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ERROR ESTIMATES FOR AN EFFECTIVE MODEL FOR
THE INTERACTION BETWEEN A THIN FLUID FILM AND
AN ELASTIC PLATE

ANDRIJANA CURKOVIé

ABSTRACT. The non-steady flow of an incompressible fluid in a thin
rectangle domain with an elastic plate as the upper part of the boundary
is studied. The flow is modeled by the Stokes equations and governed by
a pressure drop and an external force. Error estimates are obtained for the
approximation by an effective model derived by studying the limiting case
when the thickness of the fluid domain tends to zero.

1. INTRODUCTION

Models involving lubrication by a fluid and interaction with a solid body
are widely used in various fields of science (biology, medicine, geophysics,
oceanography, etc.) and have many applications in technology development.
Such models belong to the group of fluid-structure interaction (FSI) models,
and due to their importance and diverse applications, they have been treated
intensively in the last decades (e.g. see [1,5,6,9-11] and references within).
Mathematics deals with well-posedness, the existence and uniqueness of so-
lutions, numerical modeling, the determination of approximate solutions and
estimation of their errors, etc. In the case of the presence of a very small (or
large) model parameter (e.g. domain dimension or a characteristic value of
the fluid or structure), the problem can be treated by asymptotic analysis.
This requires the development of an effective, simpler model whose solution
is an approximation of the exact solution. The use of such a simplified model
is justified by theorems on convergence and error estimates.

The problem of interaction between a thin layer of incompressible fluid
and a thin elastic plate located on a part of the boundary of the fluid do-
main is studied by a full three-dimensional model for both the fluid and
the plate [2] and by their simplified dimensional reduction (e.g. see [4,9-11]).
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Different boundary conditions were considered and effective models were de-
rived, mainly including a six-dimensional parabolic equation [2,4,9]. Our
work began by considering fluid and elastic plate models from engineering
literature [7]. The flow of the fluid and the displacement of the plate are
governed by external forces and the pressure drop in the fluid-filled channel.
Due to the assumption of small displacement, the model is linearized, which
would correspond to the modeling of high-frequency oscillations with small
displacement of elastic structures.

Earlier, the existence and uniqueness of the solution for the model were
proved [3] and an effective model was derived and justified by the convergence
theorem [4]. In this work, our goal is to estimate the error for the approxi-
mation with the solution of the effective model. This is usually done by using
the error for the test function in the weak formulation. For this purpose,
the regularity of the solution of the effective model is considered. In addition,
a corrector for the error test function is constructed to fulfill the boundary
conditions.

In Section 2, a mathematical model is formulated for the problem under
consideration. Since the existence and uniqueness of the solution and its es-
timates are the subject of previous research, only an overview of the results
is given to provide insight into the problem in an easily readable outline. In
Section 3, the effective model is derived. The model construction is presented
only in a brief overview, and the regularity of the solution is given. In Sec-
tion 4, the approximation error for the first-order approximation in a suitable
solution spaces is proved.

2. PROBLEM FORMULATION

We consider the interaction between an incompressible, viscous fluid fill-
ing a thin two-dimensional channel and an elastic plate located at the top
of the channel. For a small parameter ¢ > 0 we introduce the fluid do-
main Q¢ = (0,1) x (0,¢) and its boundary parts I, = @ N {zo = 0},
P =0 N{zy =04, 15, =9 N{z; =1} and TE = @ N {zy = ¢} at
the bottom, at the entrance, at the exit and at the top of the channel, re-
spectively. The interaction between the fluid and the elastic plate and the
external force cause a transverse displacement of the plate, which leads to
changes in the fluid domain. We assume that the plate is thin and not very
elastic, i.e. that its bending stiffness B = B/¢ is of the order of 1/¢, and that
the deformation of the fluid domain is consequently small enough to consider
the fluid flow in an initial state. Considering that the bending stiffness de-
pends on Young’s modulus of elasticity, which is very large, this assumption
makes sense from a physical point of view. The interaction is observed in the
time interval (0,7°¢). Our main goal is to estimate the error of the first-order
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approximation of the plate displacement and fluid velocity obtained by an as-
ymptotic analysis. This requires a longer time period for thinner channels,
and in our previous research we set the value of T = T'//e2, where T is inde-
pendent of e. We note that the same result as in this paper can be obtained
for any combination of the considered product BET¢ of order 1/&3.

Fluid flow is described by

prou® —divof = g° in Q° x (0,7°),
divu® =0 in Q° x (0,7°),

u®=0 onTI} x(0,7°),

v®=0and p* =0 onTf§, x(0,7°),
v® =0and p* =A° onTg, x(0,7°),
u®(,0) =0 in Q°,
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where ps and 1 are the fluid density and viscosity, u® = (u%, v°) and p° are the
fluid velocity and pressure perturbation from the initial value, respectively and
of = —p I+ p(Vus + (Vus)T) is the stress tensor of the fluid. The external
force acting on the fluid is denoted by g° and A° = A%(t) is a time-dependent
pressure drop between the inlet and outlet regions of the boundary. A non-slip
boundary condition is prescribed at the bottom, the fluid enters the channel
and leaves it orthogonal to the boundary and at the beginning, the entire
structure is in equilibrium and the initial velocity is zero.

By h® we denote the transverse displacement of the elastic plate with
respect to the flat initial configuration. The continuity of the velocity along
the elastic plate leads to the following boundary condition for the fluid:

(2.7) u® = (0,0;h°) on TS x (0,7%).

Plate displacement is described by
(2.8) psbOZhE + Bsa;ﬂ/f =f*=n-of|,,_.n in(0,1)x(0,7°),
(2.9) he(0,-) = h5(1,) = 0, h°(0,+) = 0., h°(1,-) =0 in (0,7°),

(2.10)  A(-,0)=0 in (0,1),

where n is the outward unit normal on the fluid boundary, ps, b, B¢ are the
density, thickness and bending stiffness of the plate. The external force acting
on the plate is denoted by f¢. The plate equation may include a term with
the second-order spatial derivative of the plate displacement, representing
the contribution of the in-plane tension to the out-of-plane forces. From
a physical point of view, this term can be neglected and does not affect the
mathematical analysis of the problem, since all estimates and the definitions
of the appropriate spaces are based on the leading fourth-order derivative.
Therefore, we have omitted it. Considering the initial condition (2.6) for the
fluid velocity and the kinematic boundary condition (2.7), we complete our
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system with the following initial condition
(2.11) Oth?(-,0) =0 1in (0,1).

2.1. Zero pressure drop. To obtain a weak formulation, we multiply the fluid
equation (2.1) by the test function ¢ = (p1,¢2) satisfying the boundary
conditions: ¢ = 0 at the bottom I'j, of the channel, po = 0 at the inlet and
outlet part I';,, UT¢ , and ¢ = 0 at the top I'S. As usual, partial integration
is applied, and considering that the force of the fluid on the plate is described
by the stress tensor, we easily obtain

—pf/ / u® 3tgod:cdt+2u/ / ) dadt

—psb/ Oyhf 0y po Ay dt + ?/ / 92 h°02 o dxydt
: 0 :

o Jr
— / / p° divp daedt = / ffpadayde
0 e e
/ / g% - pdxdt — / Afpy daodt
€ FE

where e(u®) = 1(Vu® + (Vu)?) is symmetrized gradient. Fluid flow de-
scribed by pressure drop and external force is common. However, due to the
coupling of the fluid with the plate and the external force on the plate, it can
be assumed that the pressure drop is A°=0, since the pressure drop can be
represented as part of the external forces. More precisely:

—/ Asgol d.’IJg—/ AE/ a$1 (pll‘l) d
1"5

out

= / Agzlaxlgol dx + / Aggﬁl dx
€ Qe

(2.12)

:/ Agxldivcpda:f/ A6I18z2g02dm+/ Afpq dx
€ QE QE

€

1
=/ Asmdivwdw—/ AE$1(¢2($1>€,')—<P2(331,07'))d961+/ Afpydx
g 0

= Atz divedr — A® /

T1p2 dx; —|—/ AEgOl dx
Qe

The first term can be considered as a linear pressure increase through the
horizontal variable. The second term, also for the linear decrease, changes
the external force f¢ on the plate, while the third term can be understood as
an addition to the horizontal component of the external force g¢. Although
this change does not affect the existence of the solution, it is clear that it
affects the solution estimates. It should be noted that the external forces
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and pressure drop also depend on €. Their dependence on € will be defined
later, and it is such that the order of the external forces leads to the expected
order of the solution estimates. Therefore, this linear pressure increase by
the factor A® does not affect the order of the estimate at the end. From now
on we assume that A° = 0, and despite this change we continue to use the
symbols for external forces introduced earlier.

2.2. Assumptions. In this subsection we will define the dependence of the
external forces on ¢ as well as the spaces to which they belong. Let f¢ and
g° be of the form:

fs('rht) = f(xlaSQt)
ga(x1,$2,t) = g($1,$2/6,52t),

where f and g are defined respectively on (0,1) x (0,7) and Q x (0,7),
Q=(0,1) x (0,1). We assume

f € H*0,T;L*(0,1)) N L*(0,T; H*(0,1)),
g=1(91,92) € HQ(O,T;LQ(Q)Q)7 such that ¢, € L2(07T; HQ(Q))

and initial zero forces: f(-,0) =01in (0,1), g(-,0) =0, in Q.

Since the selection of spaces is part of our earlier work, we will only
give a brief overview of the assumptions. The existence and uniqueness of
the fluid velocity and the plate displacement can be proved by the Galerkin
approximation, assuming only the L? regularity of the forces. Because of
the prescribed pressure drop, it is not sufficient to prove the existence of the
pressure up to a function of time. Furthermore, since in the fluid structure
problem the force of the fluid acting on the plate is described by the pressure,
the pressure is uniquely determined. The time regularity of the forces of
order H' is sufficient for a unique existence result for the pressure and also
automatically guarantees the time smoothness of velocity and displacement.
See [3] for details.

The additional regularity in time together with the zero initial values of
the forces make it possible to study the time derivatives of velocity, plate and
pressure also in the context of convergence. This is possible because these time
derivatives are exactly the solutions for the case when the external forces are
0:f¢ and 0;g° and the boundary conditions remain unchanged.

The reduced problem, as mentioned earlier, involves a sixth-order equa-
tion. Assuming regularity in spatial variables, this equation has a solution in
the L? sense, i.e., the reduced displacement has H regularity in space. See
[4] for details.

If the reader wishes to avoid details from previous work, one can assume
a C'* regularity for which this linear problem has a smooth solution.

REMARK 2.1. By setting initial values the appearance of the boundary
layer in time is avoided. The values do not need to vanish, but they must be
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small enough not to affect the order of the solution. Similar assumptions can
be found in [8], where it is assumed that the external influence vanishes for
small values of time.

2.3. Weak formulation. In this subsection variational formulation of the prob-
lem (2.1)-(2.11) is presented. We introduce the following functional spaces for
the fluid velocity

Ve ={u® € H'(Q°)*:divu® =0, v =0on Ty, u*xn=0onT% U}

in/ou
Ve = L=(0,T% L*(9°)%) N L*(0, T3 V7),
and for the plate displacement
D = L*(0,T¢; H3(0,1)) N H'(0,T¢; L*(0,1)).

Taking into account that the trace on I'{ of a test function for variational
formulation (2.12) is in H2(0, 1), we introduce the set H¢ of vector functions
@ = (p1,02) € H'(Q)? such that ¢ =0 on Iy, ¢ x n =0 on I jous U TG

and @o € HZ(0,1) on I'S. For each ¢ we define the solution of the e-problem
as follows:

DEFINITION 2.2. Vector function (u®, h®,p%) € VEx D x L*(Q° x (0,7°))
is a weak solution of the e-problem if
1. BE(-,0) =0 in (0,1),
2. uf = (0,0,h°) on T= x (0,T°),
3. for all o = (p1,92) € HY0,T;H?) such that @(-,T°) = 0 in Q°
variational formulation (2.12) holds.

3. DERIVATION OF THE EFFECTIVE MODEL

In this Section, we derive a weak formulation of the effective model, re-
peat some of the results on boundary conditions from previous studies, and
supplement them with the regularity results needed for error estimates.

3.1. Rescaled model. To determine the asymptotic approximation of the so-
lution, it is necessary to define the problem on the fixed domain Q x (0,7,
Q = (0,1) x (0,1). We denote the boundary parts of £ analogously to the
original domain and omit the symbol €. We introduce rescaled functions

w(e)(y1,y2,7) = (u(e),v(e))(y1,y2,7) = u®(y1, 92, 7/€%)
p(e) (W1, y2,7) = p°(y1,ey2, /%)
h(e)(yr,7) = h°(y1,7/€%)

defined on 2 x (0,7) and (0,1) x (0,7). The introduced scaling leads to
changes in the derivative with respect to the second variable and to time,
while the derivative after the first variable remains unchanged. In the sequel
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we use the following notation for rescaled differential operators applied to
vector and scalar functions
Veu = |:aylu ay2u/5:| € [ 8y1p ] )
Oy, v Oy,v/e|’ Oy,p/e
The rescaled symmetric part of the gradient and the rescaled divergence are
denoted by

ef(u) = - (Veu + (VFu)"),

1

2
1

diviu = 0y, u + gawv.

To define the space V(e) of rescaled fluid velocity, we rely on earlier defini-
tion of the velocity space for the case ¢ = 1, changing the incompressibility
condition to div® w = 0. More precisely

e)={ueH'(Q)?:div:u=0,u=00nTy, uxn=0on Ty UT}.

Similarly, using € = 1, we set the test function space H#' as an analogue of H®
for the fixed domain. Taking into account that dzy = edy, and dt = d7/e?,
we can derive from Definition 2.2 the definition of the weak solution of the
rescaled problem.

DEFINITION 3.1. Vector function (u(e), h®,p(e)) that belongs to
(L*(0,T; L*(2)*) N L*(0,T;V(e))) x D' x L*(2 x (0,T))
is a weak solution of the rescaled e-problem on [0,T) if the following hold
1. h(e)(-,0) =0 4n (0,1),
2. u(e) = (0,620,h(g)) on T, x (0,T),
3. for all ¢ € HY(0,T;HY) such that @(-,T) = 0 in  the following
variational equation is satisfied

(3.1)
T
7pf€/ /u(s) Tcpdyd7+—/ / () dydr
— psbe? / / O0-h(e)0rpa dyrdr + — / / P2 dy1dr
ff/ / )div® p dydr = —/ / foadyrdr + - / /g wdydr.

By standard procedure and careful calculations, it is possible to obtain an
estimate for the fluid velocity and plate displacement using Gronwall’s lemma.
Strictly speaking, the fluid velocity cannot be a test function since its trace
on the top of the channel is not smooth enough. (In this step, we do not use
the regularity of the solution in time, because we will use the same conclusion
for the time derivatives of the solution and in that case the solution is truly
not smooth enough to serve as a test function.) However, considering that
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9:02 h- 95 h = 1/2-0,(92 h)* in the sense of distribution and that partial
integration with respect to time can be applied due to the regularity, this
difficulty can be bypassed. This leads to

9 2

10wz (0.1 + & 1031 ()72 017y < C*
2 2 2

Haylh’(g)HLOO(O,T;LQ(OJ)) < Ce7,

where C'is constant independent of . From now on we will denote all constants
independent of € by C. Since the forces acting on the system are smooth in
time and initially equal to zero, it is possible to perform evaluations for the
time derivative of the velocity and plate displacement.

3.2. Pressure estimates. The estimate for the pressure p is obtained by choos-
ing the test function as an appropriate linear combination of L?(£2) functions
related to the problem

divpg=g¢q in Q,
=0 onI'yUTl,,
P2 =0 on ', ULy,

H‘?’”HI(Q)Z <C ||q||L2(Q) :

Referring to the density of the chosen linear combination in L?(Q2 x (0,7, we
obtain estimates

||p(5)||L2(Qx(0,T)) <G,
1
||aa:p(5)||L2(o,T;H—l(Q)) + - ||8yp(€)||L2(07T;H*1(Q)) <C.
3.3. Conwvergence results. The estimates for the solution of the rescaled e-
problem imply the following claim.

THEOREM 3.2. There exists a subsequence, denoted in the same way, of
sequence (u(e), h(e),p(e)) of solutions of the rescaled e-problems, such that

1

E—Qu(e) — u = (u,v) weakly in L*(2 x (0,T))?,
1

E—Qﬁmu(e) — Oy, u weakly in L*(Q x (0,T))?,
p(e) = p weakly in L*(Q x (0,T)),

@ 5 howeak * in L*°(0,T; HZ(0,1)).

3.4. Boundary conditions. Rescaled functions u(e) and h(e) satisfy boundary
conditions on I'y, and the edges of the plate. Due to the convergence of 9y, u(¢)
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and 97 h(e) in L*(Q x (0,T))* and L>°(0,T}; L*(0,1)) respectively, limiting
functions fulfill analogous boundary conditions, namely

ulp, =0 in (0,7,

h0,-) = 9y, h(0,-) = h(1,-) = By, h(1,-) =0 in (0,T).
Moreover, ulp, =0 in (0,7).
3.5. Transverse wvelocity component. Due to the divergence-free condition
div. u(e) = 0, for almost all ¢ and all p € C§°(Q)

0
/ %(E)cpdyzs/ L26)8gc<pdy%0 ase — 0
Q ¢ Q ¢

which leads to the conclusion d,v = 0, and combined with the boundary
condition on I'}, gives v = 0.

3.6. Incompressibility condition. Similarly, the test function ¢ = (0,&29ps)
is used, where ¢ € C1(0,T), ¥(T) = 0 and @2 € C§°(Q), for the variational
formulation (3.1) of the rescaled problem

T T
/ VYp(€)dy, pa dydr = —pre® / ' v(e)pg dydr
0 Ja 0 Ja
T 1/1
+ 2ue 1/)5 g('“)wu(s) + 0y, v(e) | Oy, 2 dydr
o Ja

T T
1 1
+2u€/ /d)*ayw(&)'*ayasoz dydtfe/ /wngdydr
o Ja € € o Ja

Since the right-hand side converges to 0 as € — 0, it follows

T
/ / Updy, 02 dydr = 0
0 Q

for any 1 and 2, so we derive 9,,p = 0, i.e. p does not depend on ys.

Furthermore, from the divergence-free condition and the continuity of
the velocity at the top boundary, it is possible to derive an estimate and
convergence that guarantees the fulfillment of the initial condition for the
plate. The same conclusion can be drawn, as stated in Subsection 2.2, using
the estimates for 9;h(e) in terms of 9, f and 9;g. We use the latter approach
and conclude h(-,0) =0 in (0,1) and h € H'(0,T; HZ(0,1).

Therefore from div®u(e) = 0, and v(e)|r, = €20,h(e), for any ¢ €
C§°(0,T) and ¢ = p(y1) € C5°(0,1), the following holds

T T 1
—/ / Yu(e)0y, ¢ dydr + 52/ / &L(E)Wp dy;dT = 0.
0o Jo o Jo €

After integration by parts, the passing to the limit € — 0 yields

T T 1
—/ / Yudy, ¢ dydr —/ / ' o dy dr = 0.
o Ja o Jo
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Integration by parts with respect to y; and 7 now yields

1

0
3.3 —_— wdys + 9;h = 0.
(3.3) o ), v

Even if we did not assume regularity in time, this equality would hold, but
in the sense of distributions. But thanks to this additional assumption and
consequently the smoothness of h, we get

1
(3.4) 831/0 udyy € L*(0,T; HZ(0,1)).

3.7. Effective model. It is not difficult to see that, by passing to limit ¢ — 0
in the weak formulation of the rescaled problem, we obtain that for all ¢ €
HY0,T;HY), ¢ = (¢1,92), such that ¢(-,T) = 0 in Q (the test function
used for the rescaled weak formulation is (¢1,£¢92)) the following variational
formulation holds

/ /8y2u8y2301 dydT+B/ / 02 hdy oy dyrdr
/ /pdlvcpdydT—/ / fcpzdy1d7+/ /91<P1dyd7

This weak formulation, together with the previously stated boundary and
initial conditions for w and h and the modified law of incompressibility (3.3)
forms a linear problem that has a solution (limit of a sequence of solutions of
rescaled problems) and this solution is unique [4].

3.8. Pressure boundary conditions. By choosing an appropriate test func-
tion for the variational formulation of the effective problem, it is possi-
ble to prove a higher regularity of pressure, which also gives meaning to
the boundary conditions for the pressure at the entrance and at the exit
of the channel. Let ¢ = ¢(y1) be an arbitrary function in C*°(0,1) and
1 € C=(0,T). By substituting into the variational equation (3.5) the test
function ¢1(y1,92,7) = y2(1 — y2)¥(7)9(y1), 2 = 0, remembering that p
does not depend on ys, we get

T 1 T 1
u/ /(1—2y2)w3y2udyd7—5/ / Yo' pdy,dr
0 Q 0 0
T
Z/ /92(1—92)¢@91 dydr.
0 Q
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Integration by parts leads to

T 1 1 1 T 1
2u/ / W/ udy2dy1d7—6/ / ' pdyrdr
0 0 0 0 0

T
:/ /92(1*y2)w5091 dydr.
0 Q

Reducing the space of the test function for ¢ to C2°(0,1), leads to, in the
sense of the distribution, equation

1 1
1
(3.7) Zu/ udys + gaylp = / y2(1 — y2)g1dys.
0 0

From (3.4) and the assumptions 2.2 we conclude 9,,p € L?(0,T; H*(0,1)).
Considering again not necessarily compactly supported test functions, we ob-
tain from (3.6) and (3.7) that for all ¢ = p(y1) € C*(0,1) holds

_é /0 ¥ (p(L,)p(1) = p(0,)(0)) dr =0,

leading to boundary conditions p = 0 on I'j, and T'gyt.

(3.6)

4. ERROR ESTIMATES

We obtain the effective velocity (u,v) = (u,0) as the limit of the solu-
tions of the rescaled problem and as the solution of the effective model. The
divergence of this velocity is not 0, and the question arises how good this
approximation is for the velocity of an incompressible fluid and how to in-
terpret the incompressibility in the effective model appropriately. To obtain
the incompressibility in the approximation, we need a higher order term (in
epsilon) for the transverse velocity. Therefore, we correct this velocity compo-
nent with vy, which we construct as follows. From the variational formulation
(3.5) of the effective model, considering the pressure regularity, it follows that
in L2(0,T; H*(Q)) holds

pd,u = 0y,p — g1.
By integrating equation twice with respect to ya, we get

2 Y2 rn
/w(yhy277)=ay1p(y177)%2—/ / 91(y1,&,t) d€dn+C1(y1, 7)y2+Ca(y1, 7).
o Jo

If we change the order of integration, we get
2

Y2
W(yhy277)=3y1p(y177)y§—/ (y2—8)g1(y1,&,t) dE+Cr(y1, 7)y2+Ca (y1, 7).
0

Due to the boundary condition u|, = 0 we have Ca(y1,7) = 0, while C; is
determined from the boundary condition u|, = 0:

1
@y Gl =220 [ gan.gnde
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Finally, the longitudinal component of the fluid velocity has the following
form

Yo (y2 — 1)5‘

u(y17y27T) = 2/1/ y1p(y1,7—)

(4.2) ,

Y2 1
*pA(W*&M%&ﬂ%+%AU=QMM&ﬂ%

Note that u € L2((0,T); H%(9)). Incompressibility, interpreted as div(u,v1) =
0, and the boundary condition v, |Fb = 0 imply that the transverse component
of velocity is defined by

2 821p(y17 )
(y13y27 / ay1u Yy, n, T ) = <y2 )y2,u

/ /n €)0y,01 (1, £, ) dédn — /mt/ €)0y.1 (41, €, 7) dédly

transformed by changing the order of integration to

3 2\ 92
Yy p(y1,7)
Wl(@/l»yzﬂ') = - <32 - 22) LE 2,U

Y2 _£)2
+A(%Jo%m%@)%—ﬁéﬂfﬁ%mw@ﬂ%

Note that because of the (3.3) boundary condition v1|p = 0;h holds on the
top boundary. It also holds vy € L?((0,T); H'(2)) and furthermore v; has
the second derivative with respect to yo in L2(2 x (0,7)).

In order to estimate the approximation error, we define

tonn(€) = (2,22 = )

g2’ &3
perror(g) = p(E) —p
herror(g) = h(E)/E —h

Let o = (¢1,p2) be an arbitrary function from H'(0,7;H'). Using the test
functions (e¢1,e%p2) and ¢ for weak formulations of the rescaled problem
(3.1) and the effective model (3.5), respectively, and subtracting them we
obtain
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(4.3)
/ /8U2uerr0r( )0y, 1 dydT+B/ / 8 herror(s)aslwg dy;dr

/ / Perror(€) divpdydr =€ / / gowo dydT
+ pre / / 07 (1, 02) dydr + pibe* / / 0rh(€)0rp2 dz1dr
Te
)0

1
y1901 + 6:[/2“( )61/1()02 + gayl’l}(ﬁ)am(pl

//Q

( y1 P2 + ( )ay2502> dydT

It would be ideal to use ug,,,, for the test function. This function is smooth
enough, but the problem is that the second velocity component does not meet
the boundary conditions at the inlet and outlet.

4.1. Correction for the test function. Let us define
Uin(yQ; T) =N (07 Y2, 7_)
Uout(y27 T) = Ul(L Y2, T)~
Due to the boundary condition vi|p = 0-h we have vin(1,7) = vout(1,7) = 0
and due to dy,v1 = 0y, u and the choice of C; in (4.1) we have 9y, vin(1,7) =
Oy, Vout (1, 7) = 0. It is easy to see that the same boundary conditions are met

for yo = 0.
For 0 < ¢ < 1 we define p, : [0,1] = [0,1] in C*°(0, 1) such that:

pe(yn) = {1 — Y1, Y1 <e€
0, vy1 > 2e.
Then for
@(e) = (e (Y1) Oy Vins =1L (Y1)vin) + (—pe (1 = Y1)y, Vous, —pie (1 — y1)Vour)
we have
divgp(e) =0 in Q,
pe)=0 onTy,UT,,
@(e) = (0,v1) on iy UT oy
and obviously
(4.4) 18l L2 (2 + 10y, () L2(qr)2 < Ce

After partial integration by time of the terms in (4.3) containing the time
derivative of the solution, we can use @error(€) = Uerror(€) — P(€) as a test
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function. We note that the trace of this function at the top boundary is

(0; 87' herror (E)) .

4.2. Error estimates on the fized domain. We substitute the selected test func-
tion in (4.3). Let us highlight some general points about the derivation of
estimates:

1.

o

(u,v1) is a function defined by the effective model whose regularity we
have proved. This function has a norm bounded by a constant that
depends on the given functions.

The corrector @(e) has a norm bound (4.4).

Sometimes vy is combined with the corrector ¢s(e) and the norm of
their sum is bounded by C.

On the right-hand side, the norms of the different terms will appear
with a negative sign, so we will estimate them with zero.

We will use estimates (3.2). Let’s recall that the assumption 2.2 enable
us to estimate time derivatives (in terms of the time derivatives of the
given functions) in the same order of .

Let us write out the terms of the last integral in (4.3) with the chosen test
function. For the first term in the integral, due to the incompressibility, the
following applies:

_/OT

T
2
/ 20, u(2)Dy, Poreort () dydr = — / / 20,,0()0y, permora(€) dydr
Q 0 o) 13

= _g /OT /Q Dy, v(€) 0y, (US) — U1 — @2(5)> dydr

T
252 A /Q 8y2 Perror2 (5)8112 Perror2 (5) + ay2 (Ul + @9 (5) )6y2 Perror2 (g) dydT

< 2¢? (_||8y2<perror2(5)||%2(Q><(O,T)) + OHayzgoerrorQ(g)||L2(Q><(0>T)))

02
< 267 <_8yz‘Perror2(5)||%2(Q><(0,T)) + o + |8y2906rr0r2(5)||%2(Q><(0,T)))

< Ce%

Bearing in mind that the limit of transverse velocities is 0 and that this
statement comes from the condition of incompressibility, it is to be expected
that we must use incompressibility in deriving the estimates. Let us derive
additional calculations for the smooth function v, which reaches value 0 on
Fin and 1_\out :

/8y2u(€)8y1wdy = _/ U’(E)ayzayﬂ/)dy
Q Q

1
- / Oyyu(2)D,ibdy = — - / 0y,0(&)Dyy ) dy.
Q € Ja
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The equality is true by density for all H! functions vanishing on I';,, and Toys.
Similarly, for all smooth functions v vanishing on I'y, and ', we have:

@5) [ 2,000y =~ [ w0, 0,0y = [ 0,010, vdy
and again we can impose the density argument.

Since the test function vanishes as described, the sum of the second and
the third term of the integral results in

T
1
- / / 045 1(E)0y, Pesror2 () + =0y, 0(2) Dy ot () dydlr

1
/ / _76 U y2 Perror2 (E) + ga?hv(g)ayl SDerrorl(E) dydr

1
/ / *ayzv(g)ayz Perror2(€) + *81;2”(5)81;2 Perror2(€) dydT
0 [eR3 13

which sums up with the last term to get 0. Finally, for the fourth term we
have

T
—/O /Qsaylv(s)ayl (vg(g) — v — 4,52(5)) dydr <0+4¢-Ce-C < O,

Now, one can easily see that from (4.3) we can obtain an estimate

2 2
H ||5y2uerror(5)||L2 @xor) T B Haz herror(e)('vT)HLz(re)
< 1|0y, verror (€ )HL?(QX 0,7)) |8y, @1(e )HL2(QX(0,T))
te ||92||L2(Q><(0 7)) [[Perrora (e )||L2(Q><(0 ) T Ce?

U 2

< 1 10y, terror (€ )||L2(Q><(0 ™t ||8y2901( )||L2(Q><(0,T))
+ Ce (||uerr0r2(5)||L2(Q><(0,T)) + ||952(€)||L2(Q><(0,T))> +Ce?
% 2 9

< 5 Hayzuerror(‘?)”Lz(QX(O’T)) + Ce~.

It is easy to see that the test function may include a time step function
by which the displacement at time ¢ would be estimated instead of T. This
proves the assertion of the next theorem.

THEOREM 4.1. For the problem presented, the following error estimates
apply

2
||ayzuerr0r(5>||L2(Q><(0,T)) + Haylherror(g)HLoc(mT;Lz(Fe)) <e.
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5. DISCUSSION

In order not to perform simple and straightforward calculations or to
repeat ideas already applied, no error estimates for pressure and transverse
velocity are given. It should be noted that errors in the same order can
be determined and that it is possible to derive them by following the idea
presented in subsection 3.2 for pressure, and for velocity verror(€) only by a
slightly different estimate in the first term of the last integral in (4.3).

Error estimation can also be performed for higher-order approximations.
If the force go does not depend on y1, neither do the pressure approximations.
If the force go depends on yi, so do the second and higher-order pressure
approximations, which changes some calculations, but not the final conclusion
on error estimation for higher order approximations.

From what has been presented, it is easy to derive estimates of the ap-
proximation error for the original domain Q¢ x (0,7¢). Apart from the deriva-
tions, it is, of course, also possible to find estimates for the velocity and the
displacement itself by using the Poincaré inequality.

In summary, expected estimates are derived that rigorously justify the
effective model. The model itself can be simplified from the variational for-
mulation to a parabolic equation of sixth degree. The regularity presented
here justifies the computation, usually called formal (since the regularity is
not known in advance), and it is easy to perform.
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Ocjene greske za efektivni model interakcije tankog sloja fluida i
elasticne ploce

Andrijana Curkovié

SAZETAK. Promatramo nestacionarni tok inkompresibilnog
fluida u tankoj pravokutnoj domeni s elasticnom plocom kao gor-
njim rubom. Tok je modeliran Stokesovim jednadzbama pod
djelovanjem padom tlaka i vanjske sile. Ocjene greske izvedene su
za aproksimaciju efektivnim modelom koji je dobiven proucava-
njem rjesenja problema kada debljina domene fluida tezi k nuli.
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