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OPTIMAL CONTROL OF A FRICTIONAL CONTACT
PROBLEM FOR LOCKING MATERIALS

RACHID GUETTAF AND AREZKI TOUZALINE

ABSTRACT. In this paper, we consider a bilateral contact with Tresca’s
friction law between a locking material and a rigid foundation. The goal
is to study an optimal control problem which consists of leading the stress
tensor as close as possible to a given target, by acting with a control on the
boundary of the body. We state an optimal control problem that admits at
least one solution. We also introduce the penalized and regularized optimal
control problem for which we study the convergence when the penalization
and regularization parameter tends to zero.

1. INTRODUCTION

A locking material is a material which is characterized by the fact that it
is deformed under the effect of an external force, but the deformation cannot
continue when it reaches a certain value "M ”. After that, for any external
force, the material cannot be deformed. The material is elastic if the defor-
mation remains bounded. It returns back to its initial shape if we stop to
exercise any external force on it. Locking materials are part of a class of
hyperelastic materials in which the strain tensor is constrained to stay in a
given convex set. The study of elastic materials with locking effects was first
introduced in [19, 20, 21]. There, the constitutive law of such materials was
derived and different mechanical interpretations have been presented. The
theoretical study of variational problems of locking materials was introduced
in [6, 7]. Optimal control governed by variational inequalities has been stud-
ied in several articles, see for instance [2, 3, 4, 8, 9, 11, 13, 16, 17, 22]. Recall
that the optimal control of contact problems for elastic materials was studied
in [1, 5, 12, 14, 15, 26, 27] and the references therein.

In this paper, we study the optimal control of a contact problem for non-
linear elastic locking materials. The contact is assumed to be static and it is
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described by Tresca’s friction law between a locking body and a rigid founda-
tion. Our control problem concerns the acting of a surface load in a part of the
boundary in order to approach a given target by the stress tensor. First, we
derive a variational formulation of the problem and establish the existence and
uniqueness result (Problem P,). Next, we define the optimal control problem
related to this model (Problem C1), which consists of minimizing a cost func-
tional. We prove the existence of a solution of problem C1, and we define a
penalized and regularized problem (Problem Ps), whose solution converges to
the solution of Problem P,. Finally, we introduce a penalized and regularized
optimal control problem (Problem C2), and we prove its convergence to the
optimal control problem C1 when ¢ tends to zero.

The rest of this document is structured as follows. In Section 2 we in-
troduce some notation, describe the mechanical problem, and prove its weak
solvability, Theorem 2.1. In Section 3, we state the optimal control C1 and
prove that it has at least one solution, Theorem 3.1. In Section 4, we prove
that the solution of the penalized and regularized problem converges strongly
to the solution of Problem P, (Theorem 4.3). In Section 5, we prove a con-
vergence result of the penalized and regularized optimal control problem C2,
Theorem 5.2.

2. THE CONTACT PROBLEM AND ITS WEAK SOLVABILITY

We consider a locking body which initially occupies a domain Q C R¢,
d = 2,3 with a sufficiently smooth boundary 02 = I" partitioned into three
disjoint measurable parts I';,T's, '3 such that meas (I'y) > 0. The body is
clamped on I'; and then the displacement vanishes there. It is acted upon by
a volume force of density g in Q and a surface traction of density ¢ on I's.
On I's the body is in bilateral contact following Tresca’s friction law with a
rigid foundation.Thus, the classical formulation of the mechanical problem is
written as follows.

Problem P;. Find a displacement field u :  — R¢ such that

(2.1) divo (u) + o = 0 in Q,
(2.2) o (u) € Fe (u) + 0I5 (= (u)) in Q,
(2.3) u=0 on Iy,
(2.4) o(W)v=¢ only,

U, =0

(2.5) on I's.

(Wl <g
|JT(U)|<9:>UT:0
(u)| = g = 3IA > 0 such that o, (u) = —Au,
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Here, we denote by 0 = o (u) the stress field and e (u) the strain tensor.
Equation (2.1) represents the equilibrium equation. Equation (2.2) represents
the elastic constitutive law where F is a given nonlinear function and Ig is
the indicator function of the set defined by

B={{ec Sy |§] < ML}
such that

Ig (§) = +oo, if £ ¢ B

where S, is the space of second order symmetric tensors on R? (d = 2,3).
Recall that the inner products and the corresponding norms on R? and Sy
are given by

{13(5)207 lfgeBa fOfgeSd

wv = wv;, vl = (v.v)% Vu,v € RY,
0.T = 04Ty, |T| = (1.7)2 Vo, 7 € Sy,

Here and below, the indices ¢ and j run between 1 and d, and the summation
convention over repeated indices is adopted.

Equations (2.3) and (2.4) are the displacement and traction boundary
conditions, respectively, in which v denotes the unit outward normal vector
on I and o (u) v represents the normal stress vector. Finally, (2.5) represents
the bilateral contact with Tresca’s friction, law where ¢ is a given friction
bound.

Now, to proceed with the variational formulation, we need the following
function spaces:

H=(L*()", H = (' (2)", Q= {r=(rj); 7; = 711 € L* ()} .

Note that H and @ are real Hilbert spaces endowed with the respective canon-
ical inner products:

(u,v)H=/uividz, (O’,T)Q:/O'ijTideL‘.
o Q

The strain tensor is
1 8uz .

e (u) = (e5; (u)) , where e, (1) = 5 (uij +uj;) and u;j = e
J

divo = (045,;) is the divergence of o. For every element v € Hy, we denote by
v, and v, the normal and the tangential components of v on the boundary I'
given by

Vy = V.V, Uy =V — Uyl
Also, for a regular function (say C1) o € @, we define its normal and tangential
components by

oy, =(ov) v, or=o0V—0L,V
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and we recall that the following Green’s formula holds:

(0, (v))g + (dive,v) g = / ov.vda Yv € Hy,
r

where da is the surface measure element.
Let V' be the closed subspace of H; defined by

V={veH; v=00onTy,v,=0o0nT3},
and the closed convex subset of V'
K={veV;e(w(z)) € Bae zecl}.

Also, we define by (.,.) the duality pairing between V' and V. Next, since
meas (I'1) > 0, the following Korn’s inequality holds [10],

(2.6) le @l = callvlly, YveV,

where the constant cq > 0 depends only on Q and I';. We equip V' with the
inner product

(u,v)y = (¢ (u),&(v))e
and ||.||;, is the associated norm. It follows from Korn’s inequality (2.6) that
the norms ||.|| 5 and ||.||;, are equivalent on V. Then (V,|.||;,) is a real Hilbert
space. Moreover, by Sobolev’s trace theorem, there exists dg > 0 which
depends only on the domain 2, I'y and I's such that
(2.7) [oll (L2 (rqyye < dallvlly, Yo eV,
We assume that the body forces and surface tractions have the regularity

(2.8) poc H, e (L*(T)"

and we define the functional j : V — Ry by

i (v) =/ glv-| da,
T

where g is assumed to satisfy

(2.9) g€ L>®(I's) and g > 0 a.e. on I's.
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Next, in the study of Problem P; we assume that the nonlinear elasticity
operator F satisfies

(a) F: Qx84 — Sq;
(b) there exists M > 0 such that
|F (z,e1) — F (z,82)] < M |e1 — 3], Ver,e2 € S,
a.e. x €8
(c) there exists m > 0 such that
(F(z,61) — F (2,62)) . (61 — £2) > m ey — £2]?,
Vei,60 € Sy, a.e. x €
(d) the mapping x — F (z,¢) is Lebesgue measurable on €,
for any € € Sy;
(e) F(x,0) =0 for a.e. z € Q.

(2.10)

Examples of nonlinear constitutive law that satisfy (2.10) can be found
in [18,25].

Now, we derive the variational formulation of Problem P;. To this end,
let (u,o (u)) be a pair of smooth functions which satisfies (2.1) — (2.5). Let
v € V. Multiplying the equilibrium equation (2.1) by v — u and using the
Green formula, we deduce that

(0/(u) 2 (0) = ) = (pnv = w)yy + [ 0 w)vefo = w)da
r
Using the boundary conditions (2.3) and (2.4), we have
= (o, v —u)y + (v — u)(LQ(F2))d + fF3 or (u) . (vr — u,)da.
On the other hand, condition (2.5) implies

(2.12) /F or(u). (v —ur)da > / g (lur| = |vr|) da.

I's

From the constitutive law (2.2), we have
o(u) = Fe(u)+<(u) and ¢ (u) € 0Ip (¢ (u)) in Q.
The latter, for v,u € K, implies
c(u).(e(v) —e(u) <Ig(e(w))—Ip(e(u))=01in Q.

Hence, we obtain

(2.13) (0 (u),e(v) —e(u)q < (Fe(u),e(v) —e(u)q-
We define the operator A: V — V by
(2.14) (Au,v)y, = (Fe(u) € (v))g, Yu,v € V.

Inserting (2.13) and (2.12) in (2.11) and taking into account (2.14), we obtain
the following variational formulation of Problem P;.



248 R. GUETTAF AND A. TOUZALINE

Problem P,. Find u € K such that

(Au, v —u)y + 7 (v) = j (u)

2.15
( ) 2(@Ovv_U)H+(SD7U_U)(L2(F2))¢1 Vv € K.

THEOREM 2.1. Assume (2.8), (2.9) and (2.10). Then, there exists a
unique solution of Problem Ps.

ProOF. By (2.10), the operator A is Lipschitz continuous and strongly
monotone; using (2.9), the functional j is proper, convex and lower semicon-
tinuous. Then, by using (2.8), since K is a non-empty closed convex, it follows
(see [23]) that the inequality (2.15) has a unique solution. 0

3. THE OPTIMAL CONTROL PROBLEM

We now suppose that ¢g € H is fixed and consider the following state
variational problem.

Problem Q1. For ¢ € (L? (Fg))d (called control), find u € K such that

(Au, v —u)y +j (v) = j (u)

v
(3.1) > (0,0 — W)y + (9,0 — ) 2pyyye T E K.

Following the existence and uniqueness of Problem P, we deduce that for

every control ¢ € (L2 (Fg))d, the state variational problem Q1 has a unique
solution u € K.
For a, 8 > 0 and ug € K, we define the cost functional

L:Vx (LX) - Ry,
by
(3.2) L (u,0) = allu—udly + BlIelTL

We have that 04 = 0 (uq) = Fe (uq), then for u € K, we have o (u) =
Fe (u), and [lo (u) — o (ud)llg < M [Ju — ually ; so o (u) is a close to o (ua) .
Next, we define the set of admissible pairs U,q as

Upd = {(u, p) € K x (L? (Pg))d, such that (3.1) is satisﬁed} ,
and we consider the optimal control problem below.
Problem C1. Find (u*,¢*) € U,q such that

Lu*,¢*)= min L(u,p).

(u,0)EUqq

THEOREM 3.1. Assume (2.8), (2.9) and (2.10) (¢). Then Problem C1 has
at least one solution.
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ProoF. Take v = Oy in (3.1), using (2.7) and (2.10) (c), we deduce that
the solution u of Problem Q1 is bounded in V' as
co
lully < 2 (lkeolly + do Il zaqeapye)
where ¢y > 0. This inequality implies that

0< inf L(u,p) < +oo.
o (U7W)6Uad ( SD)

Then, there exists a sequence (u”, ¢™) C Uyq such that

L(u™, ") — ( inf L (u,p) as n — +o0.

u,p)€Vaa
The sequence (u", ") is bounded in V x (L? (Fg))d, so there exists an element
* * d
(u*, ) €V x (L*(T2))
such that passing to a subsequence still denoted by (u™, ¢™), we have

(3.3) { (@) u™ — u* weakly in V, as n — 400,

(b) ¢™ — * weakly in (L? (I‘g))d as n — +oo,.
But for the remainder of the proof, we had to show that
(3.4) u" — u” strongly in V as n — +o0.
In fact, as (u™, ™) € Uug, u™ satisfies the inequality:
(Aun, v — )y, + (v) - j ()

> (o, v —u") g + (¢
Using (2.10) (¢) and (3.5), we deduce that

(3.5)

n

, U _un)(L2(F2))d Yo e K.

m||u"™ — u*H%/ < (Au" — Au*,u™ —u*),,
< (Au™u™ —u*)y, — (Au*,u™ —u*),,
< (Au™,u” —u”)y + g (u”) —j (u")
+ (o, u™ — )y + (" U™ —u") (p2gry)) -

(3.6)

Now from (3.3) (a), we have that (Au*,u™ —u*),, — 0 as n — +o00. Next,
using that v — u* weakly in V' implies that ™ — u* strongly in (L2 (Fg))d
and as (¢™) is bounded in (L? (Fg))d, then

G W) =G (W) + (o, u™ = u) y + (9", U™ = u) oy — 0 as n — +00.

This suggests that the last member on the right side of the last inequality
tends to be zero. Hence, from (3.6), we get (3.4). On the other hand, K is
closed convex of V, then u* € K.Moreover, using (3.3) (b), (3.4) and passing
to the limit as n — +o0 in (3.5), we get that (u*, ¢*) € Uyq and then this is
a solution to problem C1. O
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4. THE PENALIZED AND REGULARIZED PROBLEM

In this part we consider the regularized problem that can be exploited
numerically. The interest is to approximate the nondifferentiable term by a
sequence of differentiable ones. This regularization is obtained by substituting
the functional j with a regularized function js : V' — R defined by

js (v) = / g/ v2 + 62da,
s

where § > 0 is a small parameter.

Recall (see [1]) that the functional js is proper, convex, lower semicon-
tinuous and satisfies js € C? (V). Indeed, denoting by Djs (u) the differential
of js at the point u, we have

U Vs

= gi
v T \/u3+52

(Djs (u),v) da YveV

and

62 T T
(D2j6 (u,v) ’w)v = / Urt da Yv,w eV.

rgg(u% +62) JuZ + 62

Next, we denote

T

7]

(4.1) Bs (1) = < [(I7] = 1)4]

where (|7 — 1)1 = max{0,|r| — 1}.
We define the operator As as

(Asu,v)v = (Ps (¢ (1) e (v) g, Yu,v € V.

s VTESd,

STIR ]

Then, we have the lemma below.

LEMMA 4.1. Operator A verifies the following properties:
(1) As is monotone:

(4.2) (Asu— Asv,u —v)y >0, Vu,v € V.
(2) As is Lipschitz continuous:
4
(4.3) [(Asu — Asv,w)y| < 5 lu =y wly, Yu,v,we V.
PrOOF. The mapping ¥s:S; — Ry; £ —> % ((|§\ — ML)+)2 is a convex

function and continuously differentiable and

i Y (€ A7) — 05 (€)
A—0 A

= % (1€ — M), é|~T = Ps (&) .1, V&, 7 €Sy

(U5 (6)57) =
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Then, the mapping G : V — R; u — U (e (u)) is also a convex function and
continuously differentiable and

(G (W), v) = (W (e () (0) = 2 (e ()] = My, £z (v)
= Ps (¢ (u)) . (v), Vu,v e V.
The property of convexity of G implies that G'is monotone, then
<G, (w) - G (v),u—v> >0, Yu,v € V.
By integrating the two sides of the previous inequality on {2, one gets inequal-
ity (4.2). Now, to prove (2), we have
(Agu — 145’1)7 ’w)v =
2 [ el = Mp)oe (e )] = (= ()] = Mp)ee @)@
5 Jo le ()l e (v)
We see that there are three cases. The first case: if |e (u)| < My, |e (v)| < My,

then (Tsu — Tsv,w)y = 0. (Asu — Asv,w)y = 0. The second case: if
e (u)] > My, |e (0)] < My, then

(Asu = Asv,w)v] = 2 | fo (I (u)] = M) e (w) do

<3 Jole () —e ()l |e (w)] da

IN

Fllu—vlly Jwlly -
The third case: if |e (u)| > My, |5( )| > My, we have

(Asu = Asv,w)v] = 3 | fo(e (u) — & (v) — M (53 — 2)e (w) da

<2 [y le(w) —e@)||e (w)|dx+ 2 ‘fQML (Iz Zg‘ - IEEBI) s(w)dx‘

| /\

2 fole ) —e@)lle @)ldo+ 2 fo | My (F8; - £047)|le () da

IN

L[ Je (u) — £ (v)] [e (w)| da.

IN

5 lu=vlly [l -
Then, it follows that in all the cases, (4.3) is satisfied. Hence, we end the
proof of Lemma 4.1. 0

We now consider the penalized and regularized problem below.
Problem P;. Find «’ € V such that
(Au®,0),, + (Djs (u) ,0)y, + (Ps (£ () 12 (v)

4.4
D (o0l + () agy V€ V.
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THEOREM 4.2. Let (2.8), (2.9), (2.10), (4.2) and (4.3) hold. Then, Prob-
lem Pjs has a unique solution.

PROOF. We define the operator Bs : V — V by
(Bsu,v)y = (Au,v)y + (Djs (u) ,v)y + (Ps (e (u) £ (v)g , Yu,v € V.
Using (2.8), (2.10) (b) and (4.3), we have that for all u,v,w € V

4 . .
|(Bsu — Bsv,w)y| < (M + <) [lu=vlly [wlly +|(Djs (w) = Dis (v), w)y |
On the other hand, we have
(Djs (w) = Djs (v) ,w)y, =
2 _
/ 90° (ur — vy) wy da,
" (e 4000+ 2) (07 40 ar =)+ 7)

where 6 € (0,1).

We have

) ) ||g||L°°(I‘ ) Jur — UT||(L2(F. NE er”(LZ(r DK
|(Djs (u) — Djs (v) ,w)y| < : 5 S O
Then, using (2.8), we deduce

) llgll oo () 1w = vlly [lwlly

|(Djs (u) = Djs (v) ,w)y| < 5

Hence

4+ d3 llgl|
| Bsu — Bl < <M+ | flu = vl

Then, the operator By is Lipschitz continuous. Now, we prove that By is
strongly monotone. Indeed, using (2.10) (¢) and (4.2), we have for all u,v € V

(Bsu — Bsv,u —v),, > m||u— v||%, +

962 (ur —v7)
fr3 da
(r + (ur =) +62) V ((or +0(ur —vr))* +42)
2
>mllu—vly .
Moreover, using (2.7), we deduce that Problem Ps has a unique solution. 0O

The next convergence is demonstrated below.
THEOREM 4.3. The following convergence holds:

(4.5) u® — u strongly in Vas 6 — 0,

where u is a solution of Problem Ps.
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PROOF. We take v = u’ in (4.4), then as (Djs (u®),u’)
(P5 (5 (u‘s)) ,E (u‘s))Q > 0, we deduce that

v = 0,
5 .5 5 5
(Au’,u?)y < (o, 0%) fy + (0 )(LQ(Fz))d'
Thus, by (2.7) and (2.10) (¢), we get

(46) ¥l < <2 (poll + do Il zzqranys)) -
This estimate implies that there exists an element u such that
(4.7) u® — @ weakly in V.
Moreover, we take v € K in (4.4), thus we deduce

(Au‘s,v — u‘sgv + (ng (u‘s)(;v — “6)1/ + (P(; (E (u‘s)) ,e(v)—e (u5))Q

= (po,v—u®), + (pv—u )(L2(r2))d Vo € K.
As we have

(Ps (e (u‘s)) —Ps(e(v)),e(v)—¢ (ué))Q <0,
thus
(P5 (e (u°)) e (v) — ¢ (u‘s))Q < (Ps(e(v),e(v)—¢ (u‘s))Q =0.
On the other hand, we have
(Djs (u®) ;v —u?),, < js (v) — js (u°),

Then, it follows that

(4.8)
(A — ), 4 55 (0) — G5 (1) 2 (20,0~ )+ (.0 = %) o

Taking now v = u in (4.8), we see that
(Auéaué - a)V < j5 (a) _j5 (ué) + (@Ovué - ’a)H + (@7u6 - a)(Lz(F2))d .

As the right hand side of the above inequality tends to zero when § — 0, then
we get

li Aud u® —a) , <O0.

51£%sup( u’,u u)v—

Thus, using the pseudomonotonicity of A, we deduce that

_ s 5 6
(Au7u—v)V§}%1nf(Au ,u —U)V,VUEK.

Keeping in mind (4.7) and passing to the limit as 6 — 0 in (4.8), we get

js (v) = [p, 93/v2 +0%da — j (v),
Js (ué) = fr3 g(\/ (ug)Q + 62 — |ﬂ7|)da + frg g WT‘ da — fF3 g |ﬁr| da =j (a)v
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’/ )2 4 0% — |u,|)da

+||9||L°°(F3)6mes(r3) - 0.

since

<

g/l oo g |03 — aTH(Lz(Fz))d

Also, using (4.6) and u® — u strongly in (L? (Fg))d, we have
(po,v—u®) , + (0 — ué)(LZ(Fz))d = (p0,v =) g + (9,0 = W) 12,y »
thus we get
(Au,v — )y +j (v) = J (@) = (po,v — W)y + (9,0 — W) p2(r,))a -
Now we claim to prove that @ € K. Indeed, take v = u° in (4.4), we get
(Ps (= () e () g < (0,u”)  + (:47) (paqryya
This inequality with (4.6) implies that

560 2
@9) [ (e ()= Ma), Je (u¥)]do < 52 (Ially + da el oy

Thus, from the inequality (4.9), we deduce that

limsup/Q (’8 (u5)| —ML)+ |5 (u6)| dx = 0.

5—0

Then, by (4.6), passing to a subsequence still denoted by (u‘s), we have that
(e @] = My, |e (@] <liminf (e (u)] = Me),, [e (u”)].

Thus, by Lemma’s Fatou, we deduce

A%@FmﬁMwwélﬁmwdﬂ—thﬂW

§—0
< timint [ (e (0°) = M), [e ()] do
< limsup/ (|5 (u6)| — ML)+ {5 (u‘s)’dx =0.
6—0 Q

Thus, we get

/Q (le (@)| = ML), e (u)|dz = 0.

Then, we deduce that (e (u)| — ML), =0 a.e. in Q, i.e. |e(u)| < ML a.e. in
Q, i.e. u € K. Hence, we deduce that u is a solution of Problem P». Then by
the uniqueness part of Theorem 2.1, we obtain that u = w.
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Now, we claim to prove the strong convergence. Indeed, we have by using
(4.8) :

m|jus — uH%/ < (Aus — Au,us — u)y,
= (Aus,us — u)y, — (Au,us —u)y,
< (Au,u —us)y + js (u) — js (us)

+ (0, us — u) iy + (po, us — U)(L2(r2))d :

(4.10)

Then, using (4.6), and that u® — u strongly in (L2 (F))d7 we have, as § — 0,
(Au,u —us)y + Js (w) = Js (us) + (vo, us — u) gy + (0o, us — U)(Lz(FQ))d -0,
then, from (4.10), we obtain (4.5). d

5. THE PENALIZED AND REGULARIZED OPTIMAL CONTROL PROBLEM

For § > 0 and a fixed ¢y € H, we introduce the following penalized and
regularized state problem.
Problem Q2. For ¢ € (L? (FQ))d (called control), find u® € V such that

(Au,0)y, + (Djs (u) ,0)y, + (Ps (£ () 12 (v)
(5.1)
= (WO?U)H + (@7”)(L2(p2))d Yo e V.

According to Theorem 4.2, the state problem Q2 has a unique solution.
Next, we define the set U gd as

Ud, = {(u,gp) €V x (L? (F2))d, such that (5.11) is satisﬁed} .
Hence, we introduce the optimal control problem below.

Problem C2. Find (115,<,55) € Ugd such that

L(@,3°) = min L (u,e).
( ) (u, )€U,

We have the following result.

THEOREM 5.1. Let (2.8), (2.9) and (2.10) (¢) hold. Then, Problem C2
has at least one solution.

PROOF. We refer the reader to the arguments used in the proof of The-
orem 3.1. 0

Next, to show the convergence results concerning the solutions of Prob-
lems C1 and C2. For thus we have the theorem below.

THEOREM 5.2. We have

lim £, §°) = £ (u", %)
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The proof of this theorem is carried out in several steps. First, we prove
the following lemma.

LEMMA 5.3. Let (115, @5) be a solution of Problem C2. Then, there exists a
solution (@, p) of Problem C1, such that passing to a subsequence still denoted
(ﬁ‘;, @5), we have as 6 — 0, the following convergences:

(5.2) { (a) @® — @ strongly in V,

(b) &° — @ weakly in (L? (Fg))d.

PROOF. Let u the solution of Problem Q2 obtained for ¢ = OL2(ry))d-
We have

£(@,3) < £ (g, 0zaqeyye) < e (ool + lually)

where ¢ > 0. Thus, it follows that the sequence (@°,3°) is bounded in V' x
(L? (Fg))d . Then, there exists an element
L d
(U,(P) eV x (L2 (FQ))
such that passing to a subsequence still denoted (115, @5), we have
@ — i weakly in V,
@ — @ weakly in (L? (Fg))d (then (5.2) (b) is proved).

Now, to prove that @ € K, it suffices to sketch the proof of Theorem 4.3.
Moreover, using (2.10) (¢), we have
(5.3)

m @ —a||;, < (Aa - A@®,a—ad),,

< (A, @ —a),,+js (@) —js (@°) + (Ps (¢ (a°)) = Ps (e (@) ,e(a — @)

+ (Ps (e (), e(a — u‘s))Q + (po, @ —1°) ,, + (&°, 1 — ué)(Lz(Fg))d )
Keeping in mind (4.2), we have

(P (e (2°)) = Ps (e (@) ,e(a — @) , <0,

and since @ € K,

(Ps (= (@) &

I~§}
I
<2
=
S~—
S—
QO
Il
o

Then, (5.3) implies
(5.4)
5 112
m||u5 —~u~||v =5 N T B T
< (Au,u —u )v+j5 (@)—Js (u )+(<p0,u —u )H+(‘P U — U )(L2(F2))d :

Hence as @° — @ weakly in V, when § — 0, implies that #® — @ strongly in

(L? (Fg))d, then js (@) — js (u’) — 0. Hence we deduce that the right hand
side of the previous inequality (5.4) tends to zero. Then, we obtain (5.2) (a).
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Now, we still have to prove that (@, @) € Ugq. Indeed, from the inequality
(4.4), we deduce by (4.2)

(55) (AT =)y s (0) s (@)
' > (po,v — @), + (¢°, v — 6)(/:2(1“ pa o YU E K.
Then, using (5.2) (a), it follows that the following convergences hold:
lim (A, v — @), = ;1_% ((A@° — Au,v — @), + (Ad,v—a°),,)
= lim (A@° — Au,v — @ ) —|—11m (Ad,v—1a )V:(Aﬂ,v—ﬂ
lim (55 (v) = js (#°)) = 7 (v) = J( )

hm((@o,u_u‘s) +(<P U= )(L2(F2))d) (90071)_ﬂ)H—i_(@ﬂv_ﬁ)(L?(Fg))d‘

v s

Hence, using these convergences and passing to the limit as § — 0 in (5.5),
we deduce that (i, @) satisfies (3.1). Now, ad

We shall complete the proof of Theorem 5.2 by proving the following
lemma.

LEMMA 5.4. We have that
L(a,@) = L(u",¢").
PRrOOF. Consider the sequence (u’) such that for each § > 0, u’ is the

unique solution of Problem Q2 written for ¢* € (L2 (Fg))d. Hence, for each
0 >0, (u‘s, <,0*) € U, and by Lemma 5.3, it follows that

(5.6) (u®,¢*) = (u*, ") strongly in V x (L? (Fg))d as 6 — 0.

As the functional £ is convex and continuous, then

(5.7) £ (@, ¢) < lim inf £ (@, ¢°).

We also have, as (115, 9275) is a solution of Problem C2
(5.8) %11% sup £ (@°,¢°) < %1_1)1% sup £ (u®, ¢*) .
Using (5.6), we have

(5.9) lim sup £(u’, %) = £ (u*, 5")

and as (u*, ¢*) is a solution of Problem C1, it follows
(5.10) Lu*,¢") < L(a,@).

Also, from (5.8), we deduce

(5.11) (%i_r)r(l)supﬁ(ﬂ‘s,gé’s) < L(u*,e").

Hence, from (5.7) — (5.11), we obtain
L(a,¢) =L (u",¢").
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Finally, we conclude that the solution of the penalized and regularized optimal
control problem C2 converges to the solution of the optimal control problem

1,
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Optimalno upravljanje kontaktnog problema trenja za locking
materijale

Rachid Guettaf i Arezki Touzaline

SAZETAK. U ovom radu razmatramo bilateralni kontakt
s Trescinim zakonom trenja izmedu locking materijala i krutog
temelja. Cilj je prouciti problem optimalnog upravljanja koji
se sastoji od dovodenja tenzora naprezanja Sto je blize moguce
zadanom cilju, djelovanjem s kontrolom na granici tijela. U
radu formuliramo problem optimalnog upravljanja koji ima barem
jedno rjesenje. Takoder uvodimo penalizirani i regularizirani
problem optimalnog upravljanja za koji proucavamo konvergen-
ciju kada penalizacija i parametar regularizacije teze k nuli.
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