx

<
— pp — gP

< {f <(ap-2ybp>1/fj> +W}/Olh(t)dt

(3.6) < B + h(;)] @)+ 50 [ (ot

provided that all integrals exist.
If p <0 and f is MyA-h-convez, then (R3.6) holds.

PROOF. It is a consequence of Corollary 3.2 for ¢(z) = z, p(x) = aP. 0O

REMARK 3.6. If h(t) =t and p = 1, then 4h%(3) =1, 3 + h(3) = 1 and
inequality (3.6) becomes the refinement of the Hermite-Hadamard inequality
(1.1).
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The following Hermite-Hadamard-type result involves more than two
nodes.

THEOREM 3.7. Let h be a non-negative function defined on the interval
J,{(0,1) C J, h(%) #£ 0. Let v and ¥ be strictly monotone continuous func-
tions defined on intervals I and K respectively such that o is differentiable on
[a,0] C I.

(i) If ¢ is increasing, then for an MyMy-h-convex function f : 1 — R
and for a partition

O=X <M <...< 1< A\y=1 withn>1

we have
o e - MW@,M_%»
2 ]:0
A0 = pfa) / v
szwﬂ— j>{<¢of>( My(a.b:1 = X))
§=0
(3.7) + (00 NMlabst =)} [ hc)ar

provided that all integrals exist.

If f is M,My-h-concave, then (R3.7) holds.

(it) If 1 is decreasing and f is MyM,-h-convez, then (R3.7) holds. If v
is decreasing and f is My My-h-concave, then (3.7) is valid.

PRrROOF. Let ¢ be increasing and f be M,My-h-convex. Denote G :=

Yo f. Then a function ¢ o f o ¢! is h-convex on ¢([a,b]) and applying
Theorem D on function G o ¢!, we get

2hté) S(Ajﬂ — )G <‘/’1 <<1 N )\J+2>\JH> ola) + de))

0
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Using the fact that G (go’l ((1 - %) o(a) + %g&(h))) = (Yo
f) (Mcp (a,b;1— %)) etc, we get (3.7). Other cases are done in a similar

manner. O

If a partition is equidistant, then the series of inequalities in (3.7) can be
extended. Namely, we have the following result.

THEOREM 3.8. Let h be a non-negative function defined on the interval
J,(0,1) C J, k(%) # 0. Let ¢ and 1) be strictly monotone continuous func-
tions defined on intervals I and K respectively such that ¢ is differentiable on
[a,b] C 1. Let f: I —R. Letn > 2.

(1) If ¢ is increasing, then for an M,My-h-convex function f the follow-
ing inequalities hold

(o 1) (M, (a5:3))

4h2(%)
1 b ,
<l(n) < M i ¥(f(2))¢'(x) dx < L(n)
1 n—1 ] 1
(39) <2 [ov@+vso] S n(2) [aa

provided that all integrals exist and where

2n —2j —1
Hn 2nh% z:;) ( @, b; 2n )>
L(n) = %/0 h(t) dt i(d)Of)( (a b; J )) + Y(f(a)) ;"‘/}(f(bD

If f is My M,y-h-concave, then (R3.9) holds.
(i1) If ¢ is decreasing and f is M,My-h-convez, then (R3.9) holds. If v
is decreasing and f is M,My-h-concave, then (3.9) is valid.

Proor. Let us suppose that 1 is increasing and f is M, M,y-h-convex.
The second and the third inequalities in (3.9) are simply consequences of
Theorem 3.7 when we apply it on points: \; = Z. Let us prove the first

inequality. Putting in (3.4) F = o fop ! =Gop ! and

2n—25—1
2n

25 +1
2n

25 +1
2n

2n — 25 —1
2n

A= w(a) +

@(b)’ B =

p(a) + o(b)
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and since A+ B = ¢(a) + ¢(b), we get

6o (P ) + 2 0)))
( CESY )+2n—ij—1w(b)))
> 1 G( 1(@(“)“‘@(@)3
~ h(3) 2 ’
B G(M¢(a,b, 2”_235_1))+G(M¢(a,b;%))

> h(é)G(Mq,(a,b;;)).

Let us write the sum Z;:Ol(w of) (M¢ (a,b; %)) twice and add the

addend indexed by j from the first sum with the addend indexed by (n—j—1)
from the second sum. Then we get

n—1

QZ(lﬂOf)(M@(a,b;%_ziij_l))
=0
:”1(1/)0]0)(Mw(a,b; %)) + o n(Mafat 2j2j7:1)>
i=0
Zni S £ (M (ab: )
= h(z)

= g e D) (Mo fast D)

and the first inequality in (3.9) follows.
In the proof of the fourth inequality in (3.9) we apply a definition of
M, My-h-convexity on each addend in the sum and transform it:

U(f(@) + +2Zwo (M (a0, 1))

A:

< (@) + () + 22 (h(i)w(f(a)) #h( DYoo)
_ oty + o1 ]{1+2Zh( )}

and from this estimate the fourth inequality in (3.9) follows. d
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In the following theorem we consider a particular partition of interval
[0, 1], so-called a dyadic partition. Let m > 1 be an integer and let
J
/\j .

= 27771’

j=0,1,2,...,2™

Note that Corollary 3.2 contains result of this type for m = 1. In literature,
there are no similar results for h-convex functions. Therefore, we can not use
Proposition 2.1 in the proof of the following theorem.

THEOREM 3.9. Let h be a non-negative function defined on the interval
J,{(0,1) C J, h(%) #£ 0. Let v and ¥ be strictly monotone continuous func-
tions defined on intervals I and K respectively such that o is differentiable on
[a,b] C 1. Let f: I — R.

(1) If ¢ is increasing, then for an M,My-h-convex function f and m € N
the following holds

(3.10) 1(2m*) > Qhé)lmm)
(3.11) L(2m) < % + h(é)) L™

) £ -2
(3.12) - 2h(%>1/} (f(M¢(a,b, 21+1))> } ,

where l(n) and L(n) are defined as in Theorem 3.8.

If f is My M,y-h-concave, then (R3.10), (R3.11) and (R3.12) hold.

(i1) If 1 is decreasing and f is MyMy-h-convez, then (R3.10), (R3.11)
and (R3.12) hold. If ¢ is decreasing and f is M,My-h-concave, then (3.10),
(3.11) and (3.12) hold.

Proor. We prove the case when v is increasing and f is M, M,-h-convex.
We use notation: F =10 fop~ 1 A:=(a) and B := p(B).
From Theorem 3.8 we get:

gm+1_q

matl 1 2m+2 925 —1)A+ (25 +1)B
12 +):2m+2h(%) Z F<( ! 2m)+2 < ) )

j=0

Since
{0,1,2,...2m* —1} ={0,2,4,...,2™" —2} U {1,3,5,...,2m" — 1}
={2 :k=0,1,...,2" —1}JU{2k+1: k=0,1,...,2" — 1},
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we obtain

2m—1 m—+2
iy — L {Z F((z + —4k—1)A+(4k—|—1)B)

2m+2h(%) Pt 9m+2
2mM—1
(2m+2 — 4k — 3)A + (4k + 3)B
+ Z F ( 27n+2 :
k=0

Since F is h-convex, then F(z) + F(y) > ﬁF(IT”) Putting in this in-
2
2" T2 _4k—1)A+(4k+1)B

m—+2 _
equality = = ( ST and y = (2 4k23)+13+(4k+3)3, we get

that [(2m*1) is bounded from below as follows

om_1

1 1 2™l 2k —1)A+ (2k+1)B

ey > 5 L F(( m)+1+( +1) )
ami2h(L) & h(l) 2

1

- 1(2m).

Hence (3.10) is proved.
Let us prove (3.11). Again, we split the sum in L(2™*!) into two sums:
one with odd indices and the second sum with even indices.

2m—1

L(Qmﬂ):zim/o h(t)dt{F(A)J;F(B)+ 5 F((2m+ —2k)A+2kB)
k=1

2m+1
2m—1
2m+l 2k —1)A+ (2k+1)B
. ZF(( JA+ (2k+1) )}
k=0

2m+1
1! h(t)dt 2%_:1}7 (2t — 2k — 1)A+ (2k +1)B
- om 0 2m+1
k=0
2m_1
1 (271 —2k)A 4+ 2kB\  F(A)
T 2 Z F ( om+1 ) + 2
k=1
2m—1
1 (2m+l —2k)A + 2kB F(B)
132 F ( gm+1 ) T
k=1
e 1@ — k)A+ kB]+[(2™ — k— 1)A+ (k+1)B]
_Qm/oh(t)dt{kz_oF( 5 3 )
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1 ~ (2m*1 — 2k)A + 2kB
§ Z ( om+1 )
k=0
12! ((2m —r— 1A+ (r+1)B>}
+- Y F
2 — 2m
1 / { ( —k)A+kB>
S om h T om
: WIONES
2m—1
2m —k—1)A+ (k+1)B
+ 3 h(— F( - )
k=0
2m_1 2m_1
1 2" —k)A+kB\ 1 (2
+2;)F<2m >+2;F<

- = 01 h(t)dt (; + h(;)) x

—r—1)A+(r+1)B
) )

. {i’i {F<(2ml;2nA+kB) . F<(2mk
-~ <;+h(;))L(2m).

Let us prove (3.12). Note that for £k =1,2,...,2™

1;::+(k+1)3>]}

-1

(2™ — k)A+ kB
2m
1 /@™ —2k+1)A+ (2k—1)B (2™ -2k - 1)A+ (2k+1)B
D) ( om+1 om+1 ) :

Since F' is h-convex, we get

2% +1)A+ (2k —1)

ZF( A+kB) §2§1h(;){F<(2m+1
+F <(2m+1 — N

m_j

2% — 1)A + (2k + 1)B>}

2m+1

B
gm+1 >

2m+1
Jj=0

= (3) [222 F ((2’”“ —2j— 1A+ (2 + 1)B>

2™+ —1)A+ B At (27 —
- F ( 2m+1 - F 2m+1

1))
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Adding on the both sides w and using notations for [ and L, we get

o1 o ) " |
f(fh(t)dtL(Q ) < 2m+2p, (%).1(2 >+w
1 2m+l _1)A+ B A (gt 1\B
(3 (L) (e (1)
and (3.12) is proved. D

If h(%) < %, then the previous Theorem gives a sequence of interpolations
of the Hermite-Hadamard inequality.

COROLLARY 3.10. Suppose that the assumptions of Theorem 3.9 hold. Let
h(z) < 3-
If 4 is increasing and f is an MyM,y-h-convex integrable function such

that ¢ o f o = is non-negative, then the following holds

4h21(1)(¢ o f)(Mg,(a,b; %)) <) <) <...<i@m) <

IN

A
IA
h
S
Z
A
IA
h
©
NI
A
=
K

(313) < |5 +0(3)] [pr@) + w(f(b))] [ o

Additionally, if fo t)dt < % and if o fop! is bounded on ¢([a,b]), then
(3.14) lim (L(2™)—1(2™)) =0

m—r 00
and

1 b
(3.15) lim {(2™) = M/ (f(2))¢'(z)dx = lim L(2™).

m—ro0 m— o0

PROOE. If h(}) < 4, then 5o > 1and § + h( ) <1 and from (3.10)
and (3.11) we have that for any m > 1
(2™t >1(2™) and L(2™T!) < L(2™).
Hence, applying Theorem 3.8, Corollary 3.2 and above inequalities, we get
(3.13).
If (1) < Land [) h(t)dt < 1, then 8h2( )fo #)dt < 1 and (3.14)

follows from (3.12). The sequence (I(2™)),, is a non-decreasing sequence,
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1 b
bounded from above with 7/ P(f(z))¢' () dx, so, it is conver-
p(b) = p(a) Jq

gent. Similarly, (L(2™)),, is convergent and from (3.14) and from inequality

m 1 b ! m
12") €~ s / B(f ()¢ (#) dw < L(2™)
we get (3.15). 0

Under assumptions of Corollary 3.10 we conclude that the larger m makes
1(2™) and L(2™) closer to the integral mean of 1) o f o ¢~!. The behavior of
convex functions involving dyadic partition is studied in [12]. Here we extend
those results to a more general function class.

Conclusion. In this paper, we study Hermite-Hadamard-type inequali-
ties for M, My-h-convex functions. Until now we have found similar results
only for particular subclasses of the class of M, M,-h-convex functions. The
connection between h-convex function and M, My-h-convex function which
is described in Proposition 2.1 has a crucial role in the proofs and the use of
it makes proofs more elegant. It would be interesting to see how this method
impacts the study of other properties of M, M,-h-convex functions.
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Hermite-Hadamardova nejednakost za M, M,-h-konveksne funkcije

i odgovarajuce interpolacije
Sanja Varosanec

SAZETAK. U ¢lanku se promatra Hermite-Hadamardova ne-
jednakost za M, M,-h-konveksne funkcije. Kao Sto je poznato,
Mo nr,,-h-konveksnost generalizira nekoliko klasa funkcija kao sto
su harmonijski-h-konveksne funkcije, logaritamski h-konveksne,
(h, p)-konveksne, MpA-h-konveksne, M,M, konveksne funkcije
i druge. Dokazane su nejednakosti Hermite-Hadamardovog tipa
koje ukljuc¢uju dva i vise ¢vorova, a posebna je paznja posveéena
dijadskoj particiji intervala i profinjenju nejednakosti koja se
javlja u tom slucaju.
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