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The ground state energics of the heliwn dimcrs interacting via Lennard-Jones (] 2,6) pairpotential in two dimensions are evaluated by means of variational calculus. The Ljoljc typeof pair function is employed. The sclf-bound states of dimers 41-Ie -4He and 3He -41-Ieare found, while the binding of the dimers 3He -31-Ie is not obtained. 

1. lntroductiunRegarding the recent investigations which refcr to the nonrelativistic quantum theory of the liquids there arises a problem of defining the bound state of smaller number of atoms 1 ' 2 > .  The microscopic theory of the quantum liquids regularlyincludes approximations, related to the consideration of an immense number of particles, which cannot usually be evaluated. Therefore one tries to start from a correct description of a smaller number of particles, this being quite possible due to the modem calculational techniques, and then to include the results in the formalism for describing a system of a great number of particles. With regard to the above the consideration of binding a few atoms of helium represents an initial problem. 
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Some interesting conclusions in the context of this problem are the conse­quences of the rcsults of the many-body theory. Namely, in the model of the semi­-free gas of the liquid helium 3 ' 4' 5 > the energy per particle of the ground state of the liquid 4He and 3He the following expressions, representing the series in density, bave been obtained : 
E _ 21 3 JF + e JF + c JH N - e I 2 • • •  ' 1or e. 

As / 1 < O, and 1r > O, it means that for e � O the energy per particle for theliquid 4He remains negative, and for the liquid 3He, in the same limit, positive. Such a diffcrent behaviour of the boson and f ermion system should be evident in the case of a small number of pariicles as well. AH the inert gases, except helium, form experimentally observable dimers 6> . E. Feenberg secms to have been the first to assume the possibility of the existenceof the dimer 4He 7>. The problem of binding a few atoms of helium has been ge­nerally very intensively investigated during the last ten years. While trying to findthe conditions of the existence of the dimers (4He)2 and (3He)2 A. Bagchi8 > consi­dered these systems on the two-dimensional surface, and found by numerical so­lution of the Schrodinger's equation, the bound state of dimer 4He with the bindingenergy E = - 0.035 · 10- 1 6 ergs. Qualitatively the same rcsult in the two-di­mensions was later confirmed by Siddon and Schick9> and they have found that E = - 0.032 · 10- 1 6  ergs, as well as by Cabral and Bruch 1 0 >, who obtained forthe energy of the same dimer E = - 0.030 · 10 - 1 6  ergs.The second type of conditions establishing the dimer (4He)2 is represented by the liquid helium in which the dimer is immersed 1 1 >. The improved calculationsin such conditions are presented in Ref. 1 2, where the dimer 4He- 4He is found to be stable, while the pairs of the atoms 3He- 3He and 3He- 4He are not bound. Let us state here also some interesting calculations for the trimers of helium in the two 1 0> and three dimensions1 3>. The trimer 4He is bound in two and threedimensions ; the binding energies being: E = - 0. 155 · 10- 1 6  ergs, for two dimensions and E = - 0.069 · 10 - 1 6  ergs, for three dimensions.It is interesting to note that the binding energy of the trimer 4He in two dimen­sions is greater by a factor 2.24 from the one in the three dimensional space. The same situation should be expected for the dimers. As far as we know the problem of binding two atoms of 4He has not been solved yet 1 4' 1 5>. The trimer 3He does not seem to be bound either in two or three dimensions 1 0>. As we expect that the above qualitative picture holds for dimers, it means that the resuhs stated for the dimers 3He in the Refs. 8 and 9 are not likely to be correct. 
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In this paper wc firstly present the calculation of the binding energy of the helium dimer based on the variational function 1 6 > employing the Lennard-Jones potential and then discuss the obtained results. 
2. Energies of binding two atoms of helium zn two dimensionsFrom the variational ansatz for two particlcs 

E E _ < <P ( 1,2) I H  ( 1,2) I rt> ( 1,2) >
0 < - < <1> c 1,2) I (/) c 1 ,2) > � ' ( 1) 

taking for thc symctric wave function the Ljolje type two partide wave function 1 6> <P ( J ,2) = <P8 ( )  ,2) = e - (11jrufl -sru (2) and the antisymetric <PF = <P8 • S ( 1 ,2), whcre S ( J ,2) is the antisymetric spinfunction of the two atoms 3He 
we get for the energy of two particlcs in two dimcnsions (3) In the above relation the expressions for the kinetic and potential energy hav( the following form : 

and 
with 

E• = + (- (t. 2/2µ a 2) f <P' ( 1,2) [/1 2 (a/r1 2) 'P + 2 - /J 2 (a/r„)ll + 2 -

- 2/Jas (a/r1 2)f1 + 1 - as (a1r 1 2) + a 2 s 2 ] dr1 dr2) 

EP = � f <P2 ( 1,2) · 4 e (a/r1 2) 6 [(a/r 1 2) 6 - 1] dr 1 dr2 

I = f (1) 2 ( 1,2) dr 1 dr2 

where the reduced masses for the single pairs of atoms are : µ = m4
ttc/2 = 3.3 12 · 10 - 2 4g, for 4He - 4Hc,= m3
tte/2 = 2.50 · 10 - 2 4g, for 3He - 3He, = m3..1e m\-1e/(m\1c + m 4ue) = 2.852 · 10 - 2 4g, for 3He - 4He.
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For the interaction potential we have chosen the Lennard-Jories one with De Boer-Michels's parameters e = 1 4. 1077 · 1 0- 1 6 ergs and <1 = 2.556 · 10 - s cm.
a, (J and s are the variational parameters. Choosing (J = 5, which has proved good in the earlier analyses 1 7 ' 1 8 > in the many-body theory, and by minimizing thetxpression (3) with regard to the parameters a and s, the numerical calculation of the integral has been derived with the necessary accuracy. The results of the calculation are presented in the table and qualitatively in the figure. Thus binding energies are as follows : 

E = - 0.0286 · 1 0 - 1 6  ergs, for 4He - 4He, with parameters a = 2.58 •lO  - 8�m a:1d s = 0.075 · 10 8 cm- 1,
E =-- 0 

- 0.00057 · 10 - 1 6ergs, for 3He - 4He, with paramcters a = 2.58 ·· I0 - 8 cm and s = 0.0 1 8  · l0 8 cm - 1 • The bound state has not been found for two atoms 3He - 3He. The calcu­lations have been carried out also for one and for three dimensional system of thetwo atoms 4He. The bound state has not bcen found in either case.

(parcU"r.eter ) s 

Fig. 1. Energy of the Lennard - Jones (1 2,6) helium dimers in two dimensions as a functionof the variational parameter s. 

228 FIZIKA 11 (1979) 4, 225-231 



KILić-SUN ARIC : ON THE POSSIBILITY . . . 

TABLE 1 .  

Dimer «lmto s . 10- 8 cm- 1 I E1c · 10 1 6 erg s Ep · I01 6 erg s E • 10 1 6  erg s 

.02 92.9290 0.0355 - 0.041 78 -0.00628

.03 40.901 3 0.0753 - 0.0872 -0.01 1 85

.04 22.6882 0. 12697 - 0.1445 -0.01753
4He- 4He .os 14.2783 0. 1 886 -0.21 1 2 -0.02255

.06 9.72573 0.25906 - 0.28536 -0.02639

.07 6.99319 0.3371 1 -0.36543 -0.02832

.071 6.7822 0.345302 -0.3737 -0.02841
2.58 .073 6.38629 0.36 1 88 - 0.390408 -0.028527

.075 6.02207 0.37872 -0.407279 - 0.028558

.077 5.688628 0.3958 14 - 0.4243 14 - 0.028499

.08 5.22978 0.42 1 92 - 0.4501 6 - 0.028237

.09 4.02906 0.5 1 275 -0.538522 - 0.02577

. 1  3 . 1 7708 0.608986 - 0.629677 - 0.02069

. 1 1 2.55247 0.710106 - 0.7229 1 7 - 0.01281

.2 0.57134 1 . 78294 - 1 .58 16 0.201 3
.3 0. 17 1263 3. 1 9828 - 2.43086 0.76742
.4 . 0.06291 9 4.75914 - 3.07288 1 .68626
.5 0.025836 6.42302 . - 3.46997 2.95305
.6 0.01 1 393 8. 16664 - 3.60563 4.56101

-�-
.01 1 302.372 0.01 351 -0.01 387 -0.000357
.021 256.064 0.01 583 - 0.01624 -0.000406 
.01 3 21 9.233 0.01 835 - 0.0188 -0.000450 
.014 1 89.567 0.021 07 - 0.02156 - 0.000489

3He- 4He .015 165.388 0.02398 - 0.0245 - 0.000521
.016 145.159 0.027010 - 0.02756 -0.000553
.017 1 29.04 0.030302 - 0.030869 - 0.000567 

2.58 .01 8 1 15.020 0.033764 -0.034337 - 0.000573
.01 9 103.1 5 1  0.037392 -0.037963 - 0.000570 
.021 84.2406 0.0451 7  -0.0457 - 0.000527
.03 1 38.2571 0.092935 - 0.092446 0.004885
.041 2 1 .56 1 3  0. 1 541 3 -0. 1 5079 0.003344
.061 9.3901 2 0.309557 - 0.29312 0.01643
.071 6.7822 0.401033 - 0.3737 0.02732
.091 3.9307 0.60641 - 0.54752 0.05888
.101 3. 10587 0.7 1877 - 0.63891 8 0.079855· -

0.004 1 289.35 0.003803 - 0.00338 0.000422
0.008 51 2.053 0.009209 - 0.008224 0.000985
0.01 349.404 0.01324 -0.01 1 846 0.001394

3He - 3He 0.012 249.722 0.01821 6  - 0.01629 0.001922
0.014 1 85.745 0.0241 1 6  -0.02153 0.002584
0.01 8 1 1 3.021 0.038514 - 0.0341 9 0.0043 16
0.044 1 8.3349 0. 19876 - 0. 16928 0.02948

2.6 0.05 14.0496 0.24908 - 0.210147 0.03893
0.06 9.5615 0.341 95 -o.28406 0.05789
0.07 6.87758 0.44487 - 0.36393 0.080943
0.074 6.0972 0.48858 - 0.39726 0.091 321
0.078 5.43549 0.533657 - 0.43 1 29 0. 10236
0.08 5 .1418 0.55668 -0.44854 0. 1 0814

Energy of the Lennard-Jones (1 2,6) helium climers in the two dimensions as  a function of the 
variational parameters : s - parameter; am,n - the value of the variational parameter a for which 
the energy minimum is obtained; E1c, EP and E are the kinetic, potential and total energy and 

1 - normalization integral. 
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3. DiscussionFrom the previously presented results it can be concluded that the two atoms of 4He and the two atoms 3He - 4He in two dimensions have the bound states, i.e. form molecules. On tbe contrary tbe two atoms 3He do not form a bound statein two dimensions at ali. These results are completely in accordance with theconclusions from the Ref. I O. However, the results concerning 3He bave not con­firmed tbe results from Refs. 8 and 9, wbere the existence of the stable state of
3He has been stated. Nevertheless, our conclusions for the dimer 3He have beenconfirmed in most papers, so that tbe calculations 8' 9> for the dimer 3He are notlikely to be numerically correct.With regard to the tbree-dimensional motion of the two atoms 4He tbe bound state bas not been stated for the employed form of the wave function (2), wbat is in accordance witb tbe calculations from Ref. 19 carried out for the Yntema­-Schneider's potenti�l. Similary, the bound state has not been found for the one--dimensional motion of the atom 4He. The maximum of the wave function of the molecule (4He)2 is found for 1· 1 2 = 
= 4.436 · 10-s cm. If we assume the existence of the liquid film with the s�me particle spacing, then we obtain the density e = 0.0647 · 1 0 1 6  cm- 2 • Whencomparing this result with the actually calculated density for the liquid fi.lm 4Heon the absolute zero 2 0• 2 0 of fl = 0.035 · 10 1 6  cm- 2, we can come to the conclu­sion that in the two dimensional many particle system the particles are farther apart than in the molecule (4He)2 • This fact points to the direction in which to expect the changes of the two-particles function which pretends to describe a great number of the helium atoms. 
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O MOGUĆNOSTI POSTOJANJA DVOATOMSKE MOLEKULE HELIJA 

S. KILIĆFakultet građevinskih znanosti, Sveučilište u Splitu, Split 
i 

S. SUNARIĆMašinski fakultet, Univerzitet u Mostaru, Mostar UDK 539. 19 Originalni znanstveni rad 
Dan je varijacioni proračun energije vezanja dvaju atoma helija za dvodimenzionalno gi­
banje. Pokazano je da u ovim uvjetima postoji vezanje dimera (4He)2 i 4He -3He te da di­
mer (3He)2 nije vezan. Također je potvrđeno da sa Ljoljinom funkcijom za prostorno gibanje 
nema vezanja ni jednog para atoma helijevih izotopa. 
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