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PARAMETER ESTIMATION PROBLEM IN THE BOX-COX
SIMPLE LINEAR MODEL

DARIJA MARKOVIC

ABSTRACT. Given the data (z;,y;), ¢ = 1,...,n, such that y; > 0 for
all i =1,...,n, we consider the parameter estimation problem in a simple
linear model with the Box-Cox transformation of the dependent variable.
Maximum likelihood estimation of its parameter reduces to one nonlinear
least squares problem. As a main result, we obtained three theorems in
which we give necessary and sufficient conditions which guarantee the ex-
istence of the least squares estimate. In the most interesting case when
at least three x;’s are different, it is shown that the least squares estimate
exists.

1. INTRODUCTION

Suppose we are given the data (x;,y;), i = 1,...,n, such that y; > 0 for
alli=1,...,n. The Box-Cox simple linear model has the form

ygk):awi—f—b—i—si, 1=1,...,n,

where

A
(1.1) N _ y"—/\l, for A\ #£0
Iny;, for A=0,

and where it is assumed that errors e; are independent and normally dis-
tributed with zero mean and some unknown constant variance o2 > 0 (see
[2]). The Box-Cox transformation (1.1) was proposed as a modification of the
power transformation introduced by Tukey in [11] in order to avoid disconti-
nuity at A = 0. The theoretical properties and a variety of applications of the
Box-Cox transformation (1.1) as well as other transformations can be found
in [3]. A review and different extensions of the Box-Cox transformation with
corresponding applications are given in the recent paper [1].

The maximum likelihood (ML) method was one of the techniques used in
[2] to estimate the parameters of their model. The ML method provides the
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option to simultaneously estimate the transformation parameter A and all re-
gression parameters. It is well known that ML estimation of the unknown vec-
tor parameter (A, a,b) reduces to the following nonlinear least squares (NLS)
problem:

(/\)

. n ax; —|— b -
(12)  min F\ab),  where F(\a,0) ;( ) ,

and
n 1
Y= (H yi) !
i=1

is the geometric mean of the y;’s (see, e.g., [2,7]). If there exists a point
()\o,ao,bo) € R3 such that F(/\o,ao,bo) < F(/\,a,b) for all ()\,a,b) S RS,
i.e. such that F'(Ao,ao,bo) = inf( qp)ers F'(), a,b), then it is called a global
minimizer of F. It is also called a least squares estimate (LSE) of (A, a,b)
with respect to the problem (1.2) and the function F'.

Numerical methods for solving the NLS problem are described in [6] and
[8]. Prior to iterative minimization of the sum of squares it is still necessary
to ask whether an LSE exists. For NLS problems, this question is difficult to
answer (see, e.g., [4,5,9,10]).

In the next section, after presenting some notations and preliminary re-
sults, we establish three theorems in which we give necessary and sufficient
conditions which guarantee the existence of the LSE for problem (1.2).

2. EXISTENCE THEOREMS FOR NLS PROBLEM (1.2)

Necessary and sufficient conditions for the existence of the LSE for prob-
lem (1.2) are given in theorems 2.3, 2.4 and 2.5. Before that, we need some
notations and technical results which will be used in proofs of our results.

2.1. Basic notations and preliminaries. Let

1y S e
—szza y)\_ﬁzyz ’
=1 =1
and let continuous functions «, 3,5 : R — R be defined by the formulae:

G (G 770 Hp—— _
a(A) = = T (2:—7)2 = A (- 2)? #0
. i=1""

0, otherwise,
BA) =y — a(N)z,

By using a well-known fact that the quadratic function e > (t—uy)?
attains its minimum Y;_; (11 — u;)? at point 71 = 237 | u;, as well as the
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fact that the quadratic function ¢ — > (tv; — u;)? attains its minimum
i1 (v —w;)? at point 7 = > wiv;/ Y i, vi, we obtain

o
F(\a,b) = Z (%)2
oy

alz; — )+ g —y; \?
yAfl

(2.1) -

(22) SO =" = o :
y2()\71) Z (1'1 _ j)Z
=1
whereas if 1" | (z; — z)? = 0, then
"y — a2
(2.3) s =Y (W) .

i=1
The next lemma will be used to prove our Theorems 2.3, 2.4 and 2.5.

LEMMA 2.1. With the notations as above, we have:

(i) ()\,al,Il})felR3 F(\a,b) = ;\161%5()\).

(i) If a point (Ao, ag,bo) is a global minimizer of F, then Ao is a global
minimizer of S.

(iii) If Ao is a global minimizer of S, then (Ao,a(No),B(No)) is a global
minimizer of F'.

(i) If F(X\, a,b) > F(X, ag,bo) for all a,b € R, then F(X, ag,by) = S(A).

PRrOOF. (i) By (2.1) and the definition of infimum we obtain
F(A\a,b) > S(\) > )i\n%S(/\) for all (), a,b) € R3,
€
and, consequently, inf( 4 4 ers F'(X,a,b) > infyeg S(A). On the other hand,
since

it F(\a,b) < F(\a()),8(\) = S(A) for all A € R,
(A,a,b)ER3

it follows that inf()\,a,b)eR3 F(/\, a, b) < ianeR S(/\)
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(ii) Assume that (Mg, ag,bo) is a global minimizer of F. Then, by virtue of
(2.1), we observe that

S(A) = F(\, a(\), B(N) = F(Ao,a0,bo) > S(Ag) for all A € R.

Therefore, infyer S(A) = S(Ao).

(#ii) If Ao is a global minimizer of S, by (2.1) and the definition of infimum
we obtain that for all (A, a,b) € R?,

F(Xo,a(h). B(A)) = S(h) < S(N) = F(A,a(X), B(Y) < F(Aa,b),

from where there follows a desired assertion.

(iv) By the assumption, S(A) = F(\, a(N), B(A)) > F(X, ag,bp). On the other
hand, by (2.1), F(X, ag,bo) > S(A). 0

The next lemma is also used in the proofs of Theorems 2.3, 2.4 and 2.5. Its
proof is omitted because it follows easily from the definition of infinite limit
at infinity and the Extreme Value Theorem, which says that a continuous
function from a closed interval attains its minimum value at some point in
the closed interval.

LEMMA 2.2. Let f : R — [0,00) be a continuous function such that
)\Er{loof()\) =00 & Aler;Of(A) = o0.
Then there exist reals A1 < 0, A2 > 0 and a point Ag € [\, 2] such that
inf f() = it fO) = f0).

AER AE[A1,A2]
2.2. Existence theorems.
THEOREM 2.3. If the data (x;,y;), i=1,...,n, n >3, are such that
(2.4) Hz1,...,2n}] >3
and y; > 0 for alli=1,...,n, then NLS problem (1.2) has a solution.
PROOF. If y1 = 4o = ... = y,, = 9, then F(\,0,5M) =0 for each ) € R,

and the proof is complete. Therefore, suppose further that

min y; <y < max ;.
i=1,....,n i=1,...,n

To complete the proof, it is enough to show that
(2.5) lim S(A\) =00 & lim S(\) = oo.
A——o00 A—00

Indeed, by Lemma 2.2, this will mean that there exists a point Ag € R such
that S(Ao) = infyer S(N), and then according to assertion (%7) of Lemma 2.1,

h that inf F(\a,b)=F(\ A Ao)).
we have tha (A,{}E)ERS (A a,b) (Ao, (o), B(Ao))
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It remains to show (2.5). To do this, we will use the following equality
that holds for each y, € {y1,...,yn} and for all X # 0:

(2.6 SO0 = (55r) - 10
where
H.()) =
S5 (31 5 ()7 - [Se-a (@) -1 £ @)
Xn:(wi - z)? '

The above equality follows easily from (2.2). Let us first show that
limy_ oo S(A) = c0. If we take y, = max{y; : y; > ¢} in (2.6), after pass-
ing to the limit as A — oo, we obtain

A

. yr \?
Jim (33) =o

and
JLH;OH’W;(%‘”)Z( 2 (1= 2 (-2)
SPICELEEDY @i —2)(~ )]
Z 0’ Yi=yr Yi AYr

where L is the number of y;’s equal to y,.. Thus to prove that limy_, ., S(A) =
00, it suffices to show that limy o, H,-(A) > 0. Otherwise, if limy o H(A) =
0, according to the Cauchy-Schwarz inequality, there would exist a constant

C such that
xl_m:{o(l_ﬁ)a lfyz:yr
T Tho if Yi 7é Yr-
The latter would mean that only two x;’s are different, which contradicts
assumption (2.4). Thus, we have proved that limy_,o, H,(A) > 0. Arguing in
a similar way, if we take y, = min{y; : y; < y} (2.6), after passing to the limit
as A — —oo, we obtain that limy_,_., S(\) = co. This completes the proof
of the theorem. 0

THEOREM 2.4. If the data (z;,y;), i=1,...,n, n > 3, are such that
L1 =T2 =" =ITn

and y; > 0, for alli=1,...,n, then NLS problem (1.2) has a solution.
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PROOF. If y1 = 4o = ... = y,, = ¢, then F(\,0,5M) = 0 for each ) € R,
and the proof is complete. Therefore, suppose further that

min y; <y < max ;.
i=1,...,n i=1,...,n

Let
Yip = min y; & y; = max y;.

i=1,...,n i=1,....,n
Note that for each r € {1,...,n} and for all A # 0, by virtue of (2.3) we
have:

S(A) = zn: (yiyxly)\)Q = Z ()\5;{\—1 - Tlllzj:l Ay}?—l)Q

=1 =1
A n A 2
Yy 1 ;
—( /\—1772 -,\—1)
Ay nizl)\y
o1 yr a2 1 [ Yiya)2
(-
7 ) (-
Since _ _
Y oq g Yooy,
Yy Yy
we have

lim (%(%)A)Q:oo & lim (%(yﬂ))\>2=oo

A— 00 Yy A——o00 Yy
Therefore, after putting r = ig and r = i1 in (2.7), we obtain

lim S(A) =00 & lim S(A) =o0.
A——00

A—0o0

Thus, according to Lemma 2.2, there exists a point Ag € R such that S(\g) =

infyer S(A). Now, to complete the proof, note that from assertion (i) of

Lemma 2.1 it follows that F'(A\g, a(Xo), B(Xo)) = o irbl)f as F(X a,b). |
,a,b) RS

THEOREM 2.5. Suppose that the data (z;,y;), it = 1,...,n, n > 3, are
such that

|{$1,...,.’L‘n}| =2
and y; > 0, foralli=1,...,n. Let

& = min z;, & := max xj,

i=1,...,n i=1,...,n

Ye, = U {yj}7 i=1,2.
j=1

z =€;

Then NLS problem (1.2) has no solution if and only if exactly one of the sets

Ye, and Ye, is singleton and the second set is contained in (0, 9] or in [y, o).
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Proor. Without loss of generality, assume that |Ye,| =1, [V, | > 2 and
Ye, C [y,00) or Y, € (0,9]. Let Y, = {ys}. Define continuous functions
a, 5 : R\{0} — R by the formulae:

7
a(A) : A& — &)
B =3 —a&
Then
. "L fa(N& — M\
F(Aa(\),BN) = > ( e zf—(f\) - )
- V& +B80) — M\
+;<()§ yA(l) y )
n A2
(2.8) - Z yQ(Ayy*) '

Let us show that inf(y 4 p)ers F'(A,a,0) = 0. Indeed, if Y, C [y,00), i.e.,
equivalently, if y; > ¢ for each y; such that z; = &;, then, by virtue of (2.8),
we obtain

lim F(\a(X), B(N)) =0,
A——00
implying that inf(y qp)ers F'(A,a,b) = 0. But if Y, C (0,9], once again by
virtue of (2.8), we also get
lim F(\ &\, B(N\) =0,
A—00
again implying that inf y 4 5)ers F(A, a,b) = 0.
Since inf(y qp)ers F'(A,a,b) = 0 and [Yg, | > 2, it follows that for all
(\,a,b) € R?,

n . ()\) 2
F(\a,b) > Z (M) >0,

A—1
=1 Yy
z;=£1

and hence problem (1.2) has no solution.

Conversely, suppose that problem (1.2) has no solution. By assuming the
theorem, |Ye, | > 1 and |Ye,| > 1. The proof will be done in three steps. In
Step 1, we will show that the two sets Y¢, and Y, cannot be singletons. In
Step 2, we will show that one of the sets Y, or Y, must be a singleton. The
proof that the set which is not a singleton is contained in (0,¢] or in [, 00)
will be done in Step 3.



326 D. MARKOVIC

Step 1. We prove this by contradiction. Suppose to the contrary that Yz, =
{yi, } and Y¢, = {y;, }. Choose any real number \g, and define

(o) (Mo)
A Y —Y; (Mo)
ag : 7252 — 611 ; bo =y —agdy.

Then F(Ao, ag,bo) = 0, contradicting the assumption that problem (1.2) has
no solution.

Step 2. Suppose that |Ye, | > 21 |Ye,| > 2. Let N¢, denote the number of data
points with the abscissa &1, and let N¢, denote the number of data points
with the abscissa &, i.e.,

=|{ie{l,...,n}:z; =&}, Ne:=[{ie{l,...,n}:a; =&}

By using a well-known fact that the quadratic function ¢ — Y/, (¢t — u;)?
attains its minimum Y ;_; (71 — u;)? at point 71 = £ 37 u,, it is easy to
verify that

n ) (\)
a1 +b—y; alz +b—y;
F(Aab) =Y (yA - ) + Z <yA -

=1 i=1
=£1 z;=E£2

A 2
Yi
’ Z <N§z ; Ay* Lot 1)
;=82 zj=E2

(2.9) = F(/\,ao,bo)
for all (\,a,b) € R3, where

o\ )

N§2 12:1 Y N§1 JZ:] Yj n
ag = i ik and by := L Z y(-A) —apé;.
&2 —&1 Ne, = 7

zj=8
According to assertion (i) of Lemma 2.1, we have
F(Av ao, bo) = S(A)
Let

Ymin = MDY, Ymaz = MAX Y.
i=1,...,n i=1,...,n
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Without loss of generality, assume that ¢, € Ye, (the case Ymin € Ye, can
be handled in a similar way). Then from (2.9), it easily follows that

S()\) = F()\,ao, bo)

n A
> <71 Z Yj _ y;\m’n )2
- A]\[51 p= )\y)\—l )\y)\—l

@ =€1

2
. 2 1 n ) A
y y
2.10 - ( min ) 1— — (J) .
( ) )\y)\fl ( N&l = Ymin

w;=€1

Without loss of generality, we may also assume that yme, € Ye, (the case
Ymaz € Ye, can be handled in a similar way). Once again, arguing as above,
by virtue of (2.9), we get

Ymaz | L e VY
(2.11) S(\) > (A?;"_ﬁ) (1_N5 (ya) ) ,

zj=¢&1
Since
ymin <1 & ym.am N 17
Y Y

we have that

y)\ ) 2 y>\ 2
lim ( ,”:‘\m ) =00 & lim ( mazr ) = 00,
A——o0 Ay -1 A—o0 )\y)‘71

and therefore from (2.10) and (2.11) we obtain that
lim S(A) =00 & lim S(\) =o0.
A—00

A——o00
Thus, by Lemma 2.2, there exists a point Ag € R such that S()\g) =
infyer S(A). Therefore, from assertion (%) of Lemma 2.1 it follows that

" 1rb1)f e F(A a,b) = F(Xho,a(N), B(No)), contradicting the assumption that
,a,b)e

problem (1.2) has no solution.
Step 3. Since n > 3, without loss of generality, we assume that |Ye,| = 1 and
|Ye,| > 2. To complete the proof, it remains to show that Ye, C [g,00) or
Ye, € (0,9y]. Suppose to the contrary that
= min y; <y < max y; =: Yq-

Yp pew, Yi <y pevs, Yi Yq
Then, arguing in the same way as in Step 2, whereby it is sufficient to replace
Ymin I (2.10) with y, and Y, in (2.11) with y,, we would obtain that
problem (1.2) has a solution, which is in contradiction to the hypothesis.
This completes the proof of the theorem. 0
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Problem procjene parametara za jednostavan linearni Box-Cox
model

Darija Markovié

SAZETAK. Za dane podatke (z;,y:), i = 1,...,n, takve da je
y; > 0 zasvei=1,...,n, razmatramo problem procjene param-
etara za jednostavan linearni model s Box-Cox-ovom transforma-
cijom zavisne varijable. Procjena njegovih parametara metodom
maksimalne vjerodostojnosti svodi se na nelinearan problem na-
jmanjih kvadrata. Kao glavni rezultat, dobili smo tri teorema u
kojima su dani nuzni i dovoljni uvjeti koji jamce egzistenciju proc-
jenitelja najmanjih kvadrata. U najinteresantnijem slucaju kada
su barem tri x; razli¢iti, pokazano je kako procjenitelj najmanjih
kvadrata postoji.
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