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A canonical formulation of classical electromagnetic field is developed and
some consequences are discussed.

1. Introduction

The canonical formulation of the electromagnetic field is connected with
serious difficulties! =9, Experimental background of the field equations put these
difficulties at the beginning somewhat aside. Mathematical properties of the field
equations led to the electromagnetic field potentials and these potentials turned
out later to be of fundamental importance for the Lagrangian and the Hamiltonian
(canonical) formulation of the electromagnetic field. But it did not give correct for-
mulation. Several modifications have been done so far but the situation still cannot
be accepted as satisfactory. We consider this problem here and give a possible
solution.

The canonical formulations of the Dirac’s field and a vector field have been
successfully developed recently!%.!1.12) Analysis of the present work is based in
great deal on the knowledge obtained in these papers.

*) This work was supported by the Fund for Scientific Research of SR Bosna and Hercegovina, Sarajevo.
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In Section 2 we summarize the standard Lagrangian and canonical procedure
of the classical electromagnetic field and indicate difficulties. The photon method
is presented in Section 3. The correct Lagrangian and canonical formulation of the
free electromagnetic field is given in Section 4. Transformation properties are con-
‘sidered in Section 5. Some consequencics of the new canonical formulation of the
electromagnectic field are analysed in Section 6. The field with sources is considered
in Section 7. Connection with the potential method is given in Section 8. Conclu-
sions and some remarks are given in Section 9.

2. The standard Lagrangian and canonical formulation

The electromagnetic field equations are

JH
rotE = — T
JE .
rotH——a»l— + 4=y, m
divE = 4mp,
divH =0

or in the covariant form
d, F* = — 4mrj#,

)
aaF;uv + a,uFm + avFﬂp:OJ
where
x"=(tx)x=(t—x)c')=a a=0,1,2,3
s &)y Xy ) y Ou ax,g y 1y 25 9
F,, is the electromagnetic field tensor
0 E. E, E,
—E, 0 —H. H,
Fm' =1 — E, H., 0 —H, (3)
—Ez _Hy Hx 0
and j* is the current four-vector satisfying the continuity equation
8" = 0. 4)

We have chosen the velocity of light to be unity.
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LJOLJE—MARJANOVIC—GABELA: CANONICAL FORMULATION...
The electromagnetic field potentials are defined by

JA
E=—3—L‘th,

)
H =rotA
or
F, = 8,4, — 9,4, (6)

where 4,=(p, —A) is the potential four-vector. The potential 4, separates the Max-
well’s equations (1). Taking it as a mathematical tool there is the gauge freedom

A, =A4,—0.f 7

where f is an arbitrary solution of the d’Alambert’s equation. It allows an additional
condition on A,. The most frequently used is the Lorentz’s condition

. op _
divA + i 0. ®
or
0,4* =0 ©)

The Lagrange’s procedure starts with the scalar F,,,F#* and the interaction term
A,j*. The standard Lagrangian density of the electromagnetic field is

@ = — o= PP — 4,5 (10)

The minus sign in front of the scalar F,,,F*” secures the minimum of the action S=
= [ % dzdr. The Lagrange’s variables are A, (not Fy!).
Starting from (10) and the Lagrange’s equations
o ( oL ) _ :
" %) =° v

follow the Lagrange’s equations for A,:

J2A . op\ _ .
Ap + div%? = —4xp. (13)
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Eq. (13) is not a dynamical equation. It doesn’t contain the second time deri-
vative of . This is the first manifestation of incorrectness of the standard Lagran-
gian procedure of the electromagnetic field. Using the Lorentz condition (8), Egs.
(12) and (13) transform to

02A
AA — -6?{ = —4Tti,
(14)
92
Agp — ét—;p = —4mp.

However, neither the Lorentz condition nor the way in which Egs. (14) was derived
are within the framework of the Lagrange’s procedure.

The canonical momenta to 4, are defined by

HA” _ 0%
9 (0:4u)
and they are
1 .
n,,, = — Z‘E Eg, (‘l = 1}, 2, 3), (]5)
I, =0.
According to
o1 94u
Jf - HAI‘T —-?
_ 1 1 ) )
_EEV¢+§1{E + (rot A)?} (16)
the canonical equations
8H __45.#__3.%”+ oH
7= ~54,= ~an, 9 (saan)
d s H o aH
Ay = = — {5
dt oll, c?HAﬂ (3(3,H,,”))
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for the Hamiltonian (16) are

P/l oK JE

a_tn,,,=—m = 3; =rotrotA,

a‘%nﬁ_"g > divE =0,

%A,::T‘%: - %=—E—V¢p, (17)
ait(p:g_;/g >

The last equation is unknown due to zerc momentum II,. It is the second ma-
nifestation of the incorrectness of the standard Lagrangian and canonical formalism
of the electromagnetic field.

Considering the free field and taking ¢ = 0 there is no problem with the zero
momentuin, but the canonical equations for the canonical pair (A, - Zl:’-tE) are not

equivalent to the Maxwell’s equations. With definition H = rot A Egs. (I7) for
JE/[dr and 0A/ot give the Maxwell’s equations for JE/dt and dH/d:. However, the

Maxwell’s equations for JE/dt and dH/dr do not give Egs. (17) for JdE[dr and %%.The

equation for dH/dr gives
JA
rot (5? + E) =0

what leads to

oA
5 = E+Vf

where f is an arbitrary function.

Following this line of reasoning we would find some other simmilar inconsis-
tencies. Besides these there is one which is very fundamental. The canonical mo-
menta conjugate to the canonical variables 4, are components of the second order
tensor F,,. Therefore, 4, and F,, cannot be canonical pairs. Naturally, all these in-
consistencies are closely connected.

FIZIKA 12 (1980) 1, 1—25 5
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3. Photon method

An introduction of photons in quantum electrodynamics uses the following
expansions of E and H!%:

E = Y, Ek (t) eikr Ek = Efk:
k
(18)

H=an XEkeikf.
k

In the second expression the orthogonality of k, Ey, Hy is explicilety taken into
account. The substitution of (I8) into (1) gives

Ek =ik X (nk X Ek),

Ny Xﬁk=—ikXEk,
(19)
k- X Ey) =0,
k * Ek = 0.
These equations are equivalent to

Ey = —ikE,,
20
k ¢ Ek = 0 ( )

It is usually stated that Eqgs. (20) are equivalent to the Maxwell’s equations
(1) for the free field.

The expansion of A in plane waves with respect to r gives

A, are now variables of the system: the Lagrange's variables. The correspon-
ding Lagrangian is

L= [&dr =g [(B7 —HY)dr= % (Eul* = | @ X EQI?) = 0.

We see that it is not the Lagrangian of the system (20). Consequently, Egs. (20)
are not dynamically equivalent to the Maxwell’s equations (I). This is a consequence
of the second of Egs. (I8) where some basic properties of solutions of the Maxwell’s
equations are already expressed.
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We have presented the photon method in order: (I) to emphasize dynamical
characteristics of the Maxwell’s equations in total, and (2) to indicate that the ten-
sor field F,, can hardly be reduced to vector canonical pairs.

4. Canonical formulation of the free electromagnetic field

In the canonical formulation of the Dirac’s field'!) it was found that the Di-
rac’s field is the momentum of a canonical pair and the Dirac’s equation is the ca-
nonical equation for this momentum. There are deep similarities between the Di-
rac’s and the Maxwell’s fields!'#. !5, '8, Among them they satisfy the first order
differential equations. Analogous situation appears with the vector field satisfying
the first order differential equations where the field itself is also the momentum.
Because of this we think that solution of the canonical formulation problem of the
electromagnetic field has to be found on the same line. Consequently, we start with
the Maxwell’s equations as canonical equations for canonical momenta.

For the Lagrange's density we take, as usually, the simplest scalar F,, F**:
% = const F,, F**, 2n

We choose the constant to be —I/167. The Lagrange’s variables of these momenta we
denote by P44. Let us emphasize that the Lagrange’s variables are components of
a second order tensor because the momenta are also a second order tensor. Then we
look for

va = va (djaﬁ): (22)

where @, satisfy the second order differential Lagrange’s equations and in the cor-
responding canonical equations F,, satisfy the Maxwell’s equations.

Due to linearity of the Lagrange’s equations the most general functional de-
pendence F,, of @ is

F,, = 0, G, @y, (23)
where G,,”™ is a constant tensor antisymmetric in the indices (#, ») and (a, f).

We assume that the tensor @, is antisymmetric also because the tensor F,, is an-
tisymmetric.

The Lagrange’s equations for @, are
9; 0y Gt GH1E D, = 0, (24)

The conjugate momenta to Pq4 are
H@aﬂ = Haﬁ == — —7? G’“Oaﬂ F,uv_ (25)
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Without loosing generality we take

G = - (32 0 — 8,0 89, (26)
In this case we have
I I
Io* = — ;- F¥ = — =7 Gyns®® @0 (27
and
Fuy = 09 Dy + 9, G, Dep. (28)

The Hamiltonian density is then

1

H = Tﬂdur, d’zr; —& = —nll, II" — %—HM 9 G1'"° Pyas (29)

and the canonical equations
II = — 3, I G_,,*, (30)
&b = — 4n IT*® — 5, G B, (31

We see that Egs. (30) contain only the canonical momenta. Now, we require
that these equations are the Maxwell’s equations for time derivatives of the field
components (!). According to (27), we first write Eq. (30) in the form

F# = — Gy, 9, F™, (32)

The Maxwell’s equations (2) of the free field for time derivatives of the field
components are

8o FI0 = — 9, FY,

(33)
0oF;; + 9,F; + 0;F,; = 0.
Comparison of (32) and (33) gives
1
Gy, = 5 (3, 62 — o 6"1),
(34)

1 I .
Gank” = —2—ng (5:, g — 5;', 6’“) - 7&10 (5,'_ g — 51 g).

Egs. (34) and (26) completely determine the tensor G,,"*.

8 FIZIKA 12 (1980) 1, 1—25
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With this tensor we have

Fol = ao q)al - ak ¢lk:v

(35)
F,=0,9,—0%,,+ 2,9,.
It is convenient to introduce the notation
0 A, A, A4, 0 —A4,—A4, —A.
o=\"a 5 0 5|4 a0 m| @0
—A; —B, B, 0 A, B,—-B, 0
with A = (4,, 4,, A;) and B = (B,, B,, B,).
Egs. (35) then become
F,i=—0,(A); — (rotB),, i =x,9, 2,
Fy, =0, B, — (rot A),,
F,s = — 0, B, + (rot A),, (37
F,3 = d, B, — (rot A),,
or in threedimensional notation
E= —0J,A —rotB,
= —9,B 4 rotA. (38)

Having the solution (32) and the notation (37) we may now check this solution.

According to (21) and (38) the Lagrangian density is
$=%(E2 —H2)=-81;[(3.A + rotB)2 — (— 9,B + rot A)2)  (39)

The Lagrange’s variables are A,;, B;. The corresponding Lagrange’s equations are
A: 0} A +rotrotA = 0, (40)
B: ;B 4 rotrotB = 0. 41

FIZIKA 12 (1980) 1, 1—25 9



LJOLJE—MARJANOVIC—GABELA: CANONICAL FORMULATION...

The canonical momenta are

HA,=—;—41W(3,A+rotB),=—%E,, 1=x9, 2,

1 |
HB‘=H('—61B +I‘0tA),=HHl

and the Hamiltonian density

H =11, A, + s B, —$=SWL(E2 _H? 4 2E rot B + 2H rot A).

The canonical equations are then

. i
I, =— 4_—1,:(1'075 H), - J,F" =0,
. 1
HB( = — ﬂt (rot E),‘, - 30 E", + 3,‘ Fyo + ap FOI‘ = 0,
A, = — El - (rot B),
B, = — H, + (rot A),

or written in a compact form using the vectors E and H
E =rotH,
H= —rotE,
A=—E—rotB,

B=—H + rotA.

(42)

(43)

(44)

(45)

(46)

The first two of Egs. (46) are the Maxwell’s equations for E and H. Therefore,
the canonical equations for the canonical momenta are the Maxwell’s equations

for the time derivatives of E and H. In Egs. (46), however, there are not
divE = 0, (9, F* = 0),

divH = 0, (3; ij + akFlj + 3_,F“ = O).

10 FIZIKA 12 (1980) 1, 1—25
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One may ask how one can get these equations? First of all, it is evident that they
are not canonical equations because they do not contain any time derivates. We can
get them in the following way. Let us take divergence of the canonical equations
for the canonical momenta:

divE =0,
divH = 0.
From thcse equations follow
J, (divE) =0,
0, (divH) =10
and
divE = f(r),
divH =g (r).

In thee case of the free ficld all space points are equivalent and concequently
only physically meaningfull solutions are f (r) = g (r) = 0. One can select these so-
lutions by initial conditions. So, we have

divE =0,
47)
divH = 0.

These Maxwell’s equations are, therefore, a consequence of the canonical equations
and appropriate initial conditions.

Similarly from the last two of Eqs. (46) follow
o0, (div A) = 0,
0, (divB) =0
and by initial conditions
divA =0, (48)

divB = 0.

Let us mention that Egs. (48) lead to (47). It can be easily checked.

FIZIKA 12 (1980) 1, 1—25 11
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With Egs. (48) and the notation (36) the Lagrange’s equations (24) become

AA—JA =0,
49)
AB—3#B=0
and the field equations (45)
9, F* =0,

al Flu + av F:M + ap P‘h = 0'

5. Transformation properties of the canonical formulation

In this Section we consider the transformation properties of the developed
canonical formulation of the electromagnetic field. We follow the procedure adopted
at the canonical formulation of the vector field satisfying the first order differential
equations' 2,

The tensor G****# we write by means of the six order tensor and a four-vector:

GrrveB — GuvyeBt b, (50)
where the tensor G***% is constructed from the products of the metric tensors

g and ¢° is a four-vector with constant components.

Due to symmetry properties of the tensor G*** the tensor G**** can be writ-
ten in the form

1
Grroft = - {(g™ g? — g g") g + (g g” — g g g* +

+ (g% —g"g") g™ + (g g — g ") g™ + (1)
+ (g7 g* — g ") g™}

The tensor G** is then
1
Gt = - {(gg” — g g") 9" + (¢ g” — "M +

+ (g% —g® ") ¢ + (g% g™ — g g™ o + (52)
+ (g7 g” — g™ 9"}

12 FIZIKA 12 (1980) 1, 1—25
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After substitution of (52) into (23) one gets
Fu = 09" Dy + 0, 9" Doy — 0, ¢* Py + 6° 9y Pra — ° @, Dy (53
The Lagrange’s equations for @,;, according to (2[) and (53), are now
Q"G F¥ 4+ ¢t 0, F™* + @ (P F"* + F Fn + 9" F*) =0 (54)

where F,, is given by (53).

As we have said in the previous Section, we expect that F,, are components
of the momentum of the electromagnetic field and that the canonical equations of
the field determine F,, independently of @us. Egs. (54) are just equations for F,,.
In order that these equations become physical equations one has to impose the prin-
ciple of special relativity. Similarly to the vector case!?, the only interesting solu-
tion is

HhF% =0,

A F® 4+ &8 FM 4 gn F4 — 0, (55)

Selecting these equations for F,, the four-vector ¢* becomes completely free
with respect to F,.

Eqgs. (55) are the first set of dynamical equations of the tensor field F,,. The se-
cond set are Egs. (53). For a given F,, Eqs. (53) give @, as a particular solution.
This solution depends on ¢°. Because ¢° are free, there is a family of particular so-
lutions depending on ¢°. The principle of special relativity makes a selection. In
order that Egs. (53) satisfy this principle ¢* has to be equal in each reference system.
It means that at the end of the calculation this selection has to be done. By this ten-
sor characters of ¢” and @q have not been changed. Only among possible tensors
¢" (four—vectors) and @,3 one makes a definite selection.

The conjugate momenta to P, are defined by

02

1
FIET A -G b e b e o S i

H‘Pup = Haﬁ =

+ £°° @, FP#). (56)

IT% is a linear combination of F,,. On the other hand IT* are components of the third
order tensor constructed from F,,, ¢ and g, The selection of ¢* based on the prin-
ciple of relativity makes them the second order tensor. Due to the free selection
of the four-vector ¢° in a given reference system, we may take

a

¢ = (57

1
0
0
0

FIZIKA 12 (1980) 1, 1—25 13
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In this case /7°® becomes

|
aff aff
n*=—_F (58)

i. e. the momentum components are directly proportional to the field components.
By this a simple connection of the field F,, and its momentum is established. The
canonical equations are naturally Egs. (55) after substitution of F,, by IT,, according
to (58):

HIT* =0, (59
PAII™ + & ITM + o IT** = 0.
For ¢ given by (57) F,,, according to (53), reads
Fup = 0o Pyo + 94 Poy — 0, Doy + 0* Dy 80 — 0" Dpa 00

or
Fal = ao ¢ol - ak (bu.-: (60)

Fnl = 30 ¢nl = 3, (DOn + 3,, ¢ol'

Egs. (60) are equal to Egs. (35). Therefore, the canonical formulation follows in
the form as it is developed and expressed in the previous Section.

By this the character of the developed canonical formulation of the electromag-
netic field with respect to the Lorentz transformations or the principle of special
relativity is established. At the end let us mention that the whole analysis can be
completely based on Pup.

6. Energy-momentum vector

In order to see some consequences of the developed formulation of the electro-
magnetic field we evaluate the energy-momentum vector of the free field.

The energy-momentum density tensor

1 4 ] ag 14
T, = > 70 B Ou Pop — 6, % (61)
for the Lagrangian (21) with F,, given by (53) is

1
T; — o ((pv Faﬁ ‘pa F*8 ‘Pﬁ Fre + grﬁ ?, Fre gav @, Fyﬂ) a” ¢aﬂ —_ 5; Z.
(62)

14 FIZIKA 12 (1980) 1, 1—25
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From

8, T, =0 (63)

m

follows conservation of the four-vector

Pr = const [{2(g° F% o" Bug + 27 F 3 Dy + 20, F7™ 0 O,0) —

— g"° Fup F¥} dx. (64)

For ¢* given by (57) it is
P* = const [ (2 F% 0# ©p — gt® Fpp F8) 4. (65)

The energy component is
P° = const 2 [ (F* 3° @, — —;— F,p F°#) d3x (66)

and the momentum components are
P! = const 2 [ F** &' By d3x. (67)

Introducing the notation

E,=—0,A, E; = —rotB, (68)
H,=—-¢B, H =rotA (69)
with, according to (38),
E=E, +E,, H=H, + H, (70)
the energy becomes
P° = — const 2 [ {(E? + H}) — (B2 + H)} d* (71)

and the momentu m components
P'= —const ([(E; Xx H —E, x H,;)d. (72)

Expressions (71) and (72) are very similar to the standard energy-momentum
vector but also very different. First, the energy is no more positive definite. This is
a consequence of the term — (9,B)? in the Lagrangian (39). Second, the standard

FIZIKA 12 (1980) 1, 1—25 15
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expressions one obtains for B = 0. An inspection shows that this selection of the
solutions gives the completely standard free electromagnetic field. However, in
the quantum theory the solution B = 0 cannot be accepted because of the quan-
tum rules. Third, due to (71) and (72) and the quantum rules the ground state
energy of the field is zero as well as the momentum.

7. Field with sources

In the standard theory interaction of the electromagnetic field with charges is
described by
L = — 4 j* (73)

where A, is the potential four-vector and j* is the charge density current satisfying
the continuity equation

8uj* =0. (74)

We now have the tensor @, instead of A,. This tensor has to be connected with
the vector j#. It is evident that it cannot be done directly but with certain contrac-
tions. In the new canonical formulation for the free field appears the tensor G#"%,
This tensor can be used for this purpose.

The following contractions can be considered:

Gy Dy - C" =3¢, P,

Gry® By > CH = — _l_% oo+,
(73)
é"rle, > CP= %% @,
G" ", -~ CP=q, "
Consequently, the interaction can be taken in the form
& =agf D45, (76)

where a is a constant.

The total Lagrangian density is then
& =$free.l'leld +$im +$J
where %, is the Lagrangian density of the free current.

16 FIZIKA 12 (1980) 1, 1—25



LJOLJE—MARJANOVIC—GABELA: CANONICAL FORMULATION...

The Lagrange’s equation for @,; is now (instead of (53))
¢" {9 F* + % &n) —ot{o, P + Z?E g5} + @ (& Fn 4+ & F*

+ @F =0 )

where F,, is given by (53) and & = — [/I6m.

The principle of special relativity now leads to

% 2

(78)
& F™ 4 8" F% + 8" F% = 0.

Selection of these equations for F,, leaves again free the four-vector ¢ with
respect to F,,. Comparison with Eq. (2) gives fura = I.

The second set of dynamical equations for the field F,, remains the same as
in the case of the free field, i. e. they are given by Eq. (53). Therefore, the applica-
tion of the principle of special relativity to Eq. (53) gives the same results.

The conjugate momenta to @,z are given by (56) or selecting @,s according to
(57) by (58). After substitution of F.s from (58) into (78) one gets the canonical equa-
tions for the momenta:

I = 1, (79)
SAIT™ + "I 4 ¢t I = 0.

After substitution of ¢ from (57) into (53) one gets the corresponding equations
for the Lagrange’s variables of the field:

1
0o Poy = _4_71:H°‘ + O Dy,
(80)
1
0o Dy = — in Iy, +0,9,,— 9,9,.
The selection of ¢® can be incorporated in the Lagrangian in a given reference

system at the beginning, as it was done for the free field in Section 4. Here we pre-
sent it in a short form for the field with sources. We use the notation (3) and (36).

Starting from the Lagrangian (39) and
Lim =P ju=A"]j

FIZIKA 12 (1980) 1, 1—25 17
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the Lagrange’s equations for A and B are, respectively,

0?A + rotrot A = 4nj,

(81)
0B + rotrot B = 0.
The Hamiltonian density is
.9? ='yffree Sleld — A i. (82)
The corresponding canonical equations are
Hy=— - H), +J
o= ;_’—t(mt h +ion
(83)
. |
Iy = — £ (rotE),
A = — E, — (ot B),,
, (84)
Bi = - Hl + (rOtA),
or
E =rotH — 4xj,
(85)
H = —rotE,
A= —E —rotB,
(86)
B = —H + rot A.
From Egs. (85) and (74) follow
divE = 4np,
divH =0
or
d; (divE — 4mp) = 0,
(87)

J, (divH) = 0.

18 FIZIKA 12 (1980) 1, 1—25
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From here we have

divE = 4w + f(r),

(88)
divH = F (r).
Similar arguments as in the case of Eqs. (47) lead to
divE = 4mp,
(89)
divH = 0.

The corresponding equations for A and B read (equation for B remains in the
same form)

divA = — 4mp,
_ 90)
divB = 0.

Using Egs. (89) the field equations become
E =rotH — 4rj,
H = — rotE,
(iiv E = 4wy, €2y
divH =0,
A=—E —rotB,

= — H 4 rot A.

Besides the current j* one can introduce also the pseudo-vector current j¥ sa-
tisfying the continuity equation

dujt =0 92)

making contractions of the pseudo-tensor @, with ¢, where @5 is dual tensor
to ¢aﬂ, i. e

By = —;— Eapur D (93)

FIZIKA 12 (1980) 1, 1—25 19
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and eqp,, is @ unit totaly antisymmetric tensor. Similarly to (75), in this case one
gets

G'J* By > Dr=3q, D,

prws 67.’7 - Dt = — ’;— Pa 5”‘)
(94)
Guw”ﬂ 57 > DF = ;_ Pa &,
Guv?vﬁ 6” > Di=g, b
and conscquently
Lino =07 T (o (95)
whe:c b is a constant. The totzl interaction is
Lim = @ O ju + b B )y (96)
The Lagrange’s equation for @,; is now
t (% o o g g [ G i
2 (4k1 O F ) 4 (4k1 té F ) +
+ o {zbz o (i), = @ F% 4 & P14 00 ) = ©7)
The prinicple of special relativity leads to
7k — 4 &%
a/l F a4k I
(98)
3/’. Fn;‘ + ac F/Ir; + an FCA — ;“ 8;:/1:)5 (]'p)‘u
or
E =rotH — 4rj,
H=—rotE + 4nj,, (99)
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divE = 47 o,
divH = — 4% g,.

Selection of Egs. (98) leaves again free the four-vector ¢ and follow the con-
clusions as in the previous cases. We give it in a short form.

sing the notation (3) and (36), the total %,,, is
L=A-j+B-j, (100)

where a and b are selected to be 1. The Lagrange’s equations, the Hamiltonian den-
sity and the canonical equations are then, respcctively,

J; A 4 rotrot A = 4xj,

(101)
B +rotrot B = — 4% j,
H :‘%J’ree Sletd — A - ’ —B - im (102)
. 1
I, =— y (rot H); + ()i
(103)
. 1 .
HB; = - 4——TE(r0t E) + Go)s
A, = + E;—(rot B),,
) (104)
B‘ = - H[ + (I'Ot A)‘
or
E =rotH — 4rj,
. (105)
H= —rotE + 4% j,,
A= —E —rotB,
(106)

B = —H + rot A.
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From Egs. (105), (74) and (92) now follow

o; (divE — 4mp) = 0,
(107)
9, (divH + 4mp,) =0

and

div E = 4mp,

(108)
divH = — 4rnp,.

With this selection the final form of the canonical equations becomes

E =rotH — 4rj,

H= —rotE + 47§,
(109)
div E = 4w,

div H. = — 4mp,,
A=—E —rot B,
(110)
B =—H+rotA.

One gets again the standard Maxwell’s field by taking B = 0.

8. Standard potential method

One can get the connection of the developed canonical formulation of the elec-
tromagnetic field and the standard potential method by decomposition of the vec-
tors A and B in two parts:

A=a+a, (111)
B=>0+8.
Egs. (101) then read
a—Aa+{graddiva + a + rota} = 4= j, (112)

b —Ab +{graddivb + § + rotrot } = — 4xj,,.
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The freedom introduced by the decomposition (111) we use now to elimi-
nate the curly brackets in these equations:

grad diva + @ + rotrota = 0,
(113)

graddivb + B + rotrot f = 0.

These are equations for @ and f. In the next step we introduce new functions ¢ and
® instead of a and B according to

a= Vo, rota =0,
) (114)
B=vd,rotf=0.

Egs. (113) then become

grad (diva + ¢) =0,
) (115)
grad (divb + @) = 0.

The rest of the introduced freedom, now present in the function ¢ and @, we eli-
minate by

diva 4+ ¢ =0,
] (116)
divb + @ =0.

After this step Egs. (111) and (90) with extension to the pseudo-vector source
term become

a—Aa=4nj,
(117)
¢ — Agp = 4mnp,

b —Ab = —4xj,
) (118)
D —AD = — 4wy,

The substitution of A and B from (111) into last two equations of the canonical
equations (110) gives

a+ vg=—E—rotB,
(119)
b+ v®=—H +rotA,
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or
= —a— yp —roth,
(120)
H=—b— v® +rota,

where Egs. (114) are also taken into account.

One gets the standard theory by taking B =0,ie. b =8 =0:
E=—a— v
H = rota,
a —Aa=4rnj,
p —Ag=4mg,

diva + ¢ = 0.

9. Conclusions

Correct canonical formulation of the electromagnetic field is developed. In
this formalism two tensors, (3) and (39), are canonical pair. The standard potentials
are not canonical pairs to the field components. The standard potential can be con-
nected with the canonical variables by suitable decomposition of the tensor com-
ponents (111) and suitable conditions on the new quantities, (114) and (115).

The canonical equations for the momenta can always be taken in the form of
the Maxwell’s equations or the Maxwell’s equations with two kind of sources ((78),
(79), (98)). Their conjugate variables are particular solution of last two of Egs.
(91) (or (80)) or (106).

The new canonical formulation has serious consequences. Some of them are
manifested in the energy-momentum vector. The energy is no more positive defi-
nite quantity. Selecting solution B=0 it becomes positive definite. However, in
the quantum theory this solution is not allowed because the quantum rules in this
case cannot be satisfied. Another remark can be made with respect to the quatum
theory. The ground state energy as well as the momentum are zero, according to
(71) and (72).

The obtained results illustrate also the problem of magnetic monopoles. We
do not consider particularly this problem here!”. 8,

~ At the end, one has to say that the tensor @, allows for an interaction with
some other sources besides the standard charges.
Application of the new canonical formulation of the electromagnetic field to
various problems and investigation of related consequencies will be considered in
subsequent papers.
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Originalni znanstveni rad

Razmatrane su poteskoée Lagrangeove i kanonske formulacije elektromagnet-
skog polja i data je nova formulacija u kojoj su kanonski parovi tenzori, od kojih je
jedan Klasi¢ni tenzor elektromagnetskog polja. Utvrdena je i veza sa standardnom
metodom potencijala. U okviru izuc¢avanja posljedica nove kanonske formulacije
izracunat je Cetverovektor energije-impulsa i ustanovljene su neke posljedice u
tom smislu u kvantnoj teoriji ovog polja. Razmatranja uklju¢uju i magnetske mo-
nopole.
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