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The canonical formalism of a free vector field satisfying the first order differential equa-
tions is considered and the correct canonical formulation is given. Some consequences of
the new formulation are analysed. The connection with zero mass field of the standard theory
is also presented.

1. Introduction

The standard field theory describes a vector field by the Lagrange’s equations’??

(0a & + nz)'F" =0 ¢))
and the condition
. F*=0 (2)

where % is a constant. We use the notation

x = (t, X), Xp = (¢, — x), 3;4 =%

* This work was supported by the Fund for Scientific Research of the SR Bosna and
Hercegovina, Sarajevo.
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with the metric tensor

8ap = —1 3)

and units ¢ = 1.

The Lagrangian density is usually taken in the form
2
¥ =— {T Ou D * — 0" D, *) (c* D, — 3, T + %05,,* oH “4)

where we assumed a complex vector field. The corresponding Lagrange’s equations
are

4 8 ‘
‘a_(b_;; - aﬂ (_(a;“d"')""‘*_)) = x? (D:' + 3.1: (a' @v e 3.@"‘) = (, (5)
From Eq. (5) follows the condition (2)

"D, =0
and the Eq. (5) becomes
0,* D, + %2 P, =0,

The canonical conjugate momenta to @, and @,* are

% 1
11 = e = — — % __ Jv *
oy a (ao ¢v) 2 (30 ¢ a ¢0 )’
Hgx — —%(ao D" — & D). (6)

The Iy, is (0, ¥) component of the second order tensor
— Qu T — D )

and similarly I7s,%. Consequently, @, and ITg, cannot be a canonically conjugate
pair as well as @, and ITg*. o
The problem of canonical formulation of physical fields has been investigated
in several papers. Recently this problem was successfully solved for the Dirac’s
field®. The way how to treat this problem more generally was considered in Refs.
4 and 5. Following this line of thinking we consider in this paper the canonical

formulation of a vector field satisfying the first order differential equations and
give the solution.
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In Section 2 we define the field equations. The canonical equations are given
in Section 3. Solution of the canonical equations is given in Section 4. In Section 5§
and 6 the energy-momentum and the angular momentum tensors are evaluated.
Connection with a scalar field of the standard up to date theory is cons1dered in
Section 7. Conclusions are given in Section 8.

2. Vector field equations

Let F* be a complex vector field satisfying the first order differential equations.
According to Refs. 3, 4 and S5 we expect that F? is the momentum of the field
and that the corresponding equations are the canonical equations for this mo-
mentum. Therefore, we assume the Lagrangian

& =k F¥ Fe (8)

and
F® = 9, D Dy 9

where @; is canonical variable conjugate to Fgz, D" a constant component tensor
and % is a constant.

Eq. (9) is the most general connection of F* and @ for the first order canonical
equations without a mass term. The case with a mass is considered at the end of
the Section.

The canonical equations should satisfy the principle of special relativity. In
order to simplify the situation at the begining with respect to this principle, we
write

D = D™ g, - (10)

where ¢, is a constant component four-vector and D57 is a product of the metric
tensors.

We consider at first

Lrest = gaf gan - gee g — pie go, (11
For this case
Dact = go¢ ¢° + goe pf — ghe ¢ (12)
and
Ft =38 e Py -+ I ¢pf Dy — 05 pf DO, (13)

The Lagrange’s equations for @° and @** are then, respectively

o> (0 F) + o™ (" F, — 8, F) =0,
(14)
¢ (G F™) + ¢* (B] Fr — 3, F¥) =0
where F? and F®* are given by (9).
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Egs. (14) are the first order diffcrential equations for F? and F?* and contain
only these quantities. Consequently, they are equations of our interest.

In order that Egs. (14) become physical equations we impose the principle
of special relativity. It can be fulfilled in one of the two ways: (1) ¢* are constants
equal in each reference system, (2) F? do not depend of @ at all. In the first case
Fe cannot be a four-vector. Due to this we take the second case:

8" F, =0,
(15)
9, F, — 8, F, =0,
9, F* =0,
(15)

6, F* — 8, F* =0.

Selecting Egs. (15) ¢* becomes completely free with respect to Fe.

Egs. (15) and (15") are the first set of dynamical equations of the vector field
F®, The second set is Eq. (13) and its conjugate complex. For a given F? Eq. (13)
gives @° as a particular solution. This solution depends on ¢". Because ¢° are free,
there is a family of the particular solutions depending on ¢ The principle
of special relativity makes a selection. In order that Eq. (13) satisfies this principle
¢" has to be equal in each reference system. It means that at end of the calculation
this selection has to be done. By this the vector character of ¢” and @* is not changed.
Only among possible vectors ¢* and @ one makes a definite selection.

In Eq. (11) we have taken a defined combination of products of the metric
tensor. There are three other combinations:

Daobn = guB gen — gue ghn | gbe gan,

Dacpn = g gen + gae gbn - ghe gan,

Daebn = gap gen — gae ghn — ghe gan,
One immediately sees that the first combinations gives the same equations as
in (15). In Eq. (13) the last two terms change the sign. One can expect that this is
equivalent to the selection (11). In subsequent sections it will turn out too be true.

For the same reason the second and third combinations are equivalent. Thus,
we need to look at the second combination only.

In accordance to (9) and (10), the field equations for this combination read
o, F1 =0,

0. F,+ 8, F, =0
or
30F0+3EF‘=0,

30F,+3,F0=0, 3,F_,+3JF,=0.
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From here one has: F® = 0, F' = G'(r), with rot G(r) = 0. Therefore, this field
is of no physical interest.

At the end of this Section we consider inclusion of mass in the field. If it is
possible, it can be done in the following way:

F o=

e

{a,, D' &g+ mo,
au quﬁ @ﬂ “+“ m q’a quﬁ @ﬂ_

The field equations are then
mFn — 9, FAgm™ + (3, F1 — 8" F,) pi* =0,
me™* Qe Fo — @F F) — Ca @™ F* + @™ (o F' — " F,) =0,

and c.c.

The principle of special relativity and requirement that F°® is a vector field
leads to m = 0 in both cases.

3. Canonical equations

The conjugate momenta to @p, @F are defined by

o0
Iy = = _ 0g Fk o0 * 0 0%
wﬂ'_Hﬂ a(ao(pﬁ) k(gﬂFEQJ P + F ‘Pﬁ)a

My = J16% = k(g% F, ¢° — FI p°* + F° g*%). (16)

From Egs. (16) it follows that /1° is a linear combination of F#* and I76* of F5. On
the other hand they are components of a second order tensor constructed from
F?, F**, 9", ¢"*. The sclection of ¢® based on the principle of special relativity makes
them four-vectors. Because the four-vector ¢° is free in a given reference system,
we may take

1
« 0
0
In this case we have
I8 = k Fy*, (18)
Im* =k Fp

i.e. direct proportionality of the momentum and field components. By this a simple
connection of the field F? and its momentum is established. The canonical equations
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for the momenta are naturally Eqgs. (15) and (15') after substitution of F¢ by II°
according to (18):

on I =0,
0, I1%* — 0, IT** =0, (19)
a,1T, =0,

0.11° — 9,1I* = 0.
For ¢ given by Eq. (17) F? according to (13) reads
F° = 98 &g, (20)
Fi=9®, — 9,

or written in terms of the momentum components

Io* = k38 &y,
Hi* = k (al ¢o - ao @l) (21)
and
Ho =k 319 ¢p*,

H( =k (3‘ (Do* - ao ¢‘*).
The second of Egs. (19) leads to

00 (0, Py — ;D)) =0 (22)
and
9, D, — 0; D, = const in time. (23)

The only physically interesting solution is the one for which const in time = 0.

Then, we have
ai ¢] b aj @‘ = 0
and
9, 9F — 0,Pf =0. (24)
Egs. (19) and (21) with the selection (24) are the canonical equations of the field.
This can easily be checked. The Lagrangian is now
& =kFyF =k {08 Dp* 08 Dp + (9, DF — 9o DY) (9' Do — 0o DM} (25)
The canonical momenta are
11, EH”=._a{._= 5% p* 508 _ o * __ *
q’ﬂ a (ao ¢ﬁ) k{O (Da 4 4 8 (al (Do a0 @I )}
H¢3= = IIt* = k{5° D, g% — g% (9, Do — 9o D)} (26)
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or IT° = ko8 D,
II' = k(3, D} — 3, DY),
IT* = £ 96 &y, 27
IT'* =k (9, Do — 3, D).

The Hamiltonian density is
o —IIF 8y By + ITo* 3y BF — =%H§H" (=03, + I3, By —
— IT* ¢' BF + II** 9, DF). (28)
and the canonical equations

3, IT° = 1T,
3o IT! = — 9 IT°,
3o ITo* = @' IT},

3o ITH = — 9! ITox,

30450 =- H: —3'¢1,

| -

9o D, =

&

IT* + 5,0,
20 OF =~%-Ho Ty

80 BF = LII, + 2 &

k
or oo Il. = 0,
oIt — 9, II° =0, (29)
0. IT¥ =0,

301.[1* —_ 34”2‘ =0,
I° = koe &,

II' =k (0, DF — 9o DY),

(30)
ITo% =} 38 &,

]Il* = k (3‘ ¢o - 30 ¢‘).
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The time derivative of (9, [T’ — 9, IT") taking into account the second of Egs.
(29) is
ao (a|nj—a_lH’) = 0. (31)

From here it follows
0,11 — 0,IT" = const in time. (32)

Again the only physically interesting solution is
a i II J— a J H = 0
and (33)
3,]1’* - aJII'* = 0.
From Egs. (33) and (30) it follows

and

0, Pf — 0;PF =0,
(34)

3, @J by 3,@, =0.

Egs. (29) and (30) with (33) and (34) can be written in the form
aa Ha = 0,

0. II8 — 0gIT* = 0,

(35)

I1° =k & O,
IT' = k (3, DX — 3, DY),

and the complex conjugate equations. These are Egs. (19), (21) and (24).

4. Solution of the canonical equations

It is useful to write Egs. (15), (20) and (24) in the three-dimensional vector
notation. For this purpose we write:

0
Fe=(l;), FE(FI:FZ:Fa)E(Fx:Fy:Fz):

Q ¢0 = 1 2 3\ —
o =(¢),¢=@,¢,¢)=(¢x,¢,,,¢,). (36)
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Egs. (15) and (20) then read
99 F° + div F =0,
9o F + grad F° =0, 37
rot F =0,
F° = 0y @° + div ®,
F = —grad®° — 9, ®, (38)
rot ® = 0.

A solution of Egs. (37) can easily be found. Due to the third of these equations
it follows
F = — gradf. (39)
After substitution into (37) one gets
F° = g°§, (40)
af=0.
Thus, we have the solution of Egs. (37):
F* =9*f (C3))

where f satisifies the equation
dad"f =0, 42)

For this solution equations for @? read
aOf = 30 o° + div D,
—gradf = — grad ®° — 9, D, (43)

rot ® = 0.

A particular solution of these equations is
D0 = f >
o = 0. (44)
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Therefore, a solution of the system (37) and (38) is

2°f
(9 -
F=lor] =
8°f

5
0
9 (43)
0

with O] f = 0.

This solution has a chaiacteristic that the spatial momentum components
have zero conjugate components. It causes some difficulties, particularly in the
quantum theory.

There is another solution of the system (37) and (38) which is also of physical
interest.

The first of Egs. (37) suggests
F° =divg, (46)
F=—-—9,8
For this F? the first of Eqgs. (37) is identically fulfilled. The rest of Egs. (37) givé
—0,0°g +rotrot g + Ag =0,
dorot g = 0.

The second equation leads to
roL g = const in time

and due to the physical reasons

rot g =0. (CY))
The first equation then is

Og=0. (48)

F? given by (46) is a solution of Egs. (37) if g satisfies Eqs. (47) and (48). For
this solution equations for @° are

divg = 9o P° + div D,
— dog = — grad ®° — 9, D, (49)
rot d = 0.

A particular solution of these equations is

0 =0, (50)
D =g
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Therefore, the solution of Eqgs. (37) and (38) in this case reads

div g 1]
— 1 i

Ft — _*gzgz &t = 2’2 (51)
—d8° g’

with Jg =0, ror g =0.
In contrast to the solution (45) this solution has the time component of @®°
equal to zero.

Due to linearity of Eqgs. (37) and (38) a solution is also a linear combination
of (45) and (51). We take it in the form:

°f+divg f
F"=( ) qse:( ) 52
—gradf — 0o 8 g (52)
with
Df=0>
Dg=0,
rotg =0,

This solution has all good properties.

It is worthwhile to look for the solution of Egs. (37) and (38) on the Lag:ange’s
scheme.

The Lagrange’s equations for @} read

0L 9 0¥ _0
9 D * # 9@, Da*)
O0®° =0, a =0, (53)

— 0 ° D+ AD Frotrot® =0, a=1,2,3.

Taking rot @ = 0, in accordance to (37) and (38), it becomes

d D0 = 0>
g% =0, (59
rot ® = 0.

&0 and P are independent. For the solution of (54) F? is given by (38). These are
just the solution (52) with #° =fand ® = g.

The complex conjugate solutions are evident.
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5. Energy momentuws vector

The energy-momentum tensor

07 o7

T,,., =Waﬂq)n+ a_(é’T:)

2,08 — 82 & (55)

for the Lagrangian (8) reads
Tw =k{Ff " 9" — Fy¢" " P+ F* ¢ ¥ P, +
+ Fp¢f* §* O™ — F, "% §* D™ L F" g™ " OF) — g 7. (56)
From here the constant of motion is
P¥ = const { {p® Fx # @° — ¢g° F* * D, - F* g 3¢ D, |
+ ¢ F, 3" D% — Fo %™ ¢* @F 4 FO ¢+ o @F — g Fx F°} d x. (57
For ¢" given by (17) it is

Pt =const [ FY 0 Py + Fo 0" P* — g"° Ff F)d3x (58)

and
P® = — const [(Fy F® — F°* @ @, — Ff ' FO — F° 9! ®* — F, 3! ®°%) d3x,
Pt = const [(F¥ ' P + F, 3' DF) d*x, (59)
where we have used Eq. (20).

We evaluate this four-vector for the solution (53):

P° = [(Fe* Fe — Fa* F9) d’x, (60)
P! = [{(F}* F} + F} F}*) — (F3* F} 4+ F; F{*)} d°x,
where
. e . [ divg )
Fe= 0°f, F,_(_aog. (61)

Let us notice that for g = 0 this four-vector becomes

P° — [(Fo* F° — F* F') d*x, (Fg = F?),
P! = j‘(FO* F! + F° Fl*) a3 x.
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6. Angular momentum tensor

The angular momentum density tensor

MYy = x5 TY — % T} + S, (62)
with the spin part
4 0%
Se’s = — so—— Apap Pp — i Ao (DT 63
B 3 (ar ¢”) naf >¥°¢ F (ay ¢':1k) nap *H¢ ( )
and
A’ = gip O — & 85 ¢ < B, (64)

for the Lagrangian (8) reads
Mg =x3T) — % Th —
—R{(F* 9, Pp + Foo, &) — & (F* ¢, P + F g} OX) +
+ (pa PF — @5* P2) Fr + (F§ @a — Fif 9p) P + (65
+ (¢a s — s Pa) Fr* + (Fp @i — Fa gf) Pr}.
The spin momentum is then
Ses = [ Sug® @ =k [ {gop (F** g Pa + F* @7 DY) — gou (F™* 9, P +
+ F* 97 D) + (F @5 — Ff 90) Pa + (Fi 9o — Fy 9a) Pp + (66)
+ (Fo ¢ — Fo)) B2 + (Fagy — Fo ) 95} &P
The three dimensional spin pseudo-vector is defined by
S, = & Sire (67
For ¢* given by (17) it is.
S =2k {(— F¥®, + Fy @3 — F; @] + F, ®¥) d’x,
S, =2k [(— F¥®; + F} D, — F PF + F, Of) d3x, (68)
S =2k [(—Fy®, + Ff @, — F, ®f + F, P d*«
> S=2k[(F*x ®+Fx ®)d% (69)

FIZIKA 11 (1979) 4, 181—195 193



LJOLJE-MARJANOVIC : CANONICAL FORMULATION OF A FREE...

and for the solution (52)
=—2k [(Go8* X g+ o8 X g*)d’x (70)

due to rot g =0, S =0.

7. Connection with standard scalar field

In the standard field theory a scalar field is described by a scalar function
satisfying d’Alambert’s or Klein-Gordon’s equation. Recently it has been shown®
that there is no correct canonical formulation of such a field with zero mass.

In Section 4 it has been found that the field equation of the vector field F®
among others has the following solution:

Fe =00 f, ¢ = (1)

OO O~

where f satisfies the equation
6. 6%f = 0.

This solution contains only one scalar function f. Therefore, this is the case which
corresponds to the standard massless scalar field.

The solution (71), as it was mentioned in Section 4, has zero spatial components
of the canonically conjugate variables to the field components F¢. Due to this reason
the standard quantization is not possible. It indicates that such a field is not a phy-
sical object.

8. Conclusion

The canonical formulation of the massless vector field satisfying the first
order differential equations is constructed. For the field given by Egs. (15) the
conjugate variables are given as particular solutions of Egs. (20) for the selection

@17).
The field is described by two independent functions.

The standard scalar massless field corresponds to the vector field with g = 0.
The quantum theory doesn’t allow g = 0.

Other aspects of this field will be considered in subsequent papers.
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KANONSKA FORMULACIJA ZA VEKTORSKA POLJA KOJA ZADOVO-
LJAVAJU DIFERENCIJALNE JEDNADZBE PRVOG REDA
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Originalni znanstveni rad

Izgradena je ispravna kanonska formulacija vektorskog polja koje zadovoljava diferenci-
jalne jednadibe prvog reda. Uz prikladan izbor konstantnog &etverovektora ¢® odredene
su kanonske jednadibe za impulse i za varijable. Polje je opéenito opisano sa dvije proiz-
voljne funkcije. Skalarno polje standardne teorije odgovara sluaju g = 0. Izratunat je ¢&etvero-
vektor energije-impulsa i analizirane su neke posljedice novog formalizma.
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